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PREFACE 


The  state  of  the  art  in  axial  turbomachinery  has  advanced  to  the  point  where 
further  improvements  will  have  to  come  from  a  better  understanding  and  eventual  control 
of  the  unsteady  flow  phenomena  which  occur  in  turbomachines.  These  unsteady  flows  have 
a  significant  influence  on  efficiency,  aerodynamic  stability  of  the  compression  system, 
aeroelastic  stability,  forced  response,  and  noise  generation. 

Over  the  past  fifteen  years,  a  number  of  workshops  and  symposia  have  been  held  to 
discuss  various  turbomachinery  unsteady  flow  and  aeroelastic  aspects,  e.g.,  the  Project 
SQUID  Meetings  on  Aeroelasticity  in  Turbomachines  1972  and  on  Unsteady  Plow  in  Jet 
Engines  1974,  the  AGARD  46th  Propulsion  and  Energetics  Panel  Meetings  on  Unsteady 
Phenomena  in  Turbomachinery  1975,  the  IUTAM  Symposium  on  Aeroelasticity  in  Turbomachines 
1976,  the  2nd  IUTAM  Symposium  on  Aeroelasticity  in  Turbomachines  1980  and  the  Symposium 
on  Unsteady  Aerodynamics  of  Turbomachines  and  Propellers  1986. 

Ti.e  idea  for  a  thorough  review  and  assessment  of  the  current  state  of  the  art  of 
unsteady  turbomachinery  aerodynamics  dates  back  to  the  1975  AGARD  Meeting.  Such  a  re¬ 
view  was  presented  by  one  of  the  editors  (M.  F.  Platzer)  at  the  AGARD  Conference  on 
Unsteady  Aerodynamics  1977  (AGARD-CP-227) .  A  major  conclusion  of  this  paper  was  that 
further  engine  performance  improvements  and  the  avoidance  of  expensive  engine  modifica¬ 
tions  due  to  aerodynamic/aeroelastic  stability  problems  will  not  only  depend  on  the  con¬ 
tinued  systematic  research  in  unsteady  turbomachinery  aerodynamics.  Rather,  the  need  to 
transfer  highly  specialized  unsteady  aerodynamic  and  aeroelastic  information  to  the 
turbomachinery  design  community  and  the  introduction  of  young  engineers  to  this  disci¬ 
pline  suggested  the  compilation  of— a  "Manual  on  Aeroelasticity  in  Turbomachines",  simi¬ 
lar  to  the  "AGARD  Manual  on  Aeroelasticity"  for  the  aeroelastic  design  of  flight 
vehicles,  due  to  the  lack  of  any  textbook  or  other  comprehensive  compendium  on  unsteady 
aerodynamics  and  aeroelasticity  in  turbomachines.  It  is  noteworthy,  however,  that 
several  books  on  this  subject  have  been  published  in  Russia,  i.e.,  Samoylovich,  Unsteady 
Flow  Around  and  Aeroelastic  Vibration  in  Turbomachine  Cascades,  WPAFB-FTD-MC-23-242-70 , 
February  1971,  Samoylovich,  Excitation  of  the  Fluctuations  of  the  Blades  of  Turbo¬ 
machines,  Moscow  1975,  Gorelov,  Kurzin,  Saren,  Atlas  of  Non-Steady  Aerodynamic  Charac¬ 
teristics  of  Profile  Cascades,  Novosibirsk  1974. 

This  conclusion  was  presented  to  and  endorsed  by  the  AGARD  Propulsion  6  Energetics 
and  Structures  &  Materials  Panels,  the  U.S.  Office  of  Naval  Research,  the  Naval  Air 
Systems  Command,  and  the  Air  Force  Office  of  Scientific  Research.  The  support  of  these 
organizations  is  gratefully  acknowledged.  We  are  especially  indebted  to  the  late  Dr. 
Herbert  J.  Mueller,  Research  Administrator  and  Chief  Scientist  of  the  Naval  Air  Systems 
Command,  for  his  encouragement  and  guidance  during  the  initial  phase  of  the  project. 
Thanks  are  also  due  to  Dr.  G.  Helche  and  Mr.  G.  Derderian  (Naval  Air  Systems  Command), 
Dr.  A.  Wood  (Office  of  Naval  Research),  Dr.  A.  Amos  (Air  Force  Office  of  Scientific 
Research)  and  Dr.  E.  Riester  (AGARD)  for  their  continuing  interest  and  support. 

The  present  first  volume  attempts  to  review  the  field  of  unsteady  turbomachinery 
aerodynamics.  The  reader  will  notice  that  most  methods  are  still  limited  to  the  two- 
dimensional  (cascade)  flow  approximation,  although  great  progress  has  been  made  in  the 
inclusion  of  blade  geometry  and  loading  effects.  The  current  status  of  the  underlying 
aerodynamic  theory  and  of  the  major  results  are  described  by  Verdon  and  Whitehead.  The 
importance  of  three-dimensional  flow  effects  is  still  insufficiently  understood.  There¬ 
fore,  a  special  effort  was  made  to  include  the  existing  results  by  Namba  and  Salaun  in 
order  to  stimulate  further  work  on  this  very  difficult  problem.  Viscous  flow  effects 
arc  discussed  by  Sisto  in  the  chapter  on  stall  flutter.  Rigorous  methods  for  the  comp¬ 
utation  of  unsteady  boundary  layer  effects  are  beginning  to  be  developed.  However,  its 
inclusion  in  this  volume  was  judged  to  be  premature.  Great  progress  has  been  made  in 
the  field  of  computational  fluid  dynamics.  Its  application  to  the  problem  of  unsteady 
transonic  cascade  flows  is  reviewed  by  Acton  and  Newton.  A  separate  volume  will  have 
to  be  devoted  in  the  near  future  to  the  numerical  computation  of  unsteady  flows  in 
turbomachines  because  of  the  rapid  advances  in  the  field  of  computational  fluid  dyna¬ 
mics.  The  final  four  chapterc  by  Fleeter,  Jay,  Szechenyi,  and  Gallus  present  the  status 
of  the  unsteady  aerodynamic  and  aeroelastic  measurement  techniques  and  of  the  available 
experimental  cascade  and  rotor  results.  Whenever  possible  a  comparison  between  theory 
and  experiment  was  attempted  in  the  various  chapters.  The  need  for  well-controlled 
test  cases  was  recognized  a  few  years  ago.  This  effort  is  currently  in  progress  and  the 
reader  is  referred  to  Fransson's  systematic  comparison  of  different  experimental  data 
and  theoretical  results  for  nine  standard  test  configurations,  presented  at  the  Sympo¬ 
sium  on  Unsteady  Aerodynamics  of  Turbomachines  and  Propellers  in  1984. 

The  editors  are  deeply  indebted  to  the  authors  for  their  willingness  to  contribute 
their  time  and  onergios  to  this  project  in  spite  of  other  pressing  demands.  Our  thanks 
also  go  to  the  authors’  employers  for  their  support.  Funding  limitations  made  it  neces¬ 
sary  to  limit  the  number  of  contributors.  Nevertheless,  we  hope  that  a  fairly  compre¬ 
hensive  and  balanced  covorago  of  the  field  of  turbomachinery  unsteady  aerodynamics  and 
aeroelasticity  was  accomplished  "and  that  the  prosont  volume  on  unsteady  turbomachinery 
aerodynamics  and  tho  second  volume  on  turbomachincry  structural  dynamics  and  aeroelaa- 
ticity  will  be  found  useful  as  an  introduction  to  this  important  special  discipline  and 
as  a  basis  for  future  work. 


Max  F.  flatter  and  Franklin  0.  Carta,  Editors 


NOTATION 


The  reader  is  alerted  to  the  differences  in  notation  used  by  different  authors.  The 
most  important  quantities  are  tabulated  below.  Also  note  that  Verdon  and  Namba  use 
dimensionless  quantities. 

Verdon  uses  the  following  reference  quantities:  reference  length  =  blade  chord, 
reference  time  =  ratio  of  blade  chord  to  upstream  free-stream  speed,  reference  density  «* 
upstream  free-stream  density. 

Namba  uses  the  following  reference  quantities:  In  the  section  "Subsonic,  Super¬ 
sonic,  and  Transonic  Unsteady  Annular  Cascade  Theory",  equations  (1)  through  (143), 
reference  length  =  tip  radius,  reference  velocity  =  axial  velocity  of  the  undisturbed 
flow,  reference  time  =  ratio  of  tip  radius  to  axial  velocity  of  the  undisturbed  flow, 
reference  density  =  upstream  free-stream  density.  This  part  of  Namba's  chapter  is  de¬ 
noted  "Namba  1"  in  the  list  of  symbols.  In  the  following  sections,  equations  (144) 
through  (239),  Namba  uses  as  reference  length  =  blade  chord,  reference  velocity  =  undis¬ 
turbed  flow  velocity,  reference  time  =  ratio  of  blade  chord  to  undisturbed  flow  velocity, 
reference  density  =  upstream  free-stream  denisty.  This  part  of  Namba's  chapter  is 
denoted  as  "Namba  2". 

V  =  Verdon  W  =  Whitehead  N1  =  Namba  1  N2  =  Namba  2  S  =  Salaun 
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INTRODUCTION  AND  OVERVIEW 
F.  SISTO 

Department  of  Mechanical  Engineering 
Stevens  Institute  of  Techology 
Hoboken i  New  Jersey  07030 

USA 


INTRODUCTION 

Definition.  The  engineering  science  of 
aeroelasticity  has  been  described  by 
Collar  (1946)  as  the  st.udy  of  the  mutual 
interaction  of  the  inertial,  elastic  and 
aerodynamic  forces  on  structural  members 
exposed  to  an  airstream  and  the  influence 
of  this  st.udy  on  design.  In  Collar's  tri¬ 
angle  of  forces  each  of  the  three  types  of 
forces  occupies  a  vertex  of  the  triangle 
and  the  three  sides  constitute  the  sub¬ 
fields  of  static  aeroelasticity ,  dynamic 
control  and  structural  dynamics.  This  is 
an  excellent,  mnemonic  device  for  helping 
to  characterize  the  field  and  organize  the 
literature.  The  full  aeroelast.ic  self- 
excited  instability  is  termed  flutter;  in 
axial  turbomachines  the  structure  is  typi¬ 
cally  the  bladed  rotor  and  only  infre¬ 
quently  the  stator  vanes. 

Background .  Aeroelast.icit.y  as  an  empiri- 
cal  field  of  enquiry  extends  back  in  time 
with  accounts  of  flutter  occurrences  on 
the  early  "iron"  bridges  in  England,  ca 
1818.  The  vibration  of  tall  smokestacks 
and  other  bluff  structures  by  Karman  vor¬ 
tex  excitation  are  further  examples  of 
dynamic  aeroelast.ic  phenomena  of  the  type 
that  persist  to  the  present  day,  cf.  the 
Tacoma  Narrows  Bridge  failure  in  1940. 

Aircraft  empennage  and  wing  flutter  became 
a  recognized  problem  at.  the  time  of  World 
War  I,  and  analytical  prediction  became 
poasible  using  the  then-new  theories  for 
nonsteady  aerodynamics.  Major  advances  in 
the  structural  description  of  the  aero¬ 
elast.ic  system  were  not.  required  at.  that 
time.  Static  aeroelasticity,  as  exempli¬ 
fied  by  the  torsional  wing  divergence  of 
the  early  monoplanes,  was  properly  diag¬ 
nosed  contemporaneously.  Subsequent  de¬ 
velopment.  of  the  field  as  applied  to  the 
external  aerodynamics  of  lifting  and  con¬ 
trol  surfaces  of  aircraft,  and  missiles 
continued  into  the  early  1960 's.  More 
sophisticated  analysis  of  the  structural 
systems  became  necessary  as  sweep,  mono- 
coque  construction  and  other  geometries, 
materials,  and  methods  of  fabrication  were 
introduced . 

A  summary  of  this  previous  experience  was 
documented  in  an  earlier  Manual  on  Aero¬ 
elasticity  (Jones,  ed.  1961)  issued  by  the 
Advisory  Group  for  Aeronautical  Research 
and  Development,  of  the  North  Atlantic 
Treaty  Organization.  The  present  Manual 
dorives  a  great,  deal  of  strength  and 
continuity  from  that,  prior  documentation 
of  the  then  current  state  of“t.he  art, 
which  subsequently  has  continued  to  mature 
with  emphases  on  supersonic  flow,  transon¬ 
ic  flow,  missile  skin  panels,  control 
surfaces,  and  helicopter  rotors. 

Axial-Flow  Turbomachines.  The  first  suc¬ 
cess  F!Trg3T~tirrFnie~^ngTne8  wore  the  tur¬ 
bojet  powerplants  developed  in  England  and 
Germany  during  World  War  II  and 
immediately  afterwards  in  the  u.  S.  and 
U.K.  This  development  coincided  with  the 


first,  important,  documentation  of  axial 
compressor  blade  flutter  as  reported  by 
Shannon  (1945). 

The  development  of  aeroelasticity  in  axial 
turbomachines  has  been  stimulated  mostly, 
although  not  exclusively,  by  problems 
related  to  aircraft.  gas  turbines. 
Typically,  the  working  fluid  is  referred 
to  as  air.  The  twin  desiderata  of  light, 
weight  and  high  isentropic  efficiency  in 
aeronautical  applications  led  to  t.he  de¬ 
sign  of  axial-flow  compressors  with  air¬ 
foils  of  fairly  high  aspect,  ratios. 
Moderate  thickness  ratios  were  required 
by  the  high  subsonic  relative  Mach  num¬ 
bers.  Under  high  stage  loading  condi¬ 
tions  these  machines  experienced  either 
severe  bending  or  torsional  vibrations  of 
their  cantilever  blades,  then  termed 
"stalling  flutter."  This  behavior  was  not. 
to  be  tolerated  since  it.  led  to  fatigue 
failure  of  the  blades. 

It  is  probable,  in  retrospect,  that  dy¬ 
namic  aeroelastic  instability  had 
occurred  earlier  in  compressors  of  more 
robust,  construction  and  in  t.he  latter 
stages  of  condensing  steam  turbineB. 
Blade  vibrations  attributable  to  partial 
admission  of  steam  in  impulse  turbines 
(Campbell  1924)  were  correctly  treated  as 
forced  vibration,  but  without  emphasis  on 
t.he  aeroelast.ic  nature  of  t.he  problem. 
It  is  interesting  to  note,  however,  that 
many  of  the  fundamental  concepts  related 
to  t.he  vibration  mode  of  bladed-disk 
assemblies,  currently  being  intensively 
researched,  have  t.heir  genesis  in  that 
earlier  steam  turbine  experience  of  the 
1920's. 

The  development,  of  axial  turbomachine 
aeroelast.icit.y  since  World  War  II  is  set. 
out.  briefly  in  t.he  remainder  of  this 
chapter.  At.  the  outset,  however,  it.  is 
important,  t.o  summarize  t.he  basic  differ¬ 
ences  that,  give  rise  t.o  new  phenomena  not 
encountered  with  fixed  lifting  surfaces. 
Clearly,  the  major  feature  differentiat¬ 
ing  the  aircraft,  wing  and  the  axial  flow 
t.urbomachine  is  t.he  large  multiplicity  of 
evenly  spaced  and  mutually  interfering 
airfoils  in  the  latter.  The  aerodynamic 
coupling  amongst,  the  airfoils  in  an  annu¬ 
lar  row  of  vibrating  blades  is  extremely 
complex  and  depends  on  many  governing 
parameters,  not  the  least,  of  which  is  the 
interblade  phase  angle,  o  (sigma).  The 
structural  coupling  is  also  uniquely  dif¬ 
ferent.  in  the  t.urbomachine,  being  strong¬ 
ly  affected  by  the  twist,  of  the  airfoils, 
their  attachment  t.o  the  hub  and  t.o  each 
other,  and,  in  the  case  of  rotor  blades 
which  are  more  prone  to  vibrate  than  st.a- 
t.or  blades,  by  operation  in  a  strong  ro¬ 
tational  body  force  field.  The  impor¬ 
tance  of  modeling  the  rotor  structure  as 
a  bladed-disk  assembly  has  already  been 
alluded  to. 

These  major  complicating  factors,  attrib¬ 
utable  to  the  multiplicity  of  coupled 
and  annularly  cascaded  airfoils  arranged 
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in  alternately  fixed  and  moving  rows,  have 
characterised  the  development  of  aeroelas- 
ticit.y  in  axial  turbomachines,  as  con¬ 
trasted  with  that  in  aeronautics  in 
general • 


HISTORICAL  PERSPECTIVE 

Early  Manifestations  in  Axial  Compressors . 
Tn  shannon ' s  pioneering  report  TF  was 
noted  that,  axial  flow  compressors  were 
prone  to  stall  flutter  vibrations  in  which 
the  blade  mode  was  usually  fundamental 
flexure,  although  lesser  stresses  were 
sometimes  encountered  in  torsion.  The 
compressor  rotor  blades  being  unshrouded 
and  only  slightly  twisted  had  natural 
inodes  in  which  either  flexure  or  torsion 
predominated.  (The  typical  predominance 
of  the  flexural  mode  was  to  be  reversed  at. 
a  later  time  in  the  evolution  of  compres¬ 
sor  design.)  These  cantilever  rotor  blade 
oscillations  occurred  at  part  speed  when 
the  operating  line,  during  oscillation  or 
otherwise,  traversed  a  region  of  the  com¬ 
pressor  map  where  high  incidence  on  the 
first  several  stages  was  combined  with 
moderately  high  relative  airspeed.  See 
Region  I  in  the  schematic  compressor  map, 
or  characteristic,  comprising  Figure  1. 


This  graphical  representation  of  compres¬ 
sor  performance,  with  its  aerodynamic 
parameters  of  aeroelastic  significance,  is 
explained  in  Chapter  6  of  Dowell  et  al 
(1978).  (For  example,  contours  of  the 
first  rotor  tip  incidence  may  be  plotted 
in  Figure  1.)  However,  the  compressor  map 
identification  of  flutter  regions  cannot 
predict  the  type,  or  occurrence,  of  flut¬ 
ter  with  complete  certitude.  The  map  is 
purely  an  aerothermodynamic  descriptor  and 
gives  no  information  about  structural  dy¬ 
namics. 

Forced  vibrations  were  also  observed  where 
there  was  a  clear  coincidence  of  the 
natural  frequency  of  the  rotor  blade  with 
the  frequency  of  encountering  disturbances 
in  the  airstream,  or  with  the  rotor  pass¬ 
ing  frequency  in  the  case  of  a  stator  vane 
vibration.  Although  aerodynamically 
forced  vibrations  of  blades  and  vanes  at 
integral  multiples  of  synchronous  speed 
have  continued  to  be  important  aeroelastic 
occurrences,  the  diagnosis  and  cure  have 
been  straightforward.  (The  magnitude  of 
the  excitation  must  be  reduced  and/or  the 
coincidence  of  frequencies  moved  out  of 
the  running  range.)  Consequently,  with 
few  exceptions,  this  type  of  aeroelastic 
vibration  has  received  relatively  less 
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I  Subsonic  /  Transonic  Stall  Flutter 
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Fig.  l.  Axial  compressor  or  fan  characteristic  map  showing  principal  types  of  flutter 
and  regions  of  occurrence. 
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attention  in  the  literature  and  in  this 
Manual.  One  development  has  been  in  the 
application  of  unsteady  aerodynamics  to 
relate  the  magnitude,  frequency,  orienta¬ 
tion,  and  phase  of  the  periodic  gust  to 
the  resulting  unsteady  blade  lift  and 
moment  and  hence,  unsteady  stress. 

An  exception  to  these  observations  con¬ 
cerning  aerodynamic  forcing  occurs  when 
the  resonant  frequency  is  at  a  non¬ 
integral  engine  order  which  is  the  situa¬ 
tion  when  rotating  (or  propagating)  stall 
is  present.  This  is  touched  upon  later 
and  discussed  again  somewhat  more  fully  in 
Chapter,  "Stall  Flutter."  (Similarly, 
static  aeroelasticity  has  only  a  minor 
exposure  in  the  turbomachinery  literature, 
the  chief  applications  being  to  blade 
"untwist"  and  "lean"  which  stem  from  the 
combined  effects  of  steady  aerodynamic 
and  centrifugal  loadings.  The  perform¬ 
ance  of  horizontal  axis  wind  turbines, 
for  example,  is  strongly  affected  by 
static  aeroelastic  deformations.) 

The  early  attempts  to  predict  and  thus 
avoid  3tall  flutter  in  practice  resulted 
in  empirical  "design  rules"  which  limited 
the  reduced  velocity*  at  design  speed  to 


•KofatXve  airspeed*-  normalized  with  re¬ 
spect  to  blade  frequency  and _aemi chord ,  a 
parameter  of  great  importance  in  dynamic 
aeroelast icity . 


certain  critical  values  which  were  not  t.o 
be  exceeded  in  order  to  achieve  freedom 
from  flutter.  (A  rather  fanciful  depic¬ 
tion  of  an  empirical  flutter  boundary 
appears  in  the  artistic  rendering  of 
Figure  2i  the  disadvantages  and  advan¬ 
tages  related  to  crossing  or  non-crossing 
of  the  boundary  are  graphically  por¬ 
trayed  . )  Although  flutter  in  those  sub¬ 
sonic  compressors  was  not  encountered  at 
design  speed,  the  specification  of  maxi¬ 
mum  allowable  reduced  velocity  was  made 
at  design  speed  to  assure  that  the  criti¬ 
cal  values  would  not.  be  exceeded  at  lower 
speeds  in  Region  I.  The  qualitative 
explanation  rested  upon  the  previous 
single  wing  experience  with  stall  flutter 
documented  and  explained  by  Studer 
(1936),  Mary  Victory  (1943),  and  others. 
Although  the  design  rules  ignored  the 
importance  of  aerodynamic  coupling  noted 
before,  they  were  moderately  successful 
in  delineating  the  region  between  flutter 
and  no  flutter  for  similar  designs.  This 
was  primarily  due  to  the  fact  that  the 
rules  were  empirical  to  begin  with,  and 
also,  that  at  the  inception  of  flutter, 
stresses  are  low  and  ail  blades  vibrate 
at  their  individual  "as  manufactured" 
frequencies  with  disparate  amplitudes. 
Before  entrainment  of  frequencies  occurs 
at  higher  flutter  stress  levels  a  unique 
interblade  phase  angle  cannot  be  defined 
and  the  aerodynamic  coupling,  when  aver¬ 
aged  over  time,  iB  not  a  strong  influ¬ 
ence.  The  stress  level  for  entrainment 
is  subject  to  the  degree  of  mistuning 
present. 


t  H'f.  /. 


An  allegorical  portrayal  (circa  1954)  of  the  perils  encountered  when  a 
compressor  operating  line  penetrates  the  stall  flutter  boundary. 
(Artist  unknown.) 


Second  Decade  Developments.  Beginning  in 
t.he  early  1950's  the  research  on  blade 
flutter  was  advanced  by  Billington 
( 1949 ) ,  Lilley  (1952),  Pearson  (1953), 
Carter  (1955),  Kilpatrick  &  Burrows 
(1958),  and  others  in  England,  and 
Mendelson  (1949),  Sisto  (1952),  Carta 
(1957),  and  others  in  t.he  United  States. 
This  work  had  several  thrusts,  not.  t.he 
least,  useful  of  which  was  the  extension 
of  the  earlier  design  rules  to  include 
correlations  for  the  effect,  of  blade 
geometry,  such  as  aspect,  ratio,  thickness 
and  aerothermodynamic  quantities  such  as 
stage  pressure  ratio,  number  of—etages 
and,  most  particularly,  incidence.  Much 
of  this  work  was  proprietary. 

Another  important,  thrust  in  the  1950's 
was  hardware  development,  with  the  objec¬ 
tive  of  avoiding  stall  flutter,  or  miti¬ 
gating  its  harmful  effects.  One  such 
item  was  the  part-span  shroud,  or 
snubber,  introduced  to  control  the  vibra¬ 
tions  of  higher  Mach  number  compressor 
blades  and  the  fan  components  of  the  then 
nascent,  turbofan  engines.  Some  contro¬ 
versy  exists  as  to  the  reason  for  the 
effectiveness  of  these  devices.  There  is 
an  unquestioned  stiffening  effect  on  the 
structure,  thus  providing  an  increase  in 
reduced  frequency  and  modification  of  the 
vibration  mode,  both  aeroelastically  im¬ 
portant.  However,  during  vibration  it  is 
also  true  that,  t.he  interfacial  surfaces 
between  butting  shroud  segments  may  intro¬ 
duce  mechanical  damping.  It  is  possible 
that,  both  benefits  accrue  and  that  one 
effect,  or  the  other  may  be  optimized  by 
the  particular  philosophy  employed  in  the 
shroud  design.  It.  is  important  to  ob¬ 
serve  that  the  turbine  component  has  made 
use  of  tip  shrouds  as  a  viable  option  from 
the  earliest  gas  turbine  engine  develop¬ 
ment,  probably  as  a  natural  carry-over 
from  prior  steam  turbine  practice. 

In  this  same  time  period  the  significant 
use  of  variable  guide  vanes  in  compressor 
components  was  introduced,  following  an 
intensive  period  of  research  and  develop¬ 
ment.  The  research  on  the  aeroelast.ic 
implications  of  these  devices  was  largely 
experimental  and  improved  stall  flutter 
avoidance  was  one  of  the  major  practical 
results. 

Another  major  thrust  was  the  analytical 
formulation  of  the  unsteady  incompressible 
aerodynamics  of  two-dimensional  cascades 
restricted  to  conditions  of  small  thick¬ 
ness,  camber  and  incidence.  It  did  prove 
to  be  possible  to  include  the  important 
interblade  phase  angle  as  a  parameter  in 
the  analysis.  Although  flutter  was  not 
being  encountered  in  practice  under  those 
restrictive  conditions  (low  incidence  and 
subsonic  flow)  It  was  possible  to  study 
the  effect  of  interblade  phase  angle  ana¬ 
lytically  and  observe  the  strong,  even 
dominant,  effect  of  this  parameter  on  aero¬ 
dynamic  work*  and  the  related  aerolast.ic 
stability.  The  central  role  of  sigma  (o) 
in  cascade  aeroelasticity,  firmly  estab- 

•Flutter  my  Ee“predicted  by  an  energy 
method  in  which  the  work  done  by  the 
aerodynamic  forces  on  the  assumed  vibra¬ 
tion  mode,  leas  the  energy  oonsumed  by 
sMchanical  damping,  goes  from  zero  to  a 
email  positive  quantity  at  the  flutter 
point. 


lished  at  that  time,  continues  to  the 
present,  day.  Thus,  for  the  first  time, 
the  interblade  phase  angle  was  conceived 
of  as  a  variable,  or  a  parameter,  with  a 
strong  influence  on  the  aerodynamic  reac¬ 
tions.  Before  this  development  at  MIT, 
o  had  been  considered  to  be  roughly  180*, 
more  or  less  specified  in  advance  of  any 
predictive  calculation  and  denoted  as 
"antiphase"  behavior. 

The  entire  question  of  the  influence  of 
interblade  phase  angle  was  put  on  a  firm 
analytical  basis  with  the  publication  of 
what  might  be  called  a  "phase  theorem"  by 
Lane  (1956).  In  this  elegant  analytical 
treatise,  written  at  New  York  university, 
the  following  proposition  was  proved,  sub¬ 
ject  to  the  assumptions  of  linearity  and 
identical  blades  equally  spaced  about  a 
common  rotor <  i)  permissible  values  of 
the  interblade  angle  are  a  ■*  2n  n/N,  where 
N  is  the  number  of  blades  in  the  annular 
row  and  n  is  an  integer,  CKn<Nj  and  ii) 
the  flutter  inception  point  may  be  deter¬ 
mined  by  minimizing  the  flutter  speed  of  a 
simple  equivalent  blade  with  respect  to  o» 
a  discrete  variable.  Actually,  when  N  is 
large,  a  may  be  considered  to  be  a 
continuous  variable  with  slight  error. 
These  formulations  put  the  flutter  predic¬ 
tion  of  turbomachinery  stages  on  a  ration¬ 
al  foundation  upon  which  later  develop¬ 
ments  could  be  firmly  based. 

As  the  second  decade  of  turbomachine 
aeroelasticity  drew  to  a  close  the  ana¬ 
lytical/theoretical  body  of  knowledge  and 
the  practical/experimental  developments 
were  quite  unrelated.  It  was  not  possible 
to  use  the  incompressible  small  incidence 
theory  to  predict  flutter  and  elimination 
of  stall  flutter  relied  almost  exclusively 
on  empiricism.  The  transonic  compressor 
made  its  debut  in  this  time  period  and,  as 
supersonic  tip  relative  Mach  numbers 
appeared,  so  also  did  supersonic  flutter. 
With  the  introduction  of  compressibility 
in  the  analysis  (Carta  1957)  (Lane  & 
Friedman,  1958)  theory  and  practice  began 
to  intersect.  In  subsequent  years  the 
treatment  of  subsonic,  supersonic  and 
finally  transonic  (M  ■  1)  flows  have 
characterized  the  more  practically  useful 
analyses  that  have  appeared. 

Rotating  Stall.  In  continuing  to  trace 
the  development  of  aeroelastiticy  as  ap¬ 
plied  to  axial  turbomachines,  the  phenom¬ 
enon  known  as  rotating  stall,  or  propa¬ 
gating  stall,  should  be  mentioned.  Ro¬ 
tating  stall  was  observed  experimentally 
by  the  Whittle  Jet  Engine  Group  in  1938 
and  proceeded  to  be  involved  in  an  inter¬ 
esting  and  important  controversy. 

A  row  of  blades  does  not  stall  uniformly 
as  the  incidence  is  increased.  Instead, 
zones  of  low  velocity  or  even  reversed 
flow  appear  evenly  spaced  about  the  annu¬ 
lus.  These  zones  are  not  stationary 
relativo  to  the  blades*  the  patches  ro¬ 
tate  in  the  annulus  in  the  oame  direc¬ 
tion  ae  the  rotor,  but  at  lower  speed. 
It  is  clear  that  the  loading  on  rotor 
blades  and  stator  vanes  will  change  with 
a  frequency  that  depends  on  the  relative 
angular  velocity  of  stall  propagation  and 
the  number  of  patches.  This  frequency  le 
in  general  non-synchronous,  i.e.,  it.  does 
not  coincide  with  an  engine  order  line  on 
the  Campbell  diagram. 
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Thin  diagram,  a  typical  example  of  which 
appears  as  Figure  3,  iv.  now  a  classical 
device  for  diagnosing  rotor  blade  vibra¬ 
tions.  With  the  abscissa  of  rotational 
speed  and  ordinate  of  vibration  fre¬ 
quency,  blade  natural  frequencies  may  bo 
plotted  as  a  function  of  rotor  speed. 
Straight  lines  radiating  from  the  origin 
correspond  to  engine  order  lines.  Forced 
vibration  will  usually  occur  where  the 
natural  frequency  line  of  the  resonating 
rotor  blade  crosses  the  integral  engine 
order  line,  high  vibratory  stress  at.  the 
natural  frequency  and  between  integral 
order  lines  may  be  due  to  rotating  stall 
or  else  a  self-excited  instability  such 
as  flutter. 


Propagating  stall,  identified  in  this  man¬ 
ner,  was  researched  initially  by  groups  at 
NACA  (Hupert  &  Benser  1953),  CalTech  (Iura 
and  Rannie  1953)  and  Harvard/MIT  (Emmons 
1954).  A  strong  controversy  arose  con¬ 
cerning  the  relative  significance  for 
blade  vibration  of  propagating  stall  vis  a 
vis  stalling  flutter.  At  one  time  there 
was  a  serious  question  whether  separate 
mechanisms  were  involved  and  whether,  in 
fact,  there  was  such  a  distinct  phenomenon 
as  stall  flutter.  The  controversy  contin¬ 
ued  to  find  expression  well  into  the 
following  decade.  General  agreement  now 
distinguishes  between  the  two  types  of 
stall-provoked  vibrations  by  noting  that, 
propagating  stall  may  occur  without  any 
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uignificant.  blade  vibration,  or  may  result, 
in  forced  rotor  blade  vibration  much  as 
any  other  non-axisymmet.ric  flow  in  the 
blade  annulus.  The  vibration  of  the  annu- 
larly  cascaded  blades  usually  exerts 
little  or  no  influence  on  the  propagating 
speed  of  the  stall  zones,  and  hence  on  the 
forcing  frequency.  Stalling  flutter,  on 
the  other  hand,  is  a  true  self-excited 
vibration,  as  is  conventionally  implied  by 
the  term  "flutter, "  and  may  occur  with 
steady,  uniform  mean  flow. 

This  resolution  of  the  controversy  is  not 
without,  its  paradoxes.  Since  the  nonsta- 
tionary  stalling  process  is  nonlinear 
there  is  a  small  interval  of  frequencies 
bracketing  blade  resonance  within  which 
entrainment  of  frequency  takes  place?  the 
stall  frequency  departs  from  its  contin¬ 
uous  dependence  on  rotor  speed  and  "locks 
in"  to  the  blade  natural  frequency.  Fur¬ 
thermore,  a  stall  flutter  condition  in  a 
blade  row,  with  time  invariant  jnterhlade 
phase  angles,  will  generate  a  periodic 
pattern  of  strong  flow  perturbations  (sep¬ 
arations)  that  may  be  viewed  as  a  travel¬ 
ling  wave  propagating  peripherally  rela¬ 
tive  to  the  blade  row. 

This  subject  is  developed  more  fully  later 
in  the  Manual  since  it  is  the  basis  of  a 
modern  formulation  and  analysis  of  stall 
flutter. 


System  Mode  Instabilities.  The  following 
‘decade  of  the  i960 '  s  was  notable  for  the 
introduction  of  the  turbofan  engine,  the 
supersonic  transport  (SST)  and  realization 
of  the  lift  engine. 

The  fan  component,  of  turbofan  engines  and 
the  front  stages  of  transonic  compressors 
have  rotors  of  low  hub/tip  ratio.  The 
rigidity  of  these  disk  structures  is  much 
lower  than  the  drums  of  high  radius  ratio 
stages.  Furthermore,  despite  the  intro¬ 
duction  of  titanium  alloy  as  a  front-stage 
blade  material,  further  decrease  of  the 
reduced  velocity  is  found  to  be  aeroelas- 
tically  necessary  and  one  or  two  rings  of 
part-span  shrouds  are  routinely  applied  to 
these  front  end  rotor  rows.  The  resulting 
structural  system  is  one  in  which  the 
vibration  modes  of  the  entire  blade- 
disk-shroud  system  must,  bo  considered. 

Although  steam  turbine  designers  have  ana¬ 
lyzed  this  type  of  structure,  in  which  the 
modes  are  identified  by  the  number  of  dia¬ 
metral  and  circumferential  nodal  lines, 
Carta  (1967)  first,  reported  the  signifi- 
ficant  application  to  aeroengine  compo¬ 
nents.  It.  was  shown  that,  if  the  int.ra- 
blado  phase  angle  between  pitching  and 
plunging  is  -n/2  (i.e.  the  torsional 
motion  lags  the  bending  motion  by  90*), 
then  instability  is  observed  to  occur 
rypically  with  an  intermediate  number, 
say  4,  of  diamotral  nodes  between  2  and 
8.  The  particular  choice  of  int.rabiado 
phase  anglo  corresponds  to  displacement 
waves  relative  to  rotor  coordinates  tra¬ 
velling  In  the  direction  of  roFor  rota¬ 
tion,  i.e.  "forward"  travelling  waves. 
This  initial  investigation  of  system  mode 
instabilities  has  lad  subsequently  to  a 
great  proliferation  of  important  investi¬ 
gations  and  results.  In  particular,  the 
later  and  very  significant  aeroelastic 
developments  associated  with  so-called 


“mist.uned"  bladed-disk  assemblies  rests 
upon  this  prior  work  on  system  nodes. 


The  SST  was  a  strong  stimulus  to  the 
growing  concern  with  aerodynamic  noise, 
which  in  turn  gave  rise  to  the  modern 
field  of  aeroacoustics.  Although  this 
Manual  is  not  concerned  directly  with 
aeroacoustics  it  is  notable  that  the 
acoustic  approximation  (i.e.  pressure  and 
velocity  changes  across  a  sound  wave  are 
infinitesimals)  can  be  effectively  em¬ 
ployed  in  the  perturbation  analysis  of 
unsteady  compressible  flow  through  cas¬ 
cades.  Virtually  the  same  formulation 
that  describes  acoustic  radiation,  see 
Goldstein  (1976),  also  predicts  the  un¬ 
steady  flow  field  properties  of  cascades 
at  small  incidence.  Thus  the  1960's 
development  of  unsteady  compressible  flow 
in  cascades  was  reinforced  by  the  growing 
field  of  aeroacoustics.  At  a  particular 
subsonic  Mach  number,  the  phenomenon  of 
"cutoff"  to  describe  frequencies  below 
which  disturbances  do  not  propagate  up¬ 
stream,  is  an  acoustical  concept.  So 
also  is  the  phenomenon  of  aerodynamic 
resonance,  where  disturbances  from  one 
vibrating  blade  arrive  in  phase  with  the 
similar  vibration  of  the  neighboring 
blade .  Both  types  of  behavior  have  im¬ 
portant  consequences  in  the  formulation 
of  unsteady  pressure  distribution  and 
hence  unsteady  lift  and  moment. 


The  entire  lift  engine  development,  with 
all  its  variations,  peaked  out  during 
this  decade.  Many  interesting  composite 
blade  materials  and  types  of  construction 
were  tried?  the  aeroelastic  benefits  in 
the  area  of  flutter  prevention  were 
apparently  insufficient  to  overcome  the 
aeroelastic  disadvantages  with  respect  to 
foreign  object  damage  (FOD)  and  fatigue 
behavior  in  forced  vibration.  These  lift 
engine  developments  were  later  abandoned 
(with  the  vectored-llft  Pegasus  engine  an 
exception),  nonetheless  a  great  deal  was 
learned  about  the  aeroelastic  features  of 
FOD,  other  transient  loadings  and,  most, 
particularly,  the  inlet  distortions  en¬ 
countered  with  these  special  engines. 
Although  the  aeroelastic  implications  of 
operating  in  distorted  flow  were  recog¬ 
nized  in  the  late  1940 'a,  probably  as  a 
consequence  of  earlier  experience  with 
partial  admission  in  steam  turbines,  the 
intensive  study  of  aeromechanical  re¬ 
sponse  to  flow  distortion  took  place  late 
in  the  decade  (Armstrong  and  Williams, 
1966).  This  was  due  mainly  to  the  severe 
distortion  presented  to  the  wing-mounted 
lift  engine,  and  also  in  some  measure,  to 
the  increased  use  of  buried  engine 
installations  requiring  bifurcated  and/or 
tortuous  inlet,  ducting,  supersonic  inlet.s 
oporat.ing  off  design  and  a  trend  to  lower 
cantilever  blade  frequencies.  Stemming 
from  the  limitations  to,  and  deterioration 
of,  engine  performance  in  distorted  flow, 
the  intense  research  of  this  subject  pro¬ 
vided  a  stimulus  for  paralleling  the  en¬ 
gine  performance  studies  with  investiga¬ 
tions  of  aeroelastic  response. 


Modern  Developments.  In  the  modern  era, 
taken  to  mean  from  about.  1970  onward, 
several  important  trends  may  be  noted. 


tho  aerodynamic  formulations  have  attemp¬ 
ted  t.o  keep  pace  with  and  explain  t.he 
newly  observed  phenomena.  In  particular, 
a  number  of  supersonic  flutter  regimes 
have  been  encountered  in  practice,  see 
Regions  III,  IV  and  V  in  F.’.gure  1.  Only 
Region  III  flutter,  in  either  pitching  or 
plunging,  will  usually  bo  encountered 
along  a  normal  operating  line,  and  then 
only  at  corrected  ovorspeed  conditions. 
Supersonic  aerodynamic  theories  were  de¬ 
veloped  that  were  adequate  to  explain  and 
confirm  Region  III  flutter.  Low  incidence 
formulations  were  reported  by  a  number  of 
investigators  (Verdon,  1973),  (Brix  & 
Platzer,  1974),  (Kurosaka,  1974), 
(Nagashima  &  Whitehead,  1974),  (Adamczyk  & 
Goldstein,  197S),  and  others,  with  great¬ 
est  interest  being  attached  to  the  onset 
flows  having  a  subsonic  axial  component. 
Tho  survey  paper  by  Plat.zer  (1977)  at.  the 
Ottawa  Meeting  of  AGARD  gives  an  excellent, 
summary  of  the  aerodynamics  literature  and 
experience  up  to  that.  time.  The  AGARD 
paper  was  preceded  by  a  briefer  survey  in 
Platzer  (1975)  and  updated  in  succeeding 
papers  (Platzer,  1978,  1982).  This  group 
of  papers  provides  a  recent,  historical 
perspective  of  this  modern  aspect,  of  tur- 
bomachine  aeroelast.icit.y  and  form— -a  prims 
bibliographic  reference  to  t.he  unsteady 
aerodynamics  sections  of  t.he  present. 
Manual.  It.  is  important  t.o  point,  out.  that 
the  summaries  of  relevant.  papers  by 
authors  in  the  Soviet.  Union  are  a  unique 
contribution  of  the  Plat.zer  surveys.  No 
further  reference  t.o  the  somewhat,  less 
voluminous  Soviet  literature  is  required 
here . 


Regions  IV  and  V  in  Figure  1  are  at  higher 
compressor  pressure  ratio,  above  t.he  nor¬ 
mal  equilibrium  operating  line,  and,  in 
Region  V,  may  involve  stalling  at.  super¬ 
sonic  blade  rolative  Mach  number.  Un¬ 
steady  aerodynamic  analyses  appropriate  to 
this  rogimo  have  boon  presented  by 
Adamczyk  (1978)  and  (1982).  For  t.he  first, 
time  account,  was  taken  of  the  effect,  of 
shock  waves  which  may  appear  when  the  sur¬ 
face  Mach  number  exceeds  unity.  Flutter 
observed  in  those  rogiona  has  been  mostly 
flexural,  although  not  exclusively.  In 
Region  V  stalling  of  tho  flow  has  been  im¬ 
plicated  since  the  region  is  in  tho  neigh¬ 
borhood  of  tho  surge  or  stall  limit,  line. 
Hence  Region  V  ie  provisionally  t.ermod 
“supersonic  bonding  stall  flutter"  and  it. 
is  assumed  that,  there  is  a  detached  bow 
shock  at  each  blade  passage  entrance; 
i.e.,  the  passage  ia  unstarted.  By  con¬ 
trast,  the  flutter  mechanism  in  Region  IV 
is  thought,  to  involve  an  in-passago  shock 
wave  whose  oscillatory  movement.  ia 
essential  for  the  instability  mechanism. 


A  counterclockwise  continuation  around 
Figure  l  returns  one  to  Region  X  Which, it 
now  appears,  should  be  divided  into  moro 
than  one  subregion.  Tho  so-called  system 
mode  instability  seems  to  bo  associated 
with  the  upper  end  of  this  region,  and 
although  tho  blade  loading  is  high,  flut¬ 
ter  may  not  involve  flow  separation  as  on 
esnentLa]  part  of  tho  mechanism.  Instead 
It  has  been  hypothesized  (Stargardter, 
1979)  that  even  with  a  subsonic  onset, 
flow  the  surface  Mach  number  can  exceed 
unity  locally  and  oscillating  shocks  may 
help  explain  the  appearance  of  negative 


aerodynamic  damping.  it  seemB  that,  these 
instability  mechanisms  (separation,  os¬ 
cillating  shocks)  may  both  appear  in  this 
general  region  of  t.he  fan  or  compressor 
map,  although  not.  both  at.  the  same  time 
in  a  particular  machine.  Thus  t.he  non- 
aerodynamic  factors,  which  are  not. 
revealed  by  the  map  parameters  and  are 
discussed  in  Section  "Introduction",  may 
determine  which,  if  any,  of  these  flutter 
types  will  manifest,  itself  in  any  par¬ 
ticular  instance.  The  clarification  of 
this  matter  is  still  required  so  that. 
Region  I  is  now  provisionally  labelled 
Subsonie/TranBonlc  Stall  Flutter  and  Sys¬ 
tem  Mode  Instability. 

Region  II,  of  relatively  lesser  impor¬ 
tance,  is  associated  with  choking  of  the 
passage  and  is  labelled  Choke  Flutter. 
As  such  t.he  role  of  oscillatory  shock 
waves  is  again  indicated  to  be  important. 
Hence  for  relatively  low  negative  inci¬ 
dence  and  high  enough  relative  subsonic 
Mach  numbers,  appropriate  to  a  middle 
stage  of  a  multistage  compressor,  the 
mechanism  of  choke  flutter  has  many  simi¬ 
larities  t.o  t.he  transonic  stall  flutter 
of  Region  I.  In  addition,  some  authors 
(Fleeter  ,  1979)  add  a  second  sub-region 
at  a  larger  negative  incidence  and  lower 
relative  Mach  number,  and  term  it  nega¬ 
tive  incidence  stall  flutter.  The  choke 
flutter  mechanism  is  still  controversial 
and  is  discussed  more  fully  later  in  the 
Manual.  It  may  involve  the  type  of 
machine  (fan,  compressor  or  turbine), 
type  of  stage  (front,  middle,  or  rear) 
and  structural  details  (shrouded  vs  un¬ 
shrouded,  disk  vs  drum,  etc.). 

Three-dimensional  unsteady  cascade  flow 
was  first  formulated  in  thiB  decade 
(Namba,1972),  (SalaiSn,  1974),  and  this 
important  area  continues  to  receive  sig¬ 
nificant  attention.  In  order  to  apply 
two-dimeneional  theory  to  the  aeroelastic 
problems  of  real  blade  systems  one  must 
either  use  a  representative  section  anal¬ 
ysis  or  else  apply  the  strip  hypothesis; 
the  aerodynamics  at  one  radius  is  uncou¬ 
pled  from  the  aerodynamics  at  any  other 
radius.  In  particular,  it  is  known  that 
at  "aerodynamic  resonance"  the  strip 
theory  breaks  down  and  the  acoustic  modes 
are  strongly  coupled  radially. 


Along  with  aerodynamic  advances  the 
structural  description  of  the  bladed-disk 
assembly  (Ewins,  1973),  (Srinivasan  ed, 
1976),  has  received  a  great  impetus,  and 
the  importance  of  forward  and  backward 
travelling  waves  has  been  firmly  estab¬ 
lished.  Within  a  particular  number  of 
nodal  diameters,  coupling  between  modeB 
has  been  shown  to  be  significant  (Chi  & 
Srinivasan,  1984)  and  the  role  of  the 
"twin  modes"  (i.e.  sin  n$  and  cos  n+)  in 
determining  propagation  has  been  clari¬ 
fied.  Ford  t>  Foord  (1979)  have  used  the 
twin  mode  concept  in  both  analysis  and 
flutter  measurement.  Furthermore,  the 
number  of  nodal  diameters  affects  the 
fundamental  natural  frequencies  slightly 
so  that  they  cluster  together.  Coupling 
of  modes  with  closely  spaced  frequencies 
by  aerodynamic  means  therefore  becomes 
appreciable  and  the  resulting  flutter  mode 
may  contain  significant  content,  from  t.wo 
or  three  modes  with  consecutive  numbers  of 
diametral  nodes. 
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Recently,  the  concept,  of  mistuning  intro¬ 
duced  by  Whitehead  (1966)  has  been  studied 
and  exploited  most,  intensively.  Small 
geometric  and  structural  variations  from 
blade  to  blade  naturally  give  rise  to  an 
aeroelastic  system  in  which  these  multiple 
element  -...-e  not.  quite  identical  nor  peri¬ 
odicals  disposed,  and  to  which  Lane's 
Theorem  .mot  be  applied  directly.  The 
nonuni.'  nit. ies  of  spacing  and  setting 
angle  in  the  blade  flow  annulus  imply  that 
mistuning  also  may  be  aerodynamic  in  na¬ 
ture.  The  general  conclusion  seems  to  be 
that  mistuning  is  generally  a  favorable 
effect  in  that  it.  raises  the  critical 
flutter  speed  (Whitehead,  1966) 
(Srinivasan,  1980)  (Kaza  &  Kielb,  1982). 
furthermore,  a  mistuning  strategy  (Crawley 
&  Hall,  1984)  has  been  developed  to  opti¬ 
mize  the  distribution  and  degree  of  mis- 
t.uning  of  a  basic  set  of  blades  under 
certain  simplifying  assumptions.  The 
analyses  have  usually  employed  the  travel¬ 
ling  wave  modal  description  although  the 
standing  wave  approach  common  to  propeller 
and  helicopter  rotor  work  has  been  intro¬ 
duced  t.o  turbomachinery  by  Dugundji 
(1983). 


Practical  Developments.  Engine  and  rota- 
ting  rig  experiments  have  continued  to 
provide  important  information  for  direct 
use  in  design  and  also  for  guiding  analyt¬ 
ical  work.  The  output  of  such  analysis, 
when  codified  into  design  procedures,  thus 
also  provides  an  indirect  connection  be¬ 
tween  experimentation  and  design. 
Stemming  from  the  high  coat  of  obtaining 
on-rot.or  data  moat,  of  these  programs  have 
been  conducted  by  NASA  and  the  turbine 
engine  manufacturers.  Especially  to  bo 
noted  is  the  pioneering  work  of 
St.argardt.or  (1979),  Kurkov  (1981),  and 
Nieberding  S.  Pollock  (1977)  in  the  use  of 
sophisticated  optical  and  electronic 
methods  for  gathering  data  from  fluttering 
rotor  blades.  A  smaller  amount  of  more 
fundamental  data  has  been  obtained  at  the 
necessarily  more  modest  university  labora¬ 
tories  in  the  U.S.,  Western  Europe,  and 
Japan. 


Important  advances  in  the  structural  dy¬ 
namics  of  axial-turbomachine  blading  have 
continued  over  the  past  40  years.  Sta¬ 
tionary  laboratory  experiments  have 
usually  simplified  the  structural  features 
of  the  nonrotating  blade  models  so  that, 
these  apparatuses  tend  to  emphasize  the 
aerodynamic  information  related  to  aero- 
elasticity  rather  than  structure.  How¬ 
ever,  the  modal  description  (eigenfre- 
quency  and  eigenfunction)  of  tapered 
twisted  blades  of  thin  but  arbitrary 
cross-sections  in  centrifugal  and  gyro¬ 
scopic  fields  (Sisto  &  Chang,  1981)  has 
kept  pace  with  the  nood  for  increasingly 
accurate  information  of  this  nature.  The 
finite  element  method  has  boon  of  great 
utility  in  moot  of  this  structural 
description  of  blades,  vanes,  and  disks, 
particularly  when  numerical  mothods  must 
bo  resorted  to  early  in  the  analysis. 


Studies  of  material  damping  and  slip  damp¬ 
ing  have  led  to  increased  understanding 
of  these  effects  which  are  usually  bene¬ 


ficial  in  high  vibratory  environments. 
This  new  knowledge  has  resulted  in  the 
application  to  turbinea  of  mechanical 
dampers  and  Bpecial  high  damping  mate¬ 
rials,  such  as  chromium-based  Btainless 
steels,  and  to  compressor/fan  blades  built 
up  of  laminates  and  composites.  Although 
of  importance  when  operating  in  regions 
of  potential  flutter,  the  influcence  of 
damping  is  most  highly  critical  in  the 
presence  of  forced  vibration.  In  the 
latter  case  the  accumulation  of  fatigue 
damage  due  to  lightly  damped  resonant  or 
near-resonant  operation  can  occur  in  a 
very  short  interval  of  time. 


Other  developments  not  introduced  in  the 
preceding  sections  are  dealt  with  in  the 
Overview  which  follows.  In  addition,  re¬ 
cent  topics  that  require  fuller  treatment 
or  that  otherwise  should  be  covered  in 
future  editions  of  the  Manual,  are 
described  in  the  Overview. 


OVERVIEW  OF  THE  MANUAL 

General  Comments.  Volume  I  of  this  AGARD 
Manual  is  concerned  mainly  with  the  un¬ 
steady  aerodynamic  aspects  of  aeroelas- 
ticity,  one  vertex  of  Collar's  "Triangle 
of  Forces."  An  overview  of  these  topics, 
as  they  appear  in  Chapters  2  through  11 , 
forms  the  concluding  section  of  the  pre¬ 
sent  introductory  chapter. 


In  Volume  II,  which  deals  with  structural 
dynamics  and  aeroelasticity  (the  remain¬ 
ing  elements  of  the  Triangle),  a  separate 
Overview  is  provided  for  those  topice,  as 
they  are  set  out  after  Chapter  11. 


Chapters  2  through  11  in  the  current 
volume  provide  an  excellent  foundation 
for  the  present  status  of  knowledge 
in  the  unsteady  aerodynamics  of  axial 
blade  rows.  The  contributors  to  these 
chapters  are  recognized  authorities  who 
have  individually  and  collectively 
helped  to  lay  that  foundation  and  estab¬ 
lish  that  status.  From  the  rapid  rate 
of  growth  of  the  field  one  may  anticipate 
the  need  for  new  chapters  to  be  commis¬ 
sioned  for  future  editions  of  the  Manual. 


Subjects  receiving  attention  very  re¬ 
cently  that  have  not  been  treated  fully, 
if  at  all,  include  such  topics  as  finite 
shock  motion,  variable  shock  strength, 
thick  and  highly  cambered  blades  in  a 
compressible  flow,  and  the  effects  of 
curvilinear  wakes  and  vorticity 
transport .These  and  other  large  amplitude 
and  therefore  nonlinear  perturbations 
which  prevent  the  linear  superposition 
implicit  in  classical  modal  analysis  have 
certain  implications  rslativs  to  the  tra¬ 
ditional  solutions  of  the  aeroelastic 
eigenvalue  problem.  Although  e  linearized 
treatment  of  three-dimensional  unsteady 
flow  is  provided  in  Chapters  4  and  5, 
future  editions  of  the  Manual  will  profit, 
from  the  inclusion  of  some  of  these 
expected  refinements,  presumably  first, 
to  be  developed  for  two-dimensional 
flow  and  subsequently  for  the  annular 
geometry. 
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Unsteady  Aerodynamics.  The  first,  contri¬ 
bution  m  this  section  is  Chapter  2. 
Linearised  Unsteady  Aerodynamic  Theory  by 
Joseph  Verdon.  This  theoretical  treatise 
sets  the  stage  for  the  unsteady  aerody¬ 
namic  formulations  which  follow  it.  The 
general  importance  of  unsteady  flow  is 
noted,  the  extreme  complexity  of  the  full 
problem  is  described  and  the  usual  approx¬ 
imations  found  to  be  necessary  are  delin¬ 
eated.  K.g.  classical  theory  (the  subject, 
of  Chapter  3)  is  concerned  with  an  iso¬ 
lated  two-dimensional  cascade  of  unloaded 
flat  plate  airfoils  in  which  unsteady 
components  of  the  fluid  velocity  are  small 
perturbations  on  a  uniform  onset.  flow. 
Ail  of  these  specifications  depart  from 
the  true  state  of  affairs  in  an  axial 
turbomachinc  to  an  appreciable  extent. 


Hence,  in  Chapter  2,  the  specifications  of 
two-dimcnsionalit.y  and  isolatedness  are 
retained  but  the  effects  of  blade  geome¬ 
try,  finite  mean  pressure  ratio  across  the 
blade  row  and  transonic  mean  relative  Mach 
number  are  taken  into  account.  The  un¬ 
steady  disturbances  are  considered  t.o  be 
small-amplitude  fluctuations  about  a  non- 
uniform  steady  potential  flow.  The  small 
disturbance  unsteady  flow  is  then  governed 
by  a  set  of  linear  partial  differential 
equations  in  which  the  variable  coeffi¬ 
cients  depend  on  the  underlying  steady 
flow. 


The  principal  applications  of  the— equa¬ 
tions  are  to  the  aerodynamic  response 
resulting  from  prescribed  blade  motions 
and  from  incident,  vortical,  entropic  and 
acoustic  disturbances.  The  use  and  prin¬ 
ciples  of  aerodynamic  work  are  elucidated 
succinctly.  Also,  the  two  special  cases 
of  classical  linearized  theory  and  tran¬ 
sonic  small  disturbance  theory  are  re¬ 
covered  by  appropriate  simplification  of 
the  general  result.. 


Chapt.or  2  is  thus  the  foundation  upon 
which  rest  most  of  the  succeeding  aerody¬ 
namic  formulations,  particularly  those 
parts  that  have  proven  in  the  past,  to  bo 
of  direct,  practical  use  in  the  applica¬ 
tions  . 


Classical  Theory.  The  second  contribution 
Tri  unsteady  aerodynamics  is  Chapter  3, 
Classical  Two-Dimensional  Methods,  by 
Denis  Whitehead.  This  chapter  deals  auth¬ 
oritatively  with  the  first,  development  of 
two-dimensional  cascade  theory  reduced  to 
useful  tables  of  coefficients  (Whitehead, 
1960)  and  the  subsequent,  enlargement,  of 
the  area  of  applicability  to  include  sub¬ 
sonic  and  supersonic  mean  flow.  The 
general  theory  developed  in  the  previous 
chapt.or  la  hero  made  explicit  for  the 
Important  applications  to  the  practical 
systems;  aoroolast.ic  studies  using  two- 
dimensional  aerodynamics  via  the  strip 
hypothesis  remain  the  predominant  method 
of  analysis  up  to  the  present,  time. 


ti<  addition,  the  actuator  disk  and  semi- 
actuator  disk  theories  are  introduced  by 
professor  Whitehead  for  the  first  time 
in  the  Manual,  and  their  applicability  in 
the  ceee  of  email  interblade  phase  angle 


and  small  reduced  frequency  is  discussed. 
The  ability  to  adapt  semi-actuator  disk 
theories  to  stalled  flutter  analysis  is 
introduced;  in  Chapter  7  this  discussion 
is  continued. 


The  compressible  flow  solutions  (subsonic 
and  supersonic  relative  Mach  numbers) 
provide  for  incident  acoustic  and  vor- 
t.icity  waves  and  thus  allow  for  the  aero¬ 
dynamic  responses  to  these  types  of  flow 
disturbances  in  addition  to  the  usual 
responses  to  plunging  and  pitching  of 
the  airfoils.  Aerodynamic  "resonance"  is 
exhibited  by  these  theoretical  models  and 
the  phenomena  of  "cutoff"  and  "propaga¬ 
tion"  show  the  connection  with  the  field 
of  aeroacoustics .  A  very  useful  FORTRAN 
program  is  supplied  for  the  subsonic  case. 

Finally,  some  basic  concepts  in  the 
method  of  distributed  singularities  are 
introduced  for  modeling  incompressible 
flow  through  cascades  of  thick,  highly 
cambered  blades.  These  methods  are  im¬ 
portant  because  they  relate  to  realistic 
compressor  and  fan  blade  roots,  as  well 
as  turbine  geometries.  In  addition,  the 
concept  of  replacing  the  blade  surface  by 
a  vortex  sheet  with  a  notional  velocity 
of  zero  within  the  airfoil  contour  is  a 
model  that  is  finding  further  development 
in  the  so-called  vortex  methods  for 
analyzing  unsteady  separated  flows  in 
cascades.  These,  and  other  field  methods, 
are  conceptually  related  to  the  surface 
singularity  methods  introduced  at  the 
end  of  this  very  important  chapter. 


Annular  Cascade  Effects.  In  Chapter  4, 
Three-Dimensional  Flows  by  Masanobu 
Namba,  the  method  of  distributed  singu¬ 
larities  (monopoles  and  dipoles)  is  used 
to  find  the  blade  loadings  arising  from  a 
variety  of  radially-varying  nonuniform 
effects.  In  Chapter  5,  bearing  the  same 
title,  Pierre  Salaiin  deals  with  a 
similar  problem  for  the  annular  cascade, 
differing  mainly  in  the  particular  method 
chosen  to  solve  the  integral  equation  for 
the  unsteady  blade  loadings. 

The  full  three-dimensional  unsteady  aero¬ 
dynamics  problem  is  extremely  complex 
since  many  of  the  governing  parameters 
may  vary  along  the  spam  cascade  geometry 
(profile,  chordlengt.h,  pitch,  stagger, 
sweep),  degree  of  fixity,  amplitude  and 
phase  of  vibration  modes,  unsteady  (gust) 
and  steady  incident  flow  velocity 
vectors,  fluid  properties,  and  steady 
blade  loadings.  In  addition,  the  endwali 
surfaces  at  the  hub  and  casing  impose  im¬ 
portant  boundary  conditions.  When  casing 
treatment,  is  used  for  sound  absorption  or 
stall  margin  enhancement,  these  boundary 
conditions  become  a  generalization  of  the 
classical  nonpenet.rat.ion  condition.  It 
is  fortunate  that  the  authors  have  been 
able  to  present,  solutions  for  linearized 
small  disturbance  models  with  many 
of  these  effects  taken  into  account. 
The  results  demonstrate  that  three- 
dimensional  treatment.  ia  essential  in 
certain  inst.ancaa  where  a  strip  theory 
approximation  is  shown  to  be  inadequate. 

Three-dimensional  effects  on  unsteady 
blade  loadings  are  found  by  Professor 
Namba  to  ba  small  in  moat  cases  of 


supersonic  flow  and  large  in  most  cases  of 
subsonic  flow,  although  the  differences  in 
the  latter  are  more  of  degree  than  in 
kind.  In  particular,  the  disturbance  flow 
near  the  sonic  span  is  quite  different 
from  quasi-two-dimensional  flow  and  the 
presented  three-dimensional  treatment  is 
therefore  essential  for  analyzing  the  rad¬ 
ially  transonic  stage.  These  results  are 
confirmed  by  computing  the  flutter  bound¬ 
aries  based  on  aerodynamic  work.  Dr. 
Salaiin  demonstrates  that  certain  subsonic 
torsional  flutter  occurrences  over  narrow 
ranges  of  int.erblade  phase  angle,  <j,  may 
bo  missed  entirely  with  strip  theoy. 

Another  important  difference  occurs  near 
tho  rosonant.  state  of  the  predominant 
acoustic  mode.  Thus  aerodynamic  resonance, 
as  predicted  by  quasi-two-dimensional 
strip-type  analysis,  does  not  properly 
describe  the  variation  of  unsteady  blade 
loadings  with  spanwise  radius. 

Chapter  4  is  concluded  with  two  studies, 
one  on  the  effect  of  a  mean  flow  with 
spanwise  shear,  and  another  on  the  effect 
of  sound  absorbing  wall  liners.  In  the 
first  study,  with  the  incompressible  flow 
velocity  increasing  toward  the  cantilever 
blade  tip  of  a  linear  cascade,  there 
results  a  decrease  in  overall  aerodyanmic 
work  compared  to  a  strip  theory  solution. 

In  the  sound  absorption  study  a  linear 
cascade  again  is  analyzed,  this  time  with 
a  portion  of  one  of  the  endwall  boundaries 
lined  with  a  locally  reacting  sound  ab¬ 
sorbing  material  of  uniform  admittance. 
The  remainder  of  the  sidewalls  is  perfect¬ 
ly  rigid  (i.e.  of  zero  admittance).  It  is 
found  for  a  typical  example  that  the 
acoustic  treatment  exerts  a  considerable 
influence  on  tho  unsteady  local  lift,  in 
the  vicinity  of  the  lined  wall.  The 
effect  is  highly  localized,  however,  and 
the  change  in  the  overall  blade  lift,  is 
small.  Similarly,  the  effect  of  nonzero 
acoustic  wall  admittance  on  the  aerodynam¬ 
ic  work,  a  discriminant  of  flutter,  is 
also  small  for  a  practically  reasonable 
extent  of  wall  treatment. 

Tho  material  presented  in  Chapters  4  and  5 
is  unique  in  that  it  presents  authorita¬ 
tively  the  moat  current  information  con¬ 
cerning  unsteady  three-dimensional  flow,  a 
field  about  which  too  little  is  known  and 
which  is  extremely  important  for  aeroelas- 
t.icity  in  axial  turbomachines.  It  is  an 
area  worthy  of  intense  continuing  effort 
and  one  which  hopefully  may  be  expected  to 
bo  enlarged  and  reported  upon  in  future 
editions  of  this  Manual. 

Field  Methods.  Recently  a  number  of 
studies  based  on  numerical  solutions  of 
the  unsteady  Navier-Stokes  and  Euler 
Equations  havo  appeared  in  the  literature. 
In  Chapter  6,  Numerical  Methods  for  Tran¬ 
sonic  Plow,  t.ho  authors  Elizaboth  Acton 
and  Stephen  Newton  discuss  the  physical 
and  mathematical  bases  for  discretizing 
these  equations  and  solving  them  using 
so-called  field  methods.  Particular 
attention  is  given  to  the  proper  numerical 
treatment  of  shock  waves,  tho  uses  of 
artificial  viscosity,  formulation  of  the 
unsteady  boundary  conditions  and  a  compar¬ 
ison  of  the  various  methods  with  each 
other  and  with  some  limited  experimental 
results.  In  keeping  with  the  initial 


state  of  development  of  these  numerical 
methods  for  unsteady  cascades,  only  two- 
dimensional  inviscid  flows  are  considered. 

Based  on  the  potential  flow  equations 
developed  in  Chapters  2  and  3,  various 
mesh  generation  schemes  are  described 
along  with  the  appropriate  discretization 
of  the  governing  equations.  Both  finite 
element  and  finite  volume  formulations  are 
presented  and  also  considerations  concern¬ 
ing  mesh  refinement,  periodicity  and 
boundary  conditions  and  the  underlying 
steady  flow.  Only  linearized  unsteady 
flow  formulations  are  developed  and 
special  considerations  are  discussed  for 
the  guarantee  and  acceleration  of  conver¬ 
gence  to  the  unsteady  solution.  With  the 
finite  volume  method  no  special  treatment 
of  the  shock  is  adopted;  it  shows  up  as  a 
region  of  high  gradients  dependent  on  the 
mesh  size  and  the  particular  choice  of 
artificial  viscosity.  With  the  finite 
element  solution  the  shock  is  "captured" 
in  the  steady  flow  solution  and  then  a 
different  discretization  and  mesh,  fitted 
about  the  mean  shock  position,  is  adopted 
for  the  unsteady  flow.  These  methods  are 
shown  to  be  quite  robust  and  useful  design 
tools  for  application  to  flutter  studies 
and  are  now  being  adapted  for  application 
with  a  nonsteady  inflow  to  the  cascade 
(the  forced  response  problem). 

In  the  second  general  class  of  problems  an 
attempt  is  made  to  allow  for  rotational 
flow  by  solving  the  Euler  equations  by 
time  marching  techniques.  The  conserva¬ 
tion  form  of  these  equations  is  used  and 
the  steady  solution  is  first  obtained. 
Either  differential  (finite  difference)  or 
integral  (finite  element)  methods  may  be 
adapted  to  time  marching.  After  trans¬ 
forming  the  computational  mesh  from  the 
physical  plane  to  a  cartesian  grid,  time 
stepping  schemes  such  as  the  predictor- 
corrector  method  are  then  applied  to  the 
finite  difference  equations  in  the  trans¬ 
formed  variables.  Many  refinements  of 
this  concept  are  discussed  by  the  authors 
including  the  basic  explicit  scheme 
described,  semi-explicit.  and  implicit 
schemes  as  well.  The  finite  volume 
(integral)  methods  using  time  marching 
have  been  proved  successful  for  steady 
flows,  including  three-dimensional  flows 
for  both  aircraft  and  cascade  applica¬ 
tions.  Although  the  unsteady  cascade 
solution  is  not  yet  successfully  achieved, 
work  is  proceeding  in  that  direction  at 
many  centers.  Success  in  this  area,  it  is 
felt,  will  lead  subsequently  to  the 
eventual  solution  of  the  Navier-Stokes 
equations,  and  hence  the  inclusion  of 
viscosity  and  turbulence  in  field 
methods . 

The  importance  of  tho  proper  formulation 
of  the  boundary  conditions  cannot  be  over¬ 
stressed.  In  these  numerical  methods  they 
literally  drive  the  iterated  solutions 
toward  convergence.  For  both  the  poten¬ 
tial  and  Euler  equations  tho  upstream  and 
downstream  conditions,  the  repeat  or  peri¬ 
odicity  conditions  and  the  blade  surface 
(the  so-called  internal  boundary  on  the 
fluid)  condition  are  treated  carefully 
and  exhaustively  in  this  Chapter.  Three 
examples  are  discussed.  1)  Compressible 
fluids  allow  wave  propagation  and  it 
is  found  necessary  to  prevent  spurious 
reflections  from  the  edge  of  the 
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computational  domain.  2)  A  wake  of  shed 
vort  icity  is  present  downstream  of  each 
trailing  edge  ar.d  the  proper  jump  condi¬ 
tions  across  the  wake  must  be  satisfied. 
3)  The  vibrating  blade  is  moving  relative 
to  inertial  coordinates  and  either  the 
boundary  conditions  must  be  expanded  in 
Taylor  series  about,  the  mean  position  or 
the  computational  grid  must,  be  formulated 
to  move  with  the  surface. 


Chapter  6  closes  with  a  brief  comparison 
of  results  from  the  potential  flow 
methods.  It  is  shown  that  these  methods 
agree  quite  well  with  each  other  and  with 
experiments  in  general,  particularly  at 
low  Mach  number.  The  comparisons  are  also 
better  in  general  for  flat,  plat.e  cascades 
as  opposed  to  thick,  curved  blades.  Pre¬ 
cise  shock  positioning  is  also  shown  t.o  be 
extremely  important  for  accurate  predic¬ 
tion  of  surface  pressures.  Finally,  the 
importance  of  relying  on  the  aerodynamic 
work  for  stability  prediction,  rather  than 
the  aerodynamic  reactions  at.  one  blade 
radius,  is  emphasized. 


In  the  conclusion  the  authors  noted  that 
the  methods  so  far  developed  are  limited 
to  unsteady  flows  which  are  small  linear 
perturbations  about,  a  nonlinear  steady 
potential  flow.  This  implies  in  turn  that, 
the  shock  movement  is  not.  too  large. 
Solutions  of  the  Euler  equation,  although 
not  as  well  advanced,  hold  greater  promise 
for  less  simplified  modeling  of  the  flow. 


Stall  and  Separation.  The  earliest,  mani¬ 
festation  of  aeroeiast.ic  instability  in 
axial  turbomachines  was  stall  flutter. 
This  phenomenon,  in  which  flow  separation 
plays  a  crucial  role,  continues  to  be 
important  and  the  subject  of  analysis  for 
application.  In  Chapter  7,  Stan- Flut¬ 
ter,  this  experience  is  summarized  by 
Fred  Si 3 to  and  the  methods  of  treating 
periodically  stalled  flow  are  desribed. 

The  theories  aro  somewhat  heuristic, 
based  strongly  on  empiricism,  and  there 
is  a  great  observational  reliance  on 
aeroolast.icity,  the  coupling  between  un¬ 
steady  aerodynamics  and  structural  dynam¬ 
ics,  to  explain  stall  flutter  experience. 
Thus  the  older  design  rules  for  avoiding 
flutter  are  given  the  historical  impor¬ 
tance  tney  have  earned  and  physical  in¬ 
sight  into  flutter  behavior  is  provided. 
Emphasis  Is  given  to  recognizing  (.he 
nonlinear  nature  of  the  unsteady  aerody¬ 
namic  loads  when  periodic  separation  is 
present . 


Chapter  7  closes  with  a  note  on  the 
Random  Vortex  Method  of  Chorin  (1973), 
as  further  dovclopod  by  Spalart.  (1904), 
one  of  tho  newer  field  methodr,  as  pre¬ 
sently  applied  to  propagating  stall  in 
cascades.  With  tho  introduction  of  small 
amplitude  motion  of  tho  internal  bound¬ 
aries  (i.e.,  the  airfoil  upper  and  lower 
cambers)  the  RVM  holds  groat  promise  for 
yielding  the  first  quantitatively  reli¬ 
able  theory  for  unsteady  separated  flow 
In  two  dimensions,  a  minimal  requirement 
for  aeroelastlc  modeling.  It.  is  another 
area  where  considerable  future  growth  is 
ant iclpated . 


Experimental  Results.  Chapter  8,  Un¬ 
steady  Aerodynamic  Measurements  in  Flut¬ 
ter  Research,  has  been  prepared  by 
Sanford  Fleeter  and  Robert  Jay.  This  is 
the  earliest,  chapter  in  Volume  I  devoted 
to  the  role  of  experimentation  and  some 
fundamental  experimental  flutter  results 
are  described.  The  emphasiB  here  is  on 
self-excited  instability;  the  subject  of 
aerodynamics lly  forced  vibration  is  re¬ 
served  for  the  following  Chapter  9 . 


Professor  Fleeter  properly  emphasizos  the 
important  role  of  experimentation  in 
guiding  the  development  of  analytical 
models  for  flutter  prediction.  Other 
objectives  of  experimental  programs  are 
the  acquisition  of  a  flutter  boundary 
data  bank  and  the  verification  of  new 
concepts  for  flutter  stability  enhance¬ 
ment.  Omitting  full  scale  component  test¬ 
ing,  the  principal  experimental  facili¬ 
ties  are  high  speed  rotating  rigs,  linear 
cascades  and  stationary  annular  cascades. 
Typical  strain  gage,  optical  and  other 
instrumentation  (and  the  data  acquired 
therefrom)  are  then  described.  Tie 
features  and  importance  of  high  speed 
digital  data  processing  are  discussed. 

Considerable  attention  is  given  to  the 
fundamental  data  acquired  in  a  driven 
oscillatory  airfoil  cascade  with  imposed 
interblade  phase  angle,  o.  as  a  primary 
independent  variable.  By  contrast,  the 
importance  and  limitations  of  free  flutter 
testing  are  discussed  from  a  research 
vantage  point.  Chapter  8  concludes  with  a 
survey  of  the  key  experimental  results  for 
stall  flutter,  supersonic  flutter,  choke 
flutter,  and  negative  incidence  flutter. 
These  results  may  be  identified  with  the 
flutter  regions  on  the  compressor  charac¬ 
teristic  map.  Figure  1,  and  profitably 
compared  with  tho  analytical,  or  theoret¬ 
ical,  discussion  in  Chapters  2,  3,  4,  5, 
6,  and  7. 


Forced  Vibration  Experiments.  Chapter  9, 
Unsteady  Aerodynamic  Measurement  in  Forced 
Vibration  Research,  is  a  continuation  of 
the  previous  chapter  on  experimentation 
and  penetrates  the  important  area  of  aero- 
oJ.astic  forced  vibration  (as  contrasted 
with  the  self-excited  instability  known  as 
flutter).  Robert  jay  and  Sanford  Fleeter 
continue  their  collaboration  as  the 
authors . 

Solution  of  the  forcad  response  problem 
requires  that  a  balance  be  struck  between 
the  aorodynamic  work  done  by  the  unsteady 
"gust"  acting  on  tho  airfoil  and  aerody¬ 
namic  damping  work  resulting  from  the 
subsequent  vibration.  Mechanical  forms  of 
damping  may  be  added  to  the  latter.  After 
defining  this  problem  and  its  dependence 
on  the  flow  field,  airfoil  geometry,  and 
mode  shape,  the  importance  is  notod  of  key 
parameters  such  as  reduced  frequency  and 
interblade  phase  angle.  Typical  facilities 
in  which  experiments  ars  conducted  are 
linear  cascade*,  annular  cascades,  low 
speed  rotating  rigs,  and  high  speed  rotat¬ 
ing  riga,  os  introduced  in  the  previous 
Chapter.  Nine  typical  investigation*  in 
linear  cascades  are  briefly  summarised,  as 
are  four  in  annular  cascades,  aeven  in  low 
speed  rotating  rigs, and  four  in  high  speed 
rotating  rigs. 


i-i: 


Familiarization  with  various  instruments 
and  data  recording  components  ia  provided, 
including  hot  wire  anemometers,  pressure 
transducers,  Schlieren  systems,  analog- 
to--digital  converters,  tape  recorders,  os¬ 
cilloscopes,  and  their  dynamic  calibration 
and  assembly  into  useful  data  acquisition 
systems . 

The  Chapter  closes  with  very  detailed  and 
useful  descriptions  of  two  specific  exper¬ 
imental  programs  and  the  facilities  in 
which  tney  were  conducted.  For  the  aero¬ 
dynamic  damping  study  a  linear  turbine 
cascade  tunnel  is  described  in  which  the 
blades  are  oscillated  electro-mechanically 
and  the  resulting  pressure  distribution  is 
measured  on  the  center  blade.  Dynamic 
calibration  of  the  Kulite  pressure  sensors 
is  critical. 

For  the  stator  vane  gust  loading  study  a 
single  stage  low  speed  compressor  rig  is 
instrumented  with  an  int.er-row  hot  wire 
anemometer  and  the  stator  vanes  following 
the  rotor  are  pressure  instrumented.  The 
data  ware  acquired  and  processed  to  yield 
very  useful  and  informative  distributions 
of  unsteady  flow  fields  and  the  related 
unsteady,  aerodynamic  forces. 


Experimental  Aeroelastic  Transfer 
Function .  In  chapter  10 ,  Understanding 
Fan  Flutter  Through  Linear  Cascade  Aero- 
elastic  Testing,  the  author,  Edmond 
Szechenyi,  describes  a  unique  combination 
of  experimentation  and  data  processing. 
The  linear  cascade  simulating  turbofan 
blades  ia  provided  with  the  capability  of 
forced  oscillation  of  two  blades  in  any 
position  in  the  cascade.  One  of  the  two 
blades  is  heavily  instrumented  with  up  to 
26  pressure  transducers.  These  measured 
pressures  may  be  integrated  to  yield  lift 
and  moment.  The  outputs  from  the  blade 
pressure  and  blade  position  transducers 
are  Fourier  transformed  so  as  to  output  a 
tranofer  function  i  the  pressure  and 
phase  produced  by  a  particular  oscilla¬ 
tory  blade  motion. 


Using  this  complex  transfer  function 
parameter,  an  extensive  study  is  con¬ 
ducted  of  the  direct  influence  of  the 
blade  upon  itself  and  the  "coupling"  or 
aerodynamic  influence  of  one  vibrating 
blade  upon  another.  Assuming  the  valid¬ 
ity  of  superposition,  the  local  pressure 
coefficient,  the  lift  coefficient,  and 
tho  moment  coefficient  may  then  be  syn¬ 
thesized  for  a  complete  (presumed  infi¬ 
nite)  cascade  of  fluttering  biados. 
Stability  is  discriminated  by  the  phase 
of  tho  force  response  with  respect  to  the 
motion  inducing  it. 

An  interesting,  if  controversial  set  of 
parametric  studies  ore  conducted  with 
this  apparatus  and  the  associated  data 
reduction  technique.  Particular  concern 
1#  given  to  the  influence  of  separation 
on  flutter  in  Regions  1,  III,  IV,  and  V 
of  Figure  l.  Which  correspond  with  Re¬ 
gions  1,  3,  4,  and  2  of  Chaptor  10  (no 
separation  In  Regions  III  or  3).  The 
prediction  of  flutter  is  subsumod  in  the 
statement  that  "propagation"  (as  defined 
by  the  variation  along  tho  chord  of  tho 
transfer  function  phase  angle)  shifts  to 
a  direction  from  leading  edge  to  trailing 
edge  as  soon  ss  the  flow  on  the  suction 
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surface  of  the  airfoil  becomes  separated. 
"But  what  causes  this  change  of  direction 
when  the  flow  separates?"  This  question 
is  posed,  but.  remains  to  be  answered 
perhaps  in  the  future. 

Other  major  parametric  influences  refer¬ 
ring  to  shock  structure  and  shock  move¬ 
ment  in  supersonic  flow,  the  role  of  back 
pressure  and  the  influence  of  mode  shape 
are  addressed  by  this  unique  approach. 
Comparisons  with  cascade  and  rotating  rig 
measurements,  the  influence  of  frequency 
(rather  than  reduced  frequency  or  fre¬ 
quency  parameter)  and  other  interesting 
applications  of  the  transfer  function 
method  of  data  reduction  are  presented  in 
this  Chapter.  This  new  method  of  experi¬ 
mentation  should  prove  increasingly  valu¬ 
able  as  it  becomes  more  refined  and  more 
widely  applied.  For  its  general  applica¬ 
tion  the  transfer  function  formulation 
relies  on  the  principle  of  superposition. 
Although  the  validity  of  superposition  in 
this  specific  application  has  not  been 
proven,  the  practical  resolution  of  the 
question  seems  to  be  that  it  works  with 
acceptable  accuracy  for  drawing  qualita¬ 
tive  conclusions. 

One  may  alBO  discern  a  possible  feedback 
in  suggesting  new  analytical  models  for 
unsteady  cascade  aerodynamics  baaed  on 
these  ideas.  Thus  the  placement  of  this 
Chapter  near  the  end  of  Volume  I  is 
indicative  of  its  potential  for  stimulat¬ 
ing  new  initiatives. 

Unsteady  Aerodynamic  Measurements  on 
Rotors .  The  eleventh  and  final  Chapter  of 
Volume  I  contributed  by  Heinz  Gallus  bears 
the  above-captioned  title.  The  simulation 
of  unsteady  flow  in  axial  turbomachines  by 
linear  cascades,  and  to  a  lesser  extent  in 
stationary  annular  cascades,  is  usually 
deficient  in  several  important  respects. 
Furthermore,  it  is  difficult  and  expensive 
to  attempt  such  experimentation  on  the 
full  multistage  turbomachina  due  to  the 
inaccessibility  of  instrumentation  and  the 
inability  to  isolate  the  effects  of  indi¬ 
vidual  parameters.  For  this  reason  the 
testing  of  rotating  annular  cascades,  or 
"rigs,”  is  extremely  valuable.  In  par¬ 
ticular,  unsteady  interaction  attributable 
to  the  relative  motion  of  rotor  and  stator 
can  only  be  obtained  experimentally  in 
rotating  rigs.  This  is  particularly 
important  for  forced  vibration  experiments 
where  it  ia  desired  to  vary  gust  ampli¬ 
tude,  reduced  frequency,  and  interblade 
phasing  in  a  parametric  fashion.  Rotating 
rigs  also  allow  the  immediate  study  of 
realistic  three-dimensional  effects  asso¬ 
ciated  with  large  aspect  ratio,  tapered, 
twisted  blading.  Other  effects  which  may 
be  studied,  and  which  are  not  yet  fully 
accessible  to  analysis,  include  tip 
loakage  ,  secondary  flow,  fluid  viscosity 
and  separated  flow. 

Professor  Oallus  discusses  briefly  tho 
types  of  instrumentation  used  in  rotor 
tooting,  with  principal  emphasis  on  the 
aerodynamic  measurement  devices i  pressure 
taps,  pressure  transducers,  hot  film 
gauges,  hot  wire  anemometers  and  multi- 
elemsnt  probes,  optical  systems  discussed 
includo  tho  laser  doppler  volocimet.er,  the 
schlieren  shadowgraph,  the  holograph  in¬ 
terferometer  and  various  visualization 
schemas  using  smoks  or  dye  injeotion  or 
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gas  fluorescence.  Additional  information 
is  given  on  data  conditioning  and  data 
reduction  techniques. 

I'ho  major  portion  of  Chapter  11  — ta  then 
liven  over  to  discussing  a  largo  reproson- 
( ativ  ■  sample  of  the  specific  applications 
of  unsteady  flow  measuring  techniques  on 
rotors  which  appear  in  the  literature.  In 
addition  to  presenting  the  specifics  of 
the  instrumentatoin  and  the  associated 
measurements,  considerable  attention  is 
paid  to  the  transfer  of  the  signals  from 
rotating  frame  to  fixed  frame  by  slip 
rings,  scanivalves  and  telemetering.  The 
subject  of  rotating  probes,  unique  to  the 
problem  of  on-rotor  data  acquisition,  is 
covered  and  contrasted  with  the  alterna¬ 
tive  of  interpreting  stationary  probe 


readings  to  yield  time-resolved  data  rela¬ 
tive  to  the  rotor.  It  is  noted  that  laser 
velocimetry  has  turned  out  to  be  the  main 
tool  for  flow  field  research  in  high  speed 
rotors . 

This  final  Chapter  of  Volume  I  closes 
appropriately  with  some  general  observa¬ 
tions  concerning  the  methods  available  for 
determining  the  unsteady  flow  in  axial 
turbomachines .  These  methods,  when  taken 
together  with  the  structural  information 
to  be  discussed  more  fully  in  Volume  II, 
allow  a  complete  aeroelastic  description 
to  be  developed  experimentally.  Finally, 
and  most  importantly,  the  roles  of  experi¬ 
mentation  as  the  final  arbiter  of  design 
and  as  the  method  for  guiding  and  checking 
theoretical  analysis  are  once  again  noted. 
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INTRODUCTION 
Overall  Background 

The  impact  of  flow  unsteadiness  on 
the  performance,  efficiency  and,  in  parti¬ 
cular,  on  the  reliability  of  axial-flow 
turbomachines  has  been  widely  recognized 
and  documented  both  in  the  present  Manual 
and  in  a  number  of  earlier  publications 
(e.g.,  see  Mikolajczak  1975;  Platzer 
1975,  1977;  Sisto  1978;  Fleeter  1979; 
Whitehead  1980;  and  Greitzer  1985).  Im¬ 
portant  current  design  concerns  directly 
associated  with  unsteady  phenomena  include 
the  following:  the  effects  of  aerodynami- 
cally  induced  and  self-excited  blade  vi¬ 
brations  on  aeroelastic  response  and  sta¬ 
bility,  the  effects  of  blade  row  inter¬ 
actions  and  turbulence  on  efficiency  and 
noise  generation,  the  effects  of  inlet 
flow  nonuniformities  on  compressor  and 
engine  aerodynamic  stability,  and  the 
nature  and  flow  structure  of  general  post¬ 
stall  engine  transients. 

In  the  past  very  successful  turbo¬ 
machines  have  been  developed  by  compen¬ 
sating  for  an  inadequate  understanding  of 
unsteady  flows  with  extensive  empirical 
correlations.  However,  the  continuing 
demand  for  increased  performance  has  re¬ 
sulted  in  design  trends  such  as  higher  tip 
speeds  and  higher  loadings  which  aggravate 
dynamic  problems  in  the  various  components 
particularly  the  blading.  Further,  re¬ 
quirements  for  increased  efficiency  and 
noise  suppression  will  impose  additional 
and  important  constraints  on  future  de¬ 
signs.  Thus  an  understanding  of  unsteady 
flow  phenomena  and  the  development  and 
application  of  theoretical  procedures  for 
predicting  such  phenomena  has  become  es¬ 
sential  to  the  successful  decign  process. 

The  development  of  theoretical  models 
to  predict  unsteady  flows  in  axial-flow 
turbomachines  is  a  formidable  task.  The 
analyst  is  confronted  with  determining  the 
time-dependent,  three-dimensional  flow  of 
a  viscous  compressible  fluid  through  a 
geometric  configuration  of  enormous  com¬ 
plexity.  Phenomena  of  interest  include 
potential  flow  interactions  between  close¬ 
ly  spaced  blade  rows,  intricate  shock 
formations  and  reflections,  shock/boundary 
layer  Interactions,  vortex  shedding  at 
blade  tips,  boundary  layer  separations, 
wake  formations  and  cuttings,  and  wake 
transport,  spreading  and  decay.  Moreover, 
theoretical  models  must  be  formulated  so 
that  reliable  design  predictions  can  be 
achieved  efficiently  and  economically. 
This  task  clearly  requires  the  introduc¬ 


tion  of  a  considerable  number  of  simplify¬ 
ing  assumptions  to  make  the  problem  mathe¬ 
matically  tractable  and  to  render  the 
resulting  solutions  useful  to  the  design¬ 
er. 

For  the  most  part,  theoretical  un¬ 
steady  aerodynamic  formulations  have  been 
directed  toward  predicting  the  aeroelastic 
or  aeroacoustic  response  phenomena  associ¬ 
ated  with  self-excited  or  forced  vibra¬ 
tions  of  the  blades  of  an  isolated  array. 
In  the  former  circumstance  the  elastic 
motion  of  the  structure  and  the  aerodynam¬ 
ic  forces  are  inseparably  coupled,  whereas 
in  the  latter,  the  forces  initiating  the 
motion  of  the  structure  are  independent  of 
that  motion.  As  noted  by  Whitehead  (1980) 
to  determine  the  unsteady  response  charac¬ 
teristics  of  interest  for  an  isolated 
blade  row,  aerodynamic  theories  must  be 
capable  of  predicting  the  unsteady  forces 
acting  on  the  blades,  the  entropy  and 
vorticity  fluctuations  convected  down¬ 
stream,  and  the  static  pressure  or 
acoustic  waves  radiated  away  from  the 
blade  row,  for  prescribed  (self-excited) 
blade  motions  and  externally  induced 
(forced)  aerodynamic  excitations.  Sources 
of  forced  excitation  include  variations  in 
total  pressure  and  total  temperature 
("entropy  and  vorticity  waves")  at  entry 
and  variations  in  static  pressure  (acous¬ 
tic  waves)  entering  the  blade  row  from 
upstream  or  downstream.  Although  beyond 
the  scope  of  this  chapter,  it  should  be 
noted  that  the  determination  of  the 
forcing  functions  is  a  difficult  but  very 
important  aspect  of  the  overall  problem. 
Unfortunately,  because  of  the  assumptions 
used  in  the  development  of  unsteady  aero¬ 
dynamic  analyses  for  aeroelastic  or  aero¬ 
acoustic  applications,  the  foregoing  re¬ 
sponse  information  is  only  available  in  a 
limited  sense.  In  such  analyses  viscous 
effects  are  usually  neglected  at  the  out¬ 
set,  the  flow  is  usually  regarded  as  two- 
dimensional,  and  unsteady  fluctuations  are 
assumed  to  be  of  sufficiently  small  magni¬ 
tude  that  a  linearized  analysis  of  the 
unsteady  flow  is  justified. 

Many  of  the  unsteady  aerodynamic 
analyses  currently  used  in  turbomachinery 
aeroelastic  or  aeroacoustic  design  appli¬ 
cations  are  based  on  classical  linearised 
theory.  Here  both  steady  and  unsteady 
departures  from  a  uniform  free  stream  are 
regarded  as  small  and  of  the  same  order  of 
magnitude  relative  to  the  free-ntream 
speed.  Thus  classical  unsteady  analyses 
are  essentially  restricted  to  unloaded, 
flat-plate  cascades  which  operate  in  an 
entirely  subsonic  or  entirely  supersonic 


flow  environment.  Very  efficient  seml- 
analytic  solution  procedures  have  been 
developed  for  two-dimensional  attached 
subsonic  (Whitehead  1970;  Kaji  i  okasnki 
1970;  Smith  1971;  and  others)  or  super¬ 
sonic  (Kurosaka  1974;  Verdon  1977; 
Nagashima  &  Whitehead  1978;  Adamc2yk  t 
Goldstein  1978;  Ni  1979;  and  others)  flows 
and  applied  in  flutter  (self-excited  blade 
vibrations)  and  resonant  stress  (forced 
vibrations)  design  calculations.  More¬ 
over,  the  classical  supersonic  analyses 
have  been  found  to  be  quite  successful, 
when  bolstered  by  empirical  InfoffflAtion, 
at  predicting  observed  flutter  behavior  in 
the  fan  stages  of  modern  high-bypass  ratio 
engines  (see  Snyder  t  Commerford  1974;  and 
Mikola jc2ak,  et.  al .  1975).  Models  based 
on  variations  or  extensions  of  the  two- 
dimensJ jnal  classical  linearisation  have 
also  been  developed  for  treating  separated 
subsonic  flows  (Perumal  1976;  Chi  1980), 
high-frequency  transonic  flows  (Surampudi 
&  Adamczyk  1984),  supersonic  flows  with 
strong  in-passage  normal  shocks 
(Goldstein,  Braun  &  Adamczyk  1977)  and 
three-dimensional  attached  flows  (Salaun 
1976;  Namba  1977;  and  Namba  t  Ishikawa 
1983),  but  these  have  received  only  lim¬ 
ited  application  in  the  design  process. 

The  classical  linearisation  does  not 
account  for  interactions  between  steady 
and  unsteady  disturbances  and  such  inter¬ 
actions  are  crucial  to  the  successful 
prediction  of  a  wide  variety  of  turboma¬ 
chinery  unsteady  aerodynamic  phenomena. 
It  is  thus  important  that  more  general 
unsteady  aerodynamic  models  be  developed 
which  Include  the  effects  c realistic 
design  features,  such  as  blade  geometry, 
finite  mean  pressure  variation  across  a 
blade  row,  and  operation  at  transonic  Mach 
numbers,  on  unsteady  aerodynamic  response. 
The  present  chapter  will  focus  on  the 
derivation  of  such  a  model  in  which 
unsteady  disturbances  are  regarded  as 
small-amplitude  fluctuations  relative  to  a 
fully  nonuniform  steady  (in  a  coordinate 
frame  attached  to  the  blade  row)  potential 
flow.  As  a  result  of  the  foregoing  as¬ 
sumption,  the  small-disturbance  unsteady 
flow  is  governed  by  a  set  of  linear  vari¬ 
able-coefficient  equations  in  which  the 
variable  coefficients  depend  upon  the 
velocity  potential  of  the  underlying 
steady  flow.  This  type  of  model  and  its 
application  to  turbomachinery  blading  has 
received  considerable  attention  in  recent 
years  (see  Atassi  t  Akal  1978,  1980; 

Caratens  1981;  Caruthers  1981;  Whitehead  t 
Grant  1981;  Whitehead  1982;  Caspar  & 
Verdon  1981;  and  Verdon  *  Caspar  1980, 
1982,  1984),  and  solution  methods  are 

gradually  reaching  the  stage  where  it  will 
be  appropriate  to  consider  them  for  design 
applications. 

Scope  of  this  Chapter 

in  the  following  presentation  the 
equations  governing  the  steady  and  linea¬ 
rised  unsteady  flow  for  an  iaolatad  two¬ 


dimensional  cascade  will  be  derived  in 
some  detail.  Further,  the  governing  equa¬ 
tions  of  classical  lineari2ed  subsonic  or 
supersonic  theory  and,  for  the  most  part, 
those  of  time-linearized  transonic  small- 
disturbance  theory  (see  Tijdeman  t  Seebass 
1980)  will  be  recovered  as  special  cases 
of  the  more  general  linearized  formula¬ 
tion.  In  this  manner  the  basic  equations 
underlying  the  most  important  unsteady 
linearizations  that  have  been  proposed  for 
dealing  with  airfoil  or  blade  vibration 
problems  can  be  determined  from  within  a 
unified  theoretical  framework.  This 
author's  previous  experience  has  been 
primarily  concerned  with  developing  un¬ 
steady  aerodynamic  analyses  for  fan  or 
compressor  blade  flutter  applications. 
Therefore,  in  preparing  this  article  heavy 
reliance  has  been  placed  on  the  work  of 
Goldstein  (1978,  1979)  in  an  effort  to 
provide  a  complete  linearized  formulation 
in  which  forced  excitations  due  to  inci¬ 
dent  vortical,  entropic  and  acoustic  dis¬ 
turbances  are  included  along  with  those 
due  to  prescribed  blade  motions. 

In  this  chapter  we  are  primarily 
concerned  with  the  derivation  of  the  equa¬ 
tions  governing  the  Bteady  and  unsteady 
flow  phenomena  associated  with  the  blades 
of  an  isolated  two-dimensional  cascade. 
Semi-analytic  solution  methods  for  classi¬ 
cal  linearized  two-dimensional  cascade 
flows  are  discussed  by  Whitehead  in  the 
following  chapter  of  this  Manual,  and 
extensions  of  the  classical  formulation 
along  with  the  description  of  solution 
methods  for  three-dimensional  flows  are 
given  '  i  the  chapters  by  Namba  and  Salaun. 
For  a  description  of  the  semi-analytic 
surface-integral  and  the  numerical  field 
methods  that  have  been  proposed  for 
solving  the  steady  and  the  linearized 
unsteady  equations,  derived  herein,  the 
reader  is  referred  to  the  report  by 
McNally  i  Sockol  (1981),  the  text  of 
Oostelow  (1984)  and  the  unsteady  cascade 
analyses  cited  above. 


PROBLEM  DESCRIPTION 

We  consider  the  time-dependent  and 
two-dimensional  adiabatic  flow,  with 
negligible  body  forces,  of  an  inviscid 
non-heat  conducting  perfect  gas  through  an 
infinite  and  isolated  array  of  airfoils 
(i.e.,  a  cascade  such  as  the  one  shown  in 
fig.  1).  Although  we  are  restricting  our 
consideration  to  two-dimensional  flows, 
with  the  exception  of  the  surface  and  far- 
field  conditions,  most  of  the  governing 
equations  presented  below  are  valid  in 
three  spatial  dimensions.  The  time-depen¬ 
dent  or  unsteady  fluctuations  in  the  flow 
are  aesumed  to  be  of  small  amplitude  and 
to  arise  from  one  or  more  of  the  following 
eources  (c.f.  fig.  2)i  self-excited  blade 
motions,  upstream  and/or  downstream  acous¬ 
tic  disturbances  which  propagate  toward 
the  blade  row,  and  upstream  vortical  and 
entropic  dieturbanoee.  It  is  assumed 


Figure  1.  Two-dimensional  transonic  com¬ 
pressor  cascade;  <  M_„  <  1 . 

that,  in  the  absence  of  these  unsteady 
excitations,  the  blades  are  equally 
spaced,  identical  in  shape  and  their  chord 
lines  are  each  inclined  at  an  angle  © 
relative  to  the  axial  flow  (or  positive 
C-)  direction;  and  that  beyond  some  finite 
distances  upstream  (say  C  <  {_)  and  down¬ 
stream  (£  >  ?+)  from  the  blade  row,  the 
flow  is  at  most  a  small  (steady)  perturba¬ 
tion  from  a  uniform  free-stream  condition. 
For  aeroelastic  investigations,  the  appli¬ 
cation  of  primary  interest  here,  the  goal 
is  to  predict  the  unsteady  pressures  and 
the  global  unsteady  airloads  acting  on  the 
blades  and  arising  from  various  prescrip¬ 
tions  of  the  foregoing  excitations. 

For  flows  of  practical  interest  the 
Reynolds  number  (Re)  is  usually  suffi¬ 
ciently  high  so  that  viscous  effects  are 
concentrated  in  relatively  thin  layers 
across  which  the  flow  properties  vary 
rapidly  but  continuously.  Provided  that 
large  scale  flow  separations  do  not  occur, 
these  layers  generally  appear  adjacent  to 
the  blade  surfaces  (boundary  layers), 
downstream  of  the  blades  (wakes)  and  in 
the  vicinity  of  rapid  compressions 
(shocks).  In  the  inviscld  approximation 
(Re  ♦  «)  their  thickness  becomes  zero  and 
they  are  modeled  as  surfaces  across  which 
the  flow  variables  are  discontinuous.  In 
particular,  boundary  layers  and  wakes  are 
regarded  as  thin  vortex  sheets  which  sup¬ 
port  a  discontinuity  in  tangential  velo¬ 
city,  and  shocks  are  regarded  as  thin 
surfaces  which  support  a  discontinuity  in 
normal  velocity.  Here  we  assume  that  the 
boundary  layers  remain  attached  to  the 
blade  surfaces.  Hence,  the  vortex-sheet 
boundary  layers  coincide  with  the  blade 
surfaces  and  support  a  jump  in  velocity 


from  zero  at  the  "wall*  to  the  inviscid 
value  at  the  "edge"  of  the  boundary  layer. 
Further ,  the  vortex-sheet  unsteady  wakes 
emanate  from  the  blade  trailing-edges  and 
extend  infinitely  far  downstream. 


The  description  of  the  foregoing 
assumptions  brings  us  to  a  convenient 
starting  point  for  presenting  the  equa¬ 
tions  governing  the  flow  through  the  cas¬ 
cade.  As  we  proceed  with  the  development 
of  these  equations,  additional  assumptions, 
for  example,  restrictions  on  shock 
strength  and  on  the  temporal  and  spatial 
behavior  of  the  unsteady  excitations,  will 
be  introduced  to  further  simplify  the 
theoretical  model. 

In  the  following  discussion  all  vari¬ 
ables  are  dimensionless.  Lengths  have 
been  scaled  with  respect  to  blade  chord, 
time  with  the  ratio  of  blade  chord  to  the 
upstream  free-stream  speed,  and  density 
with  respect  to  the  upstream  free-stream 
density.  The  scalings  for  the  remaining 
variables  are  readily  determined  from  the 
equations  given  below  which  have  essenti¬ 
ally  the  same  form  as  their  dimensional 
counterparts.  In  anticipation  of  the 
small-unsteady-disturbance  approximation, 
which  will  be  introduced  below,  the  symbol 
~  is  used  to  denote  a  time-dependent  fluid 
property.  With  the  exception  of  density, 
upper  case  letters  are  used  below  to  rep¬ 
resent  the  various  nonlinear  flow  vari¬ 
ables,  and  lower  case  letters  will  be 
introduced  to  represent  their  small-dis¬ 
turbance  counterparts.  Thus,  for  example, 
P  and  P  denote  the  full  time-dependent  and 
the  steady-state  fluid  pressure  respec¬ 
tively,  and  $  and  p  will  denote  the  time- 
dependent  small-disturbance  unsteady  pres¬ 
sure  and  its  complex  amplitude.  The  cor¬ 
responding  symbols  for  the  fluid  density 
are  p,  p,  p  and  p,  respectively.  The 
subscripts  -•  and  +•  will  be  used  to  de¬ 
note  the  uniform  flow  properties  far  up¬ 
stream  and  far  downstream  from  the  blade 
row. 
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In  addition  to  these  notations  for 
the  fluid  dynamic  variables,  upper-case 


Figure  2.  Unsteady  excitations;  blade  j 
motion  (rotation  and  translation),  inci-  ; 
dent  vortical  and  entropic  disturbances  I 
from  upstream,  and  incident  acoustic  t’ 
disturbances  from  upstream  and  down-  % 
stream.  | 


m 


script  letters  denote  instantaneous  sur¬ 
face  (blade,  wake  or  shock)  locations, 
while  corresponding  upper-case  block  let¬ 
ters  refer  to  steady-state  surface  posi¬ 
tions,  and  the  vector, cfc,  measures  the 
displacement  of  a  point  on  a  moving  sur¬ 
face  relative  to  its  mean  or  steady-state 
position  (see  fig.  3).  The  unit  vectors  ti 
and  t  are  normal  and  tangent  respectively 
to  a  .urface  and  directed  such  that  )i  »  I 
■  points  out  from  the  page.  Finally, 
as  in  fig.  1,  the  steady-state  positions 
of  the  blade  chord  lines  are  assumed  to 
coincide  with  the  line  segments  n  =  S  tan 
0  +  mG,  0  <  £  <  cos  0,  m  ■  0,  ±1,  ±2..., 
where  c  and  n  are  the  cascade  axial  and 
"circumferential*  coordinates,  m  is  a 

blade  number  index,  6  is  the  cascade  stag- 
♦ 

ger  angle,  and  G  is  the  cascade  gap  vector 
which  is  directed  along  the  n  -axis  with 
magnitude  equal  to  the  blade  spacing. 
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Figure  3.  Steady  state,  - ,  and  instan¬ 
taneous,  - ,  blade,  shock  and  wake 

positions. 

Conservation  Laws  and  Thermodynamic 
Relations 


The  equations  governing  the  flow 
follow  from  the  Integral  forms  of  the  mass 
momentum  and  energy  conservation  laws, 
for  an  arbitrary  moving  control^  volume 

4(C)  bounded  by  a  control  surface  «!(X,t), 

where  X  is  a  position  vector  and  t  is 
time,  these  laws  are  written  as 


— ).ft  drf  •  0, 

•fc  m 


si_ 

dt 


jf  p  V  d<V  +£  s  [  V  -  ~)  ]  •  fl  dd 


and 

d_ 
dt  •'V 


■  f  P  fc  daJ 
•4 1 


(2) 


Jr  Xs  t®+V2/2)d<Y 

+  X  5  (E+V2/2)  (V  -  ^).ft  drf 

-  -  f  P  v.ft  dd  , 

•U 


(3) 


respectively.  Here  p  V,  P  and  B  are  the 

fluid  density,  velocity,  pressure  and 

specific  internal  energy,  respectively, 
♦  + 

&(X,t)  defines  the  displacement  of  points 
on  the  control  surface,  ti  is  a  unit  out¬ 
ward  normal  vector  at  this  surface  and  • 
denotes  the  tenuor  or  dyadic  product  of 
two  vectors. 


The  first  and  second  terms  on  the 
left-hand-sides  of  (1),  (2)  or  (3)  repre¬ 
sent  the  time  rate  of  increase  of  a  quan¬ 
tity  (i.e.,  mass,  momentum  or  energy) 
within  the  control  volume  and  the  efflux 
of  that  quantity  through  the  control  sur¬ 
face,  respectively.  The  terms  on  the 
right-hand-sides  of  (2)  and  (3)  represent 
the  external  force  acting  on  the  fluid 
within  the  control  volume  and  the  rate  at 
which  the  surface  pressures  do  work  on 
that  fluid.  Since  discontinuities  in  the 
flow  variables  will  generally  occur,  the 
integral  forms  of  the  conservation  laws 
are  required  to  describe  the  flow  over  the 
entire  domain  of  interest.  These  forms 
provide  corresponding  differential  equa¬ 
tions  in  regions  where  the  flow  variables 
are  continuously  differentiable  and  "jump" 
conditions  at  surfaces  across  which  (in 
the  inviscid  approximation)  tho  flow  vari¬ 
ables  are  discontinuous. 

In  addition  to  the  foregoing  conser¬ 
vation  equations,  some  relations  from 
classical  thermodynamics  are  needed  to 
complete  the  specification  of  the  fluid 
mechanical  problem.  In  particular,  we 
require  the  equation  of  state  for  a  ther¬ 
mally  perfect  gas, 

P  ■  i”1 (y-1)J  T,  (4) 

and  the  relation  between  the  internal 
energy  and  the  temperature  for  a  calorl- 
cally  perfect  gas, 

B  -  y-1T  •  (y-1)*1  t/l.  (5) 

Here  T  is  the  temperature  and  y  is  the 
specific  heat  ratio  of  the  fluid  (constant 
pressure  to  constant  volume). 

It  will  also  prove  to  be  useful  to 
introduce  the  fundamental  thermodynamic 
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identity 

T  dS  -  dE  +  P  d(p_1),  (6) 

where  S  is  the  specific  entropy  of  the 
fluid.  It  then  follows  from  (4)  through 
(6)  that  the  entropy  is  related  to  the 
pressure  and  density  by  the  differential 
expression 

dS  -  y"1  dP/P  -  dp/p.  (7) 

Equation  (7)  can  be  integrated  to  relate 
the  change  in  entropy  o?‘:ween  any  two 
equilibrium  states  to  the  corresponding 
changes  in  pressure  and  density. 


and  some  algebra  that 


a  DE  a  —  DV  —  +  ~  ♦ 

P  —  »  -p  V - V-  (P  V)  -  — PV ■  V 

Dt  Dt 

.  ~p  ri  f*  .  -p  ,  *!X 

Dt  Dt 


or  after  introducing  the  fundamental  ther¬ 
modynamic  identity  (6)  that 


DS 

—  “0. 

Dt 


THE  POLL  TIME-DEPENDENT  GOVERNING 
EQUATIONS 

Field  Equations 

The  field  or  differential  equations 
which  govern  the*  flow  variables  in  contin¬ 
uous  regions  of  the  flow  are  obtained  by 
applying  Green's  theorem  (see  Ar-is  19  62, 
p.  58)  to  the  surface  integrals  in  (1), 
(2)  and  (3)  and  taking  the  limit  as  <V(t) 
approaches  zero.  It  follows  that 


a  “  ~ 

—  +  V«(p  V)  -  0,  (8) 

at 


(p  v)  +  V  •  ( p  v«  v)  +  v  p  -  o  (9) 

3 1 

and 

2_  [J(e+V2/2)]  +  7 •[?  V  (E+V2/2)] 

3 1 

+  V*(P  V)  «  0.  ( 10) 

These  (conservative)  forms  of  the 
governing  differential  equations  corres¬ 
pond  to  the  integrated  forms  (eqs.  (1), 
(2)  and  (3))  and  are  often  required  for 
the  numerical  treatment  (i.e.,  shock  cap¬ 
ture)  of  shocks.  But  for  other  purposes 
the  equations  may  be  simplified.  Thus  the 
mass  conservation  equation  can  be  written 
as 

d5  „  * 

—  +  o  7.  v  -  o,  nn 

Dt 

where  the  symbol  D  /Dt  is  used  in  place  of 
d  /dt  to  emphasize  that  the  latter  is  now 
a  material  or  convective  derivative  opera- 

% 

tor >  i.e.,  D  /Dt  -  d  /dt  -  »  /»t  +  V*7  . 
Purther,  it  follows  from  (8)  and  (9)  that 
the  momentum  equation  can  be  written  as 


_  DV 

p  —  ♦  ’  P  -  0.  (12) 

Dt 

Finally,  The  energy  equation  can.  be  .writ¬ 
ten  in  various  alternative  forms.  For 
e*aaq>le,  it  follows  from  (10)  through  (12) 


Thus  the  entropy  of  each  fluid  particle 
must  remain  constant  in  continuous  regions 
of  the  flow.  Prom  (7),  in  such  regions 
the  pressure  and  density  of  each  particle 
are  related  by  the  isentropic  equation  of 
state;  i.e., 

P  p  »  constant.  (15) 


For  turbomachinery  aeroelastic  appli¬ 
cations,  we  require  solutions  of  the  fore¬ 
going  mass  (8)  or  (11),  momentum  (9)  or 
(12)  and  energy  (10)  or  (14)  equations 
subject  to  boundary  conditions  at  moving 
blade  surfaces,  jump  conditions  at  moving 
wake  and  shock  surfaces,  and  appropriate 
conditions  far  from  the  blade  row.  First, 
we  consider  the  flow  behavior  in  the  far 
field  by  making  use  of  the  assumptions 
that  steady  and  unsteady  disturbances  are 
small  (i.e.,  of  0(t  ) )  relative  to  the 
uniform  free-atream  conditions.  Thus,  to 
within  first  order  in  c,  these  distur¬ 
bances  are  not  coupled,  and  hence,  they 
can  be  examined  separately. 

Far-Field  Behavior 

The  character  of  a  small-amplitude 
unsteady  motion  imposed  on  a  uniform  flow 
has  been  described  by  Kovaznay  (1953)  and 
more  recently  by  Goldstein  (1978).  The 
velocity  field  can  be  decomposed  into 
distinct  vortical-,  entropic-  and  acous¬ 
tic-type  modes.  The  vortical  disturbance 
(often  called  a  gust)  has  a  divergence- 
free  velocity  field  and  is  completely 
decoupled  from  the  fluctuations  in  pres¬ 
sure  or  any  other  thermodynamic  property. 
The  entropic  disturbance  is  decoupled  from 
the  velocity  and  pressure  fluctuations, 
but  is  directly  related  to  the  density 
fluctuation  (c.f.,  eq.  (7)).  Both  the 
vortical  -nd  the  entropic  disturbance  are 
convected  without  distortion  by  the  uni¬ 
form  mean  flow.  Finally,  the  acoustic 
disturbance  produces  no  entropy  fluctua¬ 
tion  and  is  therefore  directly  related  to 
an  irrotatlonal  velooity  fluctuation, 
which  implies  that  its  kinematic  behavior 
is  quite  different  from  that  of  the  vorti¬ 
cal  and  entropic  disturbances.  Bach  of 
these  modes  of  unsteady  motion  is  a  solu¬ 
tion  of  the  governing  equations  and  can 


therefore  be  super-imposed  on  a  uniform 
flow  independently  of  the  others. 

It  follows  from  the  foregoing  discus¬ 
sion  that  the  velocity  field  far  upstream 
(C  <  £_)  of  an  isolated  blade  row  must  be 
of  the  form 


V(X,t)  -  V(X)  +  t^x-v^t) 

+  V*(X,t)  +  ...  ,  {16} 

where 

V*$R  -  0,  (17) 

V(X)  is  the  steady  velocity,  V  is  the 
upstream  free-stream  velocity,  V*  is  the 
rotational  velocity  associated  with  the 
imposed  vortical  or  gust  disturbance,  and 
vj  is  the  irrotational  unsteady  velocity 
associated  with  the  acoustic  disturbance. 
That  part  of  the  irrotational  disturbance 
velocity  which  is  associated  with  inward 
propagating  acoustic  waves  is  known  (or 
prescribed) ,  but  the  portion  of  V?  associ¬ 
ated  with  outward  propagating  waves  must 
be  determined  as  part  of  the  overall  solu¬ 
tion.  Similarly,  the  entropy  far  upstream 
of  the  blade  row  must  be  of  the  form- 


S(X,t)  •  S(X)  +  s(X-V_„t)  +  ...  ,  (18) 

where  S  is  the  entropy  of  the  steady  flow 
and  a  is  the  imposed  unsteady  entropic 
disturbance.  Expressions  for  the  time- 
dependent  velocity  and  entropy  fields  far 
downstream  of  the  blade  row  are  of  similar 
form.  However,  it  is  to  be  emphasized 
that  the  downstream  rotational  velocity 
and  entropy  fluctuations  are  not  pre¬ 
scribed,  but  must  be  determined  as  part  of 
the  unsteady  solution.  Finally,  the  pres¬ 
sure  far  upstream  f  <  c_  or  far  downstream 
t  >  from  the  blade  row  is  given  by 


P(X,t)  -  P(X)  ♦  p(X,t)  +  ...  -  P(X) 

"  p*.  (*-  *  V,„.V)  ?(X,t)  +  ...  ,  (19) 
i  t 

where  P  is  the  steady  pressure,  p;„  is  the 
uniform  density,  far  upstream  or  down¬ 
stream,  and  p  and  f  are  the  pressure  and 
the  velocity  potential  fluctuations  asso¬ 
ciated  with  the  small-amplitude  acoustic 
disturbances. 

By  assumption,  steady  disturbances  in 
the  far  field  must  originate  at  the  cas¬ 
cade.  Therefore  such  disturbances  will  be 
isentropic  and  Irrotational  far  upstream* 

i.e.,  8( X)  •  S_,  and  V(X)  •  V_.  +  V*(X), 
where  ?  is  a  steady-  disturbance  poten¬ 
tial.  However,  in  general,  steady  rota¬ 
tional  velocity  and  entropic  disturbances 
may  also  be  present  In  the  far-downstream 
flow. 


The  foregoing  results,  which  have 
been  determined  on  the  basis  of  a  small- 
disturbance  approximation,  indicate  the 
far-field  conditions  that  must  be  imposed 
in  the  nonlinear  time-dependent  problem. 
In  particular,  information  on  the  far- 
upstream  and  far-downstream  uniform  flows 
and  the  incident  acoustic  disturbances, 
along  with  information  on  the  far-upstream 
rotational  velocity  and  entropic  distur¬ 
bances,  must  be  given.  Far-field  distur¬ 
bances  caused  by  the  blades  and  their 
motions,  i.e.,  irrotational  disturbances 
which  propagate  away  from  the  blade  row 
and  vortical  and  entropic  disturbances 
which  are  convected  downstream,  must  be 
determined  as  part  of  the  nonlinear  time- 
deper.dent  solution. 

Surface  Conditions 


Conditions  at  vortex  sheet  boundary 
layer  and  wake  surfaces  and  at  shock  sur¬ 
faces  are  obtained  from  the  integral  con¬ 
servation  laws  by  considering  a  control 
volume  which  contains  an  element  of  such  a 
surface  and  taking  the  limit  as  the  length 
normal  to  this  surface  element  approaches 
zero.  The  resulting  jump  conditions  for 
conserving  mass  momentum  and  energy  at  a 
surface,  across  which  the  flow  variables 
are  discontinuous,  are 

0,  (20) 


"f 


Mf  [e  +  V2/a]  +  [p  V  ]  -  0  (22) 


respectively.  Here  [  1  denotes  the  jump 
in  a  flow  quantity  experienced  by  an  ob¬ 
server  when  moving  across  the  surface  of 
discontinuity  in  the  ^-direction  and 

Mf  ■  MV  -  (23) 
is  the  mass  flux  through  the  surface. 

Although  the  viscous  displacement  and 
curvature  effects  associated  with  actual 
boundary  layers,  wakes  and  shocks  are 
neglected  in  the  present  analysis,  since 
by  assumption  Re  ♦  »,  changes  could  be 
made  In  the  foregoing  jump  conditions  to 
accommodate  them.  If  so,  it  would  then  be 
necessary  to  match  the  inviscid  or  "outer* 
solution  sought  here  to  "inner"  viscous 
solutions  in  order  to  provide  a  solution 
for  the  complete  flow  field.  Me  refer  the 
reader  to  the  articles  by  Melnik  (1980), 
Lock  and  Firmin  (1982),  and  LeBalleur 
(1984)  for  comprehensive  reviews  on  the 
application  of  such  viscid/inviacid  inter¬ 
action  concepts  in  steady-state  aerodynam¬ 
ics. 

Since  the  vortex  sheets,  which  repre¬ 
sent  the  boundary  layers  and  wakea,  sup¬ 
port  a  jump  in  tangential  velocity  (i.e., 


*  * 

V  •  t  %■  0),  it  follows  from  (21)  that  Mf 
must  equal  zero.  Hence,  the  conditions 


Mf  *>  0, 

(24) 

[p]=  0 

(25) 

£v  1  =  0 

(26) 

prevail  at  vortex  sheet  boundary-layer  and 
wake  surfaces.  In  the  inviscid  attached- 
flow  approximation  the  vortex-sheet  bound¬ 
ary  layers  coincide  with  the  blade  sur¬ 
faces.  Thus  it  follows  fr^m  (23)  and  (24) 
that  the  flow  tangency  condition 

♦ 

♦  85$ 

(V - ) •  ti  »  0,  (27) 

3t 

which  applies  at  the  "outer  edges"  of  the 
viscous  layers,  must  also  apply  at  the 
solid  blade  surfaces,  3m,  and  on  the 
upper  and  lower  sides  of  the  thin  vortex 

wakes,  cKm.  In  the  present  application 

>  ♦ 

the  surface  displacement  vector  3l(X,t)  is 
prescribed  at  blade  surfaces,  but  at  wake 
surfaces  it  must  be  determined  as  part  of 
the  overall  time-dependent  solution. 

At  shocks,  <d^m<n,  where  the  sub¬ 
scripts  refer  to  the  nth  shock  associated 
with  the  mth  blade,  the  mass  flux  is  gen¬ 
erally  nonzero  (i.e.,  *  0).  Hence,  it 

follows  from  (21)  that  the  component  of 
fluid  velocity  tangent  to  a  shock  surface 
must  be  continuous  across  the  shock.  The 
remaining  jump  conditions,  along  with  the 
thermodynamic  equations  of  state,  are  then 
required  to  determine  the  shock  velocity, 

39i  /3t,  and  the  changes  in  the  normal 
component  of  the  fluid  velocity  and  in  the 
thermodynamic  properties  of  the  fluid  as 
it  passes  through  the  shock.  In  the  usual 
situation  the  flow  anead  of  the  shock  is 
known,  and  the  Rankine-Hugoniot  condi¬ 
tions,  i.e.,  (20),  (21)  and  (22),  are  used 
to  determine  the  flow  behind  in  terms  of 
the  shock  velocity,  or  to  determine  the 
shock  velocity  and  the  remaining  flow 
quantities  in  terms  of  one  of  the  flow 
quantities  behind. 

Discussion 

Our  derivation  of  the  equations  gov¬ 
erning  the  time-dependent  inviscid  flow 
produced  by  prescribed  blade  motions  and 
small-amplitude  incident  vortical,  entro- 
pic  and  acoustic  disturbances  is  now  com¬ 
plete.  The  problem  posed  is  a  formidable 
one,  consisting  of  nonlinear  time-depen¬ 
dent  field  equations  along  with  conditions 
Imposed  on  moving  blade,  wake  and  shock 
surfaces  In  which  the  Instantaneous  posi¬ 
tions  of  the  wake  and  shock  surfaces  must, 
in  principle,  be  determined  as  part  of  the 


solution.  There  has  been,  as  yet,  little 
attempt  to  solve  the  resulting  nonlinear 
time-dependent  equation  set  for  blade 
vibration  or  noise  applications,  not  only 
because  of  the  associated  numerical  com¬ 
plexities,  but  primarily  because  the  com¬ 
puting  time  requirements  of  such  solutions 
would  prohibit  their  use  in  detailed  aero- 
elastic  or  aeroacoustic  investigations. 
Thus,  in  the  next  section  we  will  make  use 
of  additional  simplifying  assumptions  with 
the  intention  of  providing  a  useful  analy¬ 
tical  model  for  turbomachinery  aeroelastic 
applications . 

In  particular,  the  small  unsteady- 
disturbance  approximation,  which  at  this 
point  has  been  invoked  only  to  specify  the 
flow  behavior  in  the  far  field,  will  be 
applied  throughout  the  fluid  domain  to 
provide  a  linearized  unsteady  boundary- 
value  problem.  In  addition,  we  will  re¬ 
strict  our  consideration  to  temporally  and 
spatially  periodic  unsteady  excitations. 
That  is,  we  will  consider  blade  motions  of 
the  form 


3  (X  +  mG,t)  »  Re  {^(X)exp[  i(ut  +  mcr)]} 


for  X  on  B,  (28) 

where  r(X)  is  a  complex  displacement-am¬ 
plitude  vector,  u  is  the  (reduced)  fre¬ 
quency  of  the  blade  motion,  o  is  the  phase 
angle  between  the  motions  of  adjacent 
blades  and  Re  (  ]  denotes  the  real  part  of 
(  J  j  and  incident  disturbances  of  the 
form 

?R  (X-V_„t) 

-  Re  (v?.  exp[  i  k_»  (X-V_*t)] }  ,  (29) 

.  p  ♦ 

where  v_m  and  k_  are  the  amplitude  and 
wave  number  vectors  of  the  incident  rota¬ 
tional  velocity  disturbance.  Finally,  we 
will  restrict  our  consideration  to  flows 
in  which  any  shocks  that  might  occur  re¬ 
main  weak,  and  we  will  neglect  changes  in 
vorticity  across  these  shocks.  In  gener¬ 
al,  the  discontinuous  changes  in  the  flow 
quantities  across  shocks  are  proportional 
to  the  shock  strength,  but  the  increase  in 
entropy  across  a  shock  is  proportional 
only  to  the  third  power  of  the  shock 
strength  (Whitham  1974).  Thus  it  is  a 
reasonable  approximation  to  neglect  the 
changes  in  entropy  across  a  shock  of  weak 
to  moderate  strength;  i.e.,  one  for  which 
the  Mach  number  of  the  normal  velocity 
component  on  its  upstream  face  is  less 
than  about  1.3.  With  the  foregoing  shock 
approximations  and  in  the  absence  of  un¬ 
steady  excitations  the  (steady)  flow 

through  the  cascade  will  be  isentropic  and 

♦  ♦ 

i r rotational .  In  this  case  v(X,t)  * 

v*(X,t),  where  *  is  the  velocity  potential 
of  the  nonlinear  time-independent  flow. 


The  isentropic  and  irrotational  mean 
£  low  assumptions  preclude  the  possibility 
of  simultaneously  conserving  mass,  momen¬ 
tum  and  energy  across  a  shock.  Therefore, 
we  will  require  only  that  mass  and  the 
tangential  component  of  momentum  be  con¬ 
served  across  shocks;  i.e., 

[p  (v  -  H?)  ].f  -  0  (30) 

and 

[v]|*t  -  0  .  (31) 

In  principle,  an  Euler-equation  descrip¬ 
tion  of  the  mean  flow  would  be  required  to 
analyze  inviscid  flows  in  which  strong 
shocks  ar-»  present  (but  see  Hafez  &  Lovell 
1983  and  Klopfer  &  Nixon  1984  on  methods 
for  approximating  strong  shock  phenomena 
within  a  potential  flow  analysis).  How¬ 
ever,  the  weak  shock  assumption  should 
suffice  for  mo3t  aeroelastic  applications. 
Therefore,  we  shall  follow  the  usual  prac¬ 
tice  in  deriving  unsteady  aerodynamic 
equations  and  limit  our  consideration  to 
flows  containing,  at  most,  weak  shocks. 

THE  SMALL  UNSTEADY-DISTURBANCE 
APPROXIMATION 

Mathematical  Preliminaries 

We  now  seek  an  approximation  to  the 
foregoing  nonlinear,  time-dependent, 
boundary-value  problem  which  is  appropri¬ 
ate  for  small-amplitude  unsteady  excita¬ 
tions;  i.e.,  It  |,  I  »  etc.,  ~  0(c)  << 

1.  For  this  purpose  the  flow  variables 
are  each  expanded  in  an  asymptotic_series 
in  e ;  e.g . , 


P(X,t)  -  P(X)  +  p(X,t)  +  ...  ,  (32) 

where  P  and  (i  are  of  order  e®  and 
respectively,  and  the  dots  refer  to  the 
remaining  terms  which  are  of  higher  than 
first  order  in  c  .  In  addition,  Taylor 
series  expansions,  e.g., 


\  -  (P  *!*.V  P  +  ...)  |g  ,  (33) 

are  applied  to  refer  information  at  a 
moving  blade,  wake  or  shock  surface  to  the 
mean  position  of  this  surface.  In  (33) 
the  subscripts  cA  and  S  refer  to  the  in¬ 
stantaneous  and  mean  surface  locations 
respectively,  and,  as  illustrated  in  fig. 
3,  measures  the  displacement  of  a  point 
or«  the  moving  surface  relative  to  its  mean 
position.  The  unit  tangent  and  normal 
vectors  at  a  point  on  a  moving  surface  are 
related  to  the  unit  tangent  and  normal 
vectors  at  the  location  of  this  point  on 
the  mean  surface  as  follows; 


U  *  fs  I  '  -  rs*v 

(34) 


and 

ftaJ  "  ^  t  '  -  *s‘v  ®£***'s] 

+  [  (*S,V)  *]  *  +  ...  .  (35) 

After  substituting  the  foregoing  series 
expansions  and  surface  vector  relations 
into  the  full  time-dependent  governing 
equations,  equating  terms  of  like  power  in 
e  and  neglecting  terms  of  higher  than 
first  order  in  e,  nonlinear  and  linear 
variable-coefficient  boundary-value  pro¬ 
blems  are  obtained  respectively  for  the 
zeroth-  and  first-order  flows. 

A  significant  advantage  offered  by 
this  linearization  is  that  unsteady  ef¬ 
fects  arising  from  self-excited  blade 
motions  and  from  the  various  incident 
disturbances  are  not  coupled  and  hence  can 
be  determined  separately.  Indeed,  it  is 
sufficient  to  develop  solution  procedures 
only  for  a  single  harmonic  component  of  a 
given  disturbance  (c.f.  (28)  and  (29)). 

Solutions  for  arbitrary  disturbances  and 
arbitrary  combinations  of  the  various 
disturbances  can  then  be  obtained  by 
Fourier  superposition.  Note,  however, 
that  the  present  linearization  does  limit 
the  unsteady  response  phenomena  that  can 
be  analyzed  since  nonlinear  unsteady  phe¬ 
nomena,  such  as  the  influence  of  inlet 
distortion  on  blade  flutter,  are  ne¬ 
glected. 

As  e  ♦  0  the  blade  surfaces  collapse 
to  their  mean  positions  and  the  incident 
vortical  entropic  and  acoustic  distur¬ 
bances  vanish.  Hence,  the  zeroth-order 
terms  of  the  asymptotic  expansions  (32) 
are  the  fluid  properties  corresponding  to 
the  steady  flow  past  a  stationary  cascade. 
Since  the  equations  governing  the  first- 
order  or  unsteady  properties  will  be  line¬ 
ar,  the  fluctuations  in  these  properties 
induced  by  a  harmonic  unsteady  excitation 
must  have  harmonic  time  dependence.  We 
can  take  advantage  of  this  feature  by 
introducing  a  complex^  representation, 

e.g.,  p(X,t)  -  Re { p( X ) e  “  },  for  all 
first-order  flow  properties  and  adopting 
the  convention  that  the  real  parts  of  the 
various  complex  parameters  represent  the 
actual  time-dependent  physical  quantities. 
Here  u  is  the  temporal  frequency  of  the 

blade  motion  or  of  an  incident  distur- 
■»  ♦ 

bance;  i.e.,  t>  •  -k_.»V_.  (c.f.  (29)). 

The  complex  representation  servos  to  re¬ 
move  explicit  time  dependence  from  the 
linearized  unsteady  boundary  value  problem 
thereby  facilitating  the  determination  of 
a  solution.  In  addition,  the  cascade 
geometry,  the  prescribed  form  of  the  un¬ 
steady  excitations  (c.f.  (28)  and  (29), 
and  the  linearity  of  the  first-order  equa¬ 
tions  require  that  both  the  steady  and 
unsteady  flows  exhibit  blade-to-blade 
periodicity.  Thus,  for  example, 

P(X  ♦  mO)  •  P(X) 
and 


*  f  ?(.•?)  m  * 


(36) 


V*VS  r,  o 


(40) 


where  a  is  the  phase  angle  between  the 
motions  of  adjacent  blades  or  the  scalar 
product  of  the  far-field  circumferential 
wave  number  and  the  cascade  gap-vector  G 

(i.e.,  a  =  k?„*G)  for  an  incident  distur¬ 
bance.  Conditions  (36)  and  (37)  allow  a 
numerical  resolution  of  the  steady  and  the 
linearized  unsteady  flows  to  be  limited  to 
a  single  extended  blade-passage  region  of 
the  cascade  and  permit  fluid  properties  at 
the  mth  blade  or  wake  surface  or  the  m,nth 
shock  surface  to  be  evaluated  in  terms  of 
information  available  at  the  corresponding 
reference  (m  ■  0)  surface.  For  simplicity 
the  subscript  m  will  be  omitted  in  the 
following  discussion  when  referring  to  a 
reference  surface. 

Solutions  based  on  the  foregoing 
linearization  must  be  interpreted  care¬ 
fully  to  provide  the  correct  response 
information  in  the  neighborhood  of  a 
moving  shock  (see  Hounjet  1981).  The 
zeroth  and  first-order  solutions  will  be 
discontinuous  at  the  mean  shock  location; 
therefore,  they  do  not  account  for  the 
fact  that  an  observer  situated  between  the 
extreme  shock  positions  will  experience 
large-amplitude  jumps  in  the  flow  vari¬ 
ables  as  the  shock  passes  by.  Such  local 
anharmonic  effects  can  be  accommodated  by 
analytically  continuing  the  zeroth  and 
first-order  solutions  from  the  upstream 
and  downstream  sides  of  the  mean  shock 
locus  to  the  upstream  and  downstream 
sides,  respectively,  of  the  instantaneous 
shock  locus  (see  Williams  1979).  This 
procedure  essentially  transfers  the  dis¬ 
continuities  in  the  flow  variables  from 
the  mean  to  the  instantaneous  shock  loca¬ 
tions.  Thus,  local  anharmonic “effects 
have  no  Impact  on  the  solutions  to  the 
nonlinear  steady  and  the  linearized  un¬ 
steady  boundary-value  problems  but  only  on 
the  physical  interpretation  of  the  re¬ 
sulting  unsteady  solution.  Hence,  we 
defer  a  more  detailed  discussion  of  the 
analytical  continuation  procedure  to  the 
subsequent  section  on  unsteady  aerodynamic 
response. 


where  in  view  of  the  weak-shock  assumption 
the  conservation  form  has  been  retained 
only  for  the  mass  equation  (38).  Since  we 
are  restricting  our  consideration  to  weak 
shocks  and,  as  a  consequence,  neglecting 
changes  in  entropy  and  vorticity  across 


shocks,  the  uniform  free-stream 
far  upstream  of  the  blade  row 
rise  to  an  isentropic  (VS  -  0) 

conditions 
will  give 
and  hence. 

an  irrotational  (V  -  V*  and  (V*V)V  - 
V(v»)2/2)  steady  flow  through  the  cascade. 
Therefore  (38)  and,  after  integrating, 
(39)  and  (40)  reduce  to 

V(pV*)  -  0, 

(41) 

V2/2  +  a2/(y-D  -  A§/(y-1) 

-  V?./2  +  A2./(y-1) 

(42) 

and 

S  -  S_.  -  0, 

(43) 

where  ♦  and  A  -  [(y~1)T]^2  - 

(YP/P)1/2 

are  the  mean-flow  velocity  potential  and 
speed  of  sound  propagation  respectively, 
the  subscript  0  denotes  the  stagnation 
condition  and  we  have,  without  loss  in 
generality,  set  the  mean  entropy  equal  to 
zero. 

Convenient  relations  between  the 
mean-flow  variables  can  be  determined  from 
Bernoulli's  equation  (42),  the  isentropic 
relation  (15)  and  the  conditions 
p_.-V_.-1.  Thus  after  some  algebra,  it 
follows  that 

(M_.V/M)2  -  (M_.A)2  -  ?  ,y"D 

-  (yh?.p)^-D/y 

-  1  -  M2.  [(V*)2-1  ] 


The  Steady  Base  Plow 

The  field  equations  governing  the 
zeroth-order  or  steady  background  flow 
follow  from  the  nonlinear  field  equations 
given  in  the  previous  section  after  re¬ 
placing  the  time-dependent  flow  variables, 
♦  ~  »  «** 

V,  P,  p,  S,  etc.,  by  their  zeroth-order 
♦ 

counterparts,  V.  P,  p,  S,  etc.,  and  set¬ 
ting  local  temporal  derivatives  equal  to 
zero.  Thus,  the  differential  mass  momen¬ 
tum  and  ene-gy  or  entropy  transport  equa¬ 
tions  for  the  mean  flow  are 


V.(p-  V)  -  0, 

(38) 

o(V-V)V  +  V  P  -  0 

(39) 

2+(y-1)M?. 
2+( Y-1 )M2 


(44) 


where  M  -  V/A  is  the  local  steady  Mach 
number.  Equation  (44)  can  be  applied  to 
eliminate  the  density  from  (41)  and  obtain 
a  differential  equation  containing  the 
steady  velocity  potential  as  the  only 
dependent  variable;  i.e., 

|1  -  ^  M2.  (( v#)2-1 ] |  V2* 

-  M2.v».V(V»)2/2  -  0.  (45) 

However,  the  conservation  form  (i.e.,’ 
(41))  of  the  governing  differential  equa¬ 
tion  is  the  one  usually  preferred  for  a 


numerical  resolution  of  a  flow  containing 
shocks  because  it  is  more  convenient  to 
"capture"  shock  phenomena  rather  than  to 
"fit"  shocks  into  the  nonlinear  steady 
solution . 

Surface  conditions  for  the  zeroth- 
order  or  steady  flow  follow  from  eqs. 
(20)  through  (27)  and  are  imposed  at  the 
mean  positions  of  the  blade  ( Bm ) ,  wake 
(Wm)  and  shock  ( Shm  n)  surfaces.  Blade 
mean  positions  are  ’prescribed,  but  the 
mean  shock  and  wake  locations  must  be 
determined  as  part  of  the  steady  solution. 
In  the  present  development  it  is  assumed 
that  the  mean  wake  locations  coincide  with 
the  steady-flow  stagnation  streamlines 
downstream  of  the  blade  row. 

Since  the  steady  flow  remains  at¬ 
tached  to  the  mean  blade  surfaces,  it 
follows  that 

V*n=V«*n=0  onBm.  (46) 

In  addition,  the  steady  pressure  and  nor¬ 
mal  velocity  component  must  be  continuous 
across  blade  wakes.  Hence,  the  condi¬ 
tions 

[pj  «  “  0  on  (47) 

apply  at  the  mean  wake  locations.  For 
two-dimensional  mean  flows  the  tangential 
component  of  the  mean  velocity  must  also 
be  continuous  across  blade  wakes  since  no 
vorticity  is  generated  in  the  mean  flow. 
Therefore,  it  follows  from  (44)  and  (47) 
that 

[•]  “  [*]  TE  on  wm'  *48* 

where  the  subscript  TE  refers  to  the 
trai ling-edge  point  of  the  mth  blade. 

Plnally,  the  requirements  of  mass 
conservation  and  continuity  of  tangential 
velocity  across  shocks  provide  the  follow¬ 
ing  conditions  at  the  mean  shock  loca¬ 
tions 

£o  V]  V*J|  ”  8  on  ®^m,n 

and 

£v|  ■  [nj  4*0  on  (50) 

Equation  (50)  can  be  Integrated  to  yield 

[*3  "  Bef '  on  sh»,n*  *5” 

LI  »  0  if  the  shock  terminates 
in  a  continuous  region  of  the  flow. 

In  addition  to  the  foregoing  surface 
conditions,  constraints  must  be  placed  on 
the  steady  solution  far  from  the  blade 
row.  For  the  cascade  flows  of  practical 
Interest  the  airlal  components  of  the  Inlet 


and  exit  free-stream 
subsonic?  i.e.,  V, 


velocities 
V, 


will  be 
A, 


{  ,  1“  “  vI«co8^r«  ^  nJ<i 

Thus  the  steady  velocity  far  up  tream  and 
far  downstream  from  the  blade  ;  <v,  will  be 
of  the  form 


lim 
♦  I- 


V(X)  -  VT„  +  V?(X), 


(52) 


where  ?(X)  is  the  velocity  potential  asso¬ 
ciated  with  small  steady  perturbations  of 
the  upstream  and  downstream  free-stream 
flows  and  must  be  determined  as  part  of 
the  overall  steady  solution.  Although  the 

steady  disturbances  described  by-  i(X) 
originate  at  the  blade  row,  their  behavior 
in  the  far  field  depends  largely  upon 

whether  the  relative  free-stream  velocity 
♦ 

VT„  is  subsonic  or  supersonic.  In  the 
former  case  steady  disturbances  attenuate 
exponentially  with  increasing  axial  dis¬ 
tance  from  the  blade  row  (and  hence  3  ♦  0 
as  |?|  ♦  *•);  in  the  latter,  they  are  small 
but  persist  as  | 5 |  ♦  “.  In  general,  three 
of  the  uniform  velocity  components  in 
(52),  or  their  equivalents  (e.g.,  Mach 
number  MT„,  flow  angle  flT-,  etc.),  must  be 
prescribed  to  specify  completely  the 
steady  boundary-value  problem.  The  fourth 
or  remaining  component  is  determined  in 
terms  of  the  three  prescribed  by  using 
(44)  and  the  integral  form  of  the  mass 
conservation  law,  c.f.,  (1).  Since  p_„  ■ 
V_„  ■  1 ,  the  latter  provides  the  following 
relation  between  the  inlet  and  exit  flow 
variables: 


P.V j  ( .  -  p.V.  cos  tl. 


M,  2  +  (v-1)M  l 
M_„  2  +  { y  —  1 )hI 

-  p-»v£  -  cos  n_„. 


jfti 


il 


cos  n„ 
(53) 


Numerical  solution  procedures  for 
determining  two-dimensional  steady  poten¬ 
tial  flows  through  cascades  have  been 
developed  extensively,  particularly  for 
flows  with  subsonic  relative  inlet  and 
exit  Mach  numbers  (i.e.,  MT„  <  1).  For 
more  complete  information  we  refer  the 
reader  to  the  report  by  McNally  and  Sockol 
(1981),  the  text  by  Gostelow  (1984)  and 
the  recent  papers  by  Caspar  (1983), 
Whitehead  &  Newton  (1985)  and  Habashi, 
Hafez  6  Kotiuga  (1985).  In  such  calcula¬ 
tions  far-field  boundary  conditions  are 
imposed  at  axial  stations  placed  at  finite 
distances  upstream  (say  at  (  ■  l_ )  and 
downstream  (at  C  ■  {+)  from  the  blade  row 
where  linearized  solutions  describing  the 
behavior  of  the  disturbance  potential  ?  in 
the  far  field  (i.e.,  for  t  $  t*)  can  be 
matched  to  nonlinear  near-field  solutions. 
In  addition,  conditions  are  often  imposed 
at  the  blade  surfaces  (e.g.,  a  unique 
incidence  condition  at  a  sharp  leading 
edge  and/or  a  Rutta  condition  at  a  sharp 
trailing  edge)  in  lieu  of  prescribing  an 
inlet  and/or  an  exit  free-stream  flow 
property.  FinKlly,  the  usual  practice  is 


2-1 1 


to  express  the  mass-balance  equation  in 
conservative  form  (c.f.  (41))  and  to  solve 
this  equation  throughout  the  entire  fluid 
domain,  while  allowing  for  a  discontinuity 
in  the  velocity  potential  at  blade  trail¬ 
ing  edge  points  and  along  arbitrary  peri¬ 
odic  lines  (c.f.  (36))  which  emanate  from 
these  points  and  extend  downstream.  Thus 
in  steady  potential-flow  calculations, 
shock-jump  conditions  are  usually  not 
imposed;  rather  shock  phenomena  are  cap¬ 
tured  through  the  use  of  special  differ¬ 
encing  techniques.  It  appears  that  such 
procedures  can  lead  to  reasonably  accurate 
predictions  of  mean  shock  locations  and  of 
mean  flow  behavior  in  the  vicinity  of  a 
shock.  The  mean  wake  locations  Wm, 
i.e.,  the  downstream  stagnation  stream¬ 
lines,  are  determined  a  posteriori  from 
the  resulting  steady  solution. 

THE  LINEARIZED  UNSTEADY  FLOW 

Field  Equations 

The  differential  equations  governing 
the  first-order  or  linearized  unsteady 
flow  in  continuous  regions  are  determined 
by  substituting  the  asymptotic  expansions 
for  the  flow  variables  (e.g.,  (32))  into 
the  full  time-dependent  equations  derived 
from  the  mass  momentum  and  energy  conser¬ 
vation  laws  (i.e.,  (8),  (12)  and  (14)), 
subtracting  out  the  corresponding  equa¬ 
tions  for  the  steady  background  flow  ((38) 
through  (40))  and  neglecting  terms  of 
higher  than  first  order  in  e .  This  proce¬ 
dure  provides  the  following  system  of 
linearized  (Euler)  equations; 


tions  can  be  applied  to  simplify  the  dif¬ 
ferential  equations  (54)  through  (56).  In 
addition,  the  thermodynamic  relation  (57) 
can  be  used  to  eliminate  the  density  p 
from  the  linearized  momentum  (55)  and 
continuity  (54)  equations.  First,  the 
linearized  energy  or  entropy  transport 
equation  can  be  reduced  to 


Further,  it  follows  from  (57),  the  mean- 
flow  Bernoulli  relations  (44)  and  some 
algebra  that  the  linearized  momentum  equa¬ 
tion  can  be  written  as 


UV  .  , 

—  +  (tr.v)v*  -  SV(V*)V2  -  -V(p/?).  (59) 
Dt 


After  we  combine  (58)  and  (59)  and  rear¬ 
range  terms,  the  latter  equation  can  be 
expressed  in  the  form 


($-sv«/2)  +  [ (^-sv*/2j • v]v*  ■  -v(p/p). 


Finally,  after  we  combine  the  steady  con¬ 
tinuity  equation  (38)  with  the  correspond¬ 
ing  first-order  equation  (54),  it  follows 
that 


—  (p/p)  +  p  (p  t>)  ■  0  (61) 

Dt 


ibip  +  V-(p  $  +  pV) 


_,D$  .  ♦  ♦ 

p  ( —  +  ($-V)V)  +  p  (V-V)V  +  Vp  -  0  (55) 


and,  after  combining  this  result  with  (57) 
and  (58),  we  find  that  the  linearized 
continuity  equation  can  be  expressed  in 
the  form 


—  +  tr-VS  -  0.  (56) 

Dt 

Here  p,  p  and  s  are  the  complex  ampli¬ 
tudes  of  the  first-order  densityv  velo¬ 
city,  pressure  and  entropy  respectively, 
—  ♦ 

and  D  /Dt  ■  iu  +  V«7  is  a  mean-flow  con¬ 
vective  derivative  operator.  To  complete 
this  system  we  require  an  additional  equa¬ 
tion  for  the  first-order  flow  properties. 
This  is  obtained  by  integrating  the  ther¬ 
modynamic  relation  (7)  from  the  state 

occupied  by  the  steady  background  flow  at 
♦ 

the  point  X  to  the  actual  state  of  the 
fluid  at  that  point.  It  follows  that  the 
first-order  entropy,  pressure  and  density 
must  satisfy  the  relation 

s  -  y"1  P/P  -  e/p.  (57) 


—  [p/(p  A2)]  +  p  "V  (p  *)  -  0,  (62) 

Dt 

where  A  ■  (rP/p)1//2  is  the  speed  of  sound 
propagation  in  the  steady  background 
flow. 

Thus  the  linearized  unsteady  flow  can 
be  determined  by  solving  the  system  of 
equations  (58),  (60)  and  (62),  subject  to 
the  appropriate  surface  and  far-field 
conditions,  for  the  complex  amplitudes  of 
the  first-order  unsteady  entropy,  velocity 
and  pressure.  If  the  only  source  of  un¬ 
steady  excitation  is  a  prescribed  blade 
motion  (i.e.,  the  flutter  problem),  then 
the  linearized  unuteady  flow  will  be  isen- 
tropic  (s  ■  0)  and  irrotational  ($  *  74), 
and  it  follows  from  the  momentum  equation 
(60)  and  the  far-field  condition  (19) 
that 


In  the  present  development  tho  steady 
background  flow  is  assumed  to  be  isentro- 

plc  (S  ■  0)  and  Irrotational  (V  •  7*  and 
hence  (V«7)V  •  7(74)2/2).  These  condl- 


In  this  case  the  continuity  aquation  (62) 
reduces  to 


—  (A  — )  -  P  “  0,  (64) 

and  ic  is  only  necessary  to  solve  (64) 
subject  to  conditions  on  the  mean  blade, 
wake  and  shock  surfaces  and  an  outgoing 
acoustic  wave  requirement  for  f  ♦  i«  to 
completely  determine  the  linearized  un¬ 
steady  flow.  A  similar  conclusion  holds 
if  incident  acoustic  waves  are  included  a3 
a  source  of  unsteady  excitation,  but  in 

this  case  the  far-field  conditiorT'on  4  (X) 
must  account  for  such  incident  waves.  The 
general  unsteady  problem  (s,  V  *  tr  *  0)  is 
more  complicated  since,  as  presently  for¬ 
mulated,  the  linearized  momentum  and  con¬ 
tinuity  equations  must  be  solved  simultan¬ 
eously.  However,  it  is  still  possible  to 
simplify  this  general  problem  by  introduc¬ 
ing  a  suitable  velocity  decomposition  as 
discussed  below. 

The  unsteady  perturbation  velocity 
can  be  represented  as  the  sum  of  an  irro- 
tational  part  and  a  rotational  part? 
x  •  e  *  $ 

tt  »  V$  +  trR.  (65) 


Hence  c  =<  v  *  trR,  where  c  is  the  complex- 
amplitude  of  the  perturbation  vorticity. 
Since  this  velocity  decomposition  involves 
the  introduction  of  the  additional  depen¬ 
dent  variable  ^R,  an  additional  constraint 
i3  required  to  close  the  linearized  un¬ 
steady  problem.  One  possibility  ia  to 
impose  the  zero-divergence  condition, 
i  .e. , 

V-0R  ■  0  (66) 

on  the  rotational  part  of  the  perturbation 
velocity.  This  leads  to  a  compressible 
unsteady  analysis  (see  Caruthers  1981) 
which  is  a  natural  extension  of  earlier 
incompressible  analyses  (e.g.,  see 
Adamczyk  1975)  but  one  which  entails 
rather  complicated  numerical  and  analyti¬ 
cal  solution  procedures.  Although  it  has 
not  yet  been  used  ir.  detailed  unsteady 
cascade  calculations,  it  appears  that  a 
more  natural  and  convenient  velocity  de¬ 
composition  is  the  one  suggested  by 
Goldstein  (1978,  1979).  Here,  the  rota¬ 

tional  velocity  trR  is  taken  to  be  -Indepen¬ 
dent  of  the  pressure  fluctuations  and 
dependent  only  on  the  prescribed  upstream 
rotational  velocity  and  entropy  distor¬ 
tions  and  on  the  mean  velocity  field.  In 
addition,  the  irrotatlonal  velocity  V4  is 
related  directly  to  the  pressure  fluctua¬ 
tions  by  (63).  This  Is  accomplished  by 
requiring  that  the  rotational  part  of  the 
unsteady  velocity  be  a  solution  of  the 
equation 

?-  (6*  -  87»/2)  ♦  {(1>R  -  874/2) •  V  ]  V4  -  0. 
Ot 

(67) 

It  then  follows  from  the  linearised  momen¬ 


tum  equation  (60)  and  the  far-field  condi¬ 
tion  (19)  that  the  pressure  and  velocity 
potential  fluctuations  are  related  accord¬ 
ing  to  (63).  Further,  upon  substituting 
this  pressure-potential  relation  along 
with  the  velocity  decomposition  (65)  into 
the  continuity  equation  (62)  we  find  that 


I.  .r'-srt. 

(68) 

Except  for  the  source  term  on  the  right- 
hand-side,  (68)  is  identical  to  the  field 
equation  (64)  which  governs  the  flutter 
problem.  Thus  the  introduction  of  the 
Goldstein  velocity  decomposition  has  led 
to  a  system  of  field  equations,  i.e., 
(58),  (67)  and  (68),  which  describe  the 

general  linearized  unsteady  flow  in  con¬ 
tinuous  regions  and  which  can  be  solved 
sequentially  to  determine  the  complex 
amplitudes  of  the  entropy,  rotational 
velocity  and  velocity  potential  fluctua¬ 
tions,  respectively. 

Surface  Conditions 

Conditions  on  the  unsteady  perturba¬ 
tion  at  the  mean  positions  of  blade,  wake 
and  shock  surfaces  are  obtained  by  substi¬ 
tuting  the  asymptotic  (e.g.,  (32))  and 

Taylor  (e.g.,  (33))  series  expansions  and 
the  surfece  vector  relations,  (34)  and 
(35),  into  the  full  time-dependent  surface 
conditions,  subtracting  out  the  corres¬ 
ponding  steady  conditions  and  neglecting 
terms  of  higher  than  first  order  in  c. 
Thus  it  follows  from  (27)  and  (46)  that 
the  linearized  flow  tangency  condition  can 
be  expressed  in  the  form 


»  [iuf  +  (V»t)(t»V)?  -  (?»V)v]*rt 

on  Bm,  (69) 

♦  ♦  ♦  ♦  ♦  imo 

whore  r ( X ) ■ r (X-mG ) e  is  the  complex- 
amplitude  of  the  mth  blade  displacement 
vector  (c.f.  (26)).  Further,  it  follows 
from  the  Irrotationality  of  the  mean  flow 
and  the  decomposition  of  the  fluctuating 
velocity  according  to  (65)  that  the  fore¬ 
going  condition  can  be  written  as 

■  [ -$R  ♦  iwt"  ♦  (7*»f  )  (t*V  )■$• 

-  (t-V)7*]»ti  on  (70) 


Equation  (70)  provides  a  relation  for  the 
normal  component,  of  the  irrotatlonal  part 
of  the  unsteady  velocity  fluctuation  at 
the  mean  blade  surface.  The  first  term  on 
the  right-hand-side  of  this  equation  is 
the  normal  velocity  (directed  inward)  at 
the  blade  surface  due  to  the  convscted 
rotational  gust?  the  second  term  is  the 
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normal  velocity  of  the  moving  blade  sur¬ 
face;  and  the  third  and  fourth  terms  ac¬ 
count  for  the  effects  of  a  variation  in 
blade-displacement  along  the  blade  surface 
and  of  blade  motion  through  a  spatially 
varying  mean  velocity  field  respectively. 
Note  that  the  blade  displacement  vector  is 
prescribed  and  that  for  rigid  motions 
(e.f.  (102))  ( V ♦ • t)  (*-7)t  "ax?*  where 
5  «  a §z  is  the  complex  amplitude  of  the 
angular  displacement  vector. 


linearized  mass  and  tangential  momentum 
conservation  conditions  have  the  form 

f  P  $  +  p  V  +  (f«V)p'  V  -  ietpj  .fc 

+  [[p  vj*  [(f*v)tx£z]  ■  0  on  Shm>n  (76) 
and 

+  (t*V)v]*t  +  |[  vj  •  (t-7  )t  -  0 


The  linearized  wake-jump  conditions 
follow  from  (25),  (26)  and  (47)  and  are 

giver,  by 

JVJ  .fi  -  —  ( t-  ♦  )  £v  ( V*  ti  jj-ti  on  Wm  (71) 
and 

[pj  »  -(f-ti)  [vp]  -ti  on  Wm,  (72) 

where  f  is  the  complex-amplitude  of  the 
wake  displacement  vector  and  the  mean 
positions  of  the  unsteady  wakes,  K^,  are 
assumed  to  coincide  with  the  mean  flow 
stagnation  streamlines.  Since  mean  flow 
properties  and  their  derivatives  ate  con¬ 
tinuous  downstream  of  the  blade  row,  tr.e 
right-hand-sides  of  (71)  and  (72)  are 
identically  zero.  Thus  the  two-dimension¬ 
al  unsteady  solution  will  be  independent 
of  the  actual  form  of  the  wake  displace¬ 
ment.  It  then  follows  from  the  irrota- 
tionality  of  the  mean  flow,  the  velocity 
decomposition  (65)  and  the  linoarized 
pressure-potential  relation  (63)  that 


M  •»  -  -[♦*]  on  Wm  (72) 


and 


l^]’  [!«  +  (»••?  )?•»)  [♦]  '  0  on  Wm. 


(74) 


on  Sh 


m,n 


(77) 


respectively,  where  \  is  now  the  complex- 

di: 
i(b 


amplitude  of  the  shock-displacevment)  i.e., 

‘at 


^m(X,t) 


t+ma ) , 


=  Re{ r(X-mG)e  '  j  for  X  on 

R.  After  performing  some  vector  alge¬ 
bra  and  making  use  of  the  steady  continu¬ 
ity  equation  (38)  and  the  shock-jump  con¬ 
ditions  (49)  and  (50),  we  can  reduce  the 
foregoing  expressions  to 


[p-  $  +  pV J  •  ?5  »  £p"J  (  i<a  +  (V»f)f»V)(t»fk) 

+  {*.ti)t.»(  [p]  v-t)  on  Sh^n  (78) 

and 

|VJ  ”  -t«  tt  £v  (V»?  )  J  V  Cf*tl) 

on  Shmrn.  (79) 


Finally,  after  combining  V-v 4,  ♦-V4+1frR, 
A«  (  y  P/p  ) 1//2  ,  the  thermodynamic  relation 
(57)  and  the  pressure-potential  relation 
(63)  with  equations  (78)  and  (79),  and 
neglecting  changes  in  the  unsteady  entropy 
and  rotational  velocity  perturbations 
across  weak  shocks,  we  find  that 

[p(?4  -  A"2  ^  v*)} 


Equation  (74)  can  be  integrated  along  the  +£pj(iw  +  (74«t  )t*v)  (t*ti) 

wake  to  yield  a  condition  on  the  jump  in  —  — 

the  potential  across  the  wake;  i.e.,  +  Cfr*t>)t*7(  P  J  7*»f)  on  Shm^n  (80) 


[*Hi  *4/  iw  (74  •  t ) “  ^<3tJ  on  wm. 


Tnus  (73)  and  (75)  provide  two  relations 
for  determining  the  jump  in  the  normal 
component  of  the  irrotational  part  of  the 
unsteady  velocity  and  the  jump  J.n  the 
unsteady  velocity  potential  across  each 
wtke.  These  quantities  depend  upon  the 
Jump  in  the  normal  component  of  the  rota¬ 
tional  part  of  the  unsteady  velocity 
across  the  wake  ar.d  upon  the  mean  velocity 
along  the  mean-flow  stagnation  streamlines 
respectively. 

At  shock  mean  positions  it  follows 
fro*  (30),  (31),  (49)  and  (50)  that  ths 


and 

[74]  ■  -  ?*7(t»'h  £74  ]  »ti)  on  Sh^H 

(81) 

Note  that  for  a  normal  shock  74»t  »  0 
along  the  mean  shock  surface,  so  that  (80) 
can  be  simplified,  and  for  a  shock  which 
terminates  in  the  fluid,  (81)  can  bs  inte¬ 
grated  along  the  shock  to  yield 

[♦]  -  -  *1)  on  8h„,rn.  (82) 

Equations  (80)  and  either  (81)  or  (82) 
provide  two  relations  for  determining  the 
discontinuity  in  the  unsteady  potsntlalHjj 
at  the  mean  position  of  a  shock  and  tnr 
•hock  displacement  normal  to  ths  mean 
shock  locus  Moreover,  thsss  aqua- 
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tions  illustrate  that  I4J  and  t.ft  depend 
on  the  mean  flow  properties  and  the  first- 
order  rotational  velocity  fluctuation  at 
the  mean  shock  location.  Shock  mean  posi¬ 
tions  are  determined  by  the  zeroth-order 
or  steady-flow  solution  and,  whereas  blade 
displacements  are  prescribed,  shock  dis¬ 
placements  must  be  determined  as  part  of 
the  unsteady  solution. 

Unsteady  Far-Field  Behavior 

We  have  assumed  that  in  the  far- 
field,  i.e.,  beyond  some  finite  distance 
upstream  (£  <  £_)  and  downstream  (5  >  E4.) 
from  the  blade  row,  the  irrotational 
steady  flow  is  at  most  a  small  perturba¬ 
tion  (i.e.,  of  0(c))  from  a  uniform  flow. 
Therefore,  far  from  the  blade  row  and  to 
within  the  first-order  unsteady  approxima¬ 
tion  considered  here,  the  linearized  un¬ 
steady  equations  can  be  reduced  to  con¬ 
stant  coefficient  equations  for  which 
analytical  far-field  solutions  can  be 
determined.  In  particular,  for  5  >4* ,  the 
differential  equations  (58)  and  (67)  gov¬ 
erning  the  entropy  and  rotational  velocity 
fluctuations  reduce  to 


and  trR„  are  prescribed  quantities  and 
that,  by  prescription,  the  rotational 
velocity  fluctuation  is  divergence-free 
far  upstream;  i.e., 

-  0.  (88) 

The  far-downstream  entropy  and  rotational 
velocity  perturbations,  s„  and  vR,  must  be 
determined  as  part  of  the  overall  unsteady 
solution.  We  suspect  tha'.  the  rotational 
velocity  fluctuation  will  have  zero-diver¬ 
gence  far-downstream  and  also  that  this 
velocity  fluctuation  will  be  continuous 
across  blade  wakes.  But  since  these  con¬ 
jectures  have  not  been  demonstrated,  the 

constraints  k„*$R  *  0  and  [*;]  •ft  «  0  on 
Wm  will  not  be  imposed  in  the  present 
formulation. 

Similarly,  in  the  far-field  (5  >  5^  ) 
the  linearized  continuity  equation  (68) 
can  be  written  as 


M2„  —7  -  V2*  -  V*R,  (89) 


Ds  *  .  * 

—  -  (iu  +  VI-*v)s(X)  -  0  (83) 

Dt  T 

and 

5$R  ♦  ♦ 

-  -  f  iu  +  Vx  -v)trR(X)  -  0.  (84) 

Dt 

Equations  (83)  and  (84)  have  solutions  of 
the  form 

s(X)  ■  alm  expf ik-„ (X-X* )]  (85) 

and 

«R(X)  -  $R  exp  [  ik  .(X-X,)],  (86) 


where 


V*$R 


0  for  4  <  e_. 


(90) 


ik„*$R  exp[  ik„«(X-X+)]  for  C  >  C+. 


we  seek  a  solution  to  (89)  subject  to  the 
blade-to-blade  periodicity  condition  (37), 
the  wake-jump  conditions  (73)  and  (75)  and 
the  requirement  that  acoustic  responses 
either  attenuate  or  propagate  away  from  or 
parallel  to  the  blade  row.  Note  that  in 
the  far-downstream  region  (75)  reduces  to 


“  [♦  <T  +  >  J  exP[  iu(T”T  +  )/v-] 

on  Wm  for  t  >  r+,  (91) 


where  b^„,  and  k;-  are  the  complex 

amplitudes  and  wave  numbers  of  the  far- 

field  entropic  and  rotational  velocity 
♦ 

fluctuations  and  Xj  ■  (C;,n).  By  defini¬ 
tion,  k-.-v,.  ■  -«  and  kn ■  oG"’i 
therefore  the  far  upstream  and  far  down¬ 
stream  axial  gust  wave  numbers  are  given 
by 


k^fi.  »  -f u  ♦  o  G_1  sin  n¥-) 

/(vs.  cos  nvJ  ,  (87) 


The  foregoing  equations  illustrate 
that  the  small-amplitude  entropic  and 
vortical  gusts  are  convec ted  without  dis¬ 
tortion  by  the  mean  flow  In  both  the  far- 
upstream  (c  <  C-)  and  far-downstream  (c  > 
r f >  regions  of  the  flow.  Recall  that  the 
entropic  and  vertical  gusts  and  hence,  the 

wave  number  and  the  complex  amplitudes 


where  t(C)  is  a  coordinate  measuring  dis¬ 
tance  downstream  along  the  wake  and  t+  ■ 
t(C+).  For  the  present  purpose  it  is 
convenient  to  set 


♦  (X) 


♦  H(X)  for  f  <  c_, 

(92) 

♦  H(X)+4P(X)  for  f  > 


whore  +H(X)  is  a  continuous  function  which 
accounts  for  the  fluctuations  in  velocity 
potential  due  to  acoustic  or  pressure 
waves,  and  +P(X)  is  discontinuous  at 
blade  wakes  and  accounts  for  the  fluctua¬ 
tions  in  the  potential  due  to  rotational 
velocity  fluctuations  and  counter-vorti- 
clty  convected  along  the  blade  wakes.  The 
latter  disturbances  do  not  give  rise  to 
pressure  fluctuations,  and  therefore 
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— -  =  0  for  C  $  C?.  (93) 


Trio  continuous  component  of  the  po¬ 
tential.,  i.e.,  the  solution  to  the  homo¬ 
geneous  equation  corresponding  to  (89), 
can  be  determined  conveniently  in  terms  of 
the  cascade  axial  (t,  )  and  circumferential 
(n  )  coordinates  using  Fourier  methods.  We 
refer  the  reader  to  Verdon,  Adamczyk  & 
Caspar  (1975),  Verdon  &  Caspar  (1980), 
Caruthers  (1981)  or  Whitehead  (1982)  for 
more  complete  details.  The  homogeneous 
solution  has  the  form 


*H(X)  =  a-„  exp  [ ikT-- (X-XT) ] 

M 

+  l  bj,*.  exp  [tejfT.(C-C?) 
j=-“ 

-  ixjf?„-(X-XT)]  for  5  $  6^  (94) 

The  first  term  in  (94)  accounts  for  a 
prescribed  incident  wave  coming  from  far 
upstream  and/or  far  downstream  of  the 
blade  row,  and  the  infinite  series  ac¬ 
counts  for  acoustic  waves  which  originate 
at  the  blade  row.  The  constants  and 

*jrfm  depend  upon  the  far-upstream  or  far- 
downstream  uniform  mean-flow  conditions, 
the  blade  spacing  and  the  frequency  and 
interblade  phase  angle  of  the  unsteady 
motion.  The  complex  amplitudes  a*.  and 

the  wave  numbers  kT„  of  the  incident  waves 
are  prescribed,  and  the  Fourier  coeffi¬ 
cients  bjj?-  are  determined  by  matching 

the  analytical  far-field  solutions  to  a 

♦ 

numerical  near-field  solution  for  4(X)  at 
the  inlet  C  "  C-  and  exit  (  ■  C+  axial 
stations. 

The  particular  solution  4P(X)  of  (89) 
can  be  determined  conveniently  in  terms  of 
Cartesian  coordinates  tm  and  nm,  where  the 
tm  axis  is  parallel  to  the  far-downstream 
uniform  flow  direction,  and  the  origin  of 
the  Tm,  nm-axes  coincides  with  the  inter¬ 
section  of  the  axial  line  6  -  £+  and  the 
mean'  position  of  the  mth  wake.  It  then 
follows  from  (93)  that,  for  rm  >  0  and  0  < 
nm  <  G  cos  ♦p  must  be  of  the  form 

n  *  —  i  w  t  «-/V_ 

♦P(X)  -  P( nm)e  w  "  .  (95) 


The  function  P(nffl)  is  determined  to 
within  an  arbitrary  constant  by  substi¬ 
tuting  this  expression  Into  (89)  and  solv¬ 
ing  the  resulting  ordinary  differential 
equation  subject  to  the  wake  conditions 
(73)  and  (91).  Once  P(nm)  la  determined 
In  this  manner,  the  arbitrary  constant  is 
determined  by  matching  to  the  near-field 
numerical  solution.  _ 

Discussion 

The  derivation  of  the  equations  gov¬ 


erning  the  small-disturbance  unsteady  flow 
is  now  complete.  These  equations  account 
for  the  effects  of  blade  geometry  and  mean 
blade  loading  on  the  unsteady  fluctuations 
arising  from  small-amplitude  harmonic 
excitations.  The  unsteady  equations  are 
linear  and  contain  variable  coefficients 
which  depend  on  a  fully  nonlinear  isen- 
tropic  and  irrotational  steady  background 
flow.  Because  of  the  assumed  form  of  the 
excitations  (c.f.  (28)  and  (29)),  a  nume¬ 
rical  resolution  of  the  time-independent 
linearized  unsteady  equations  is  required 
only  over  a  single  extended  blade-passage 
region.  In  addition,  since  analytical 
far-field  unsteady  solutions  have  been 
determined,  the  numerical  solution  domain 
can  be  further  restricted  to  a  single 
extended  blade-passage  region  of  finite 
extent  as  shown  in  fig.  4. 

The  linearized  unsteady  boundary- 
value  problem  has  been  reduced  to  a  system 
of  three  field  equations,  i.e.,  (58),  (67) 
and  (68),  which  can  be  solved  sequentially 
to  determine  the  complex  amplitudes  of  the 

♦  p  ♦ 

entropy  3(X),  rotational  velocity  vR(X) 

♦ 

and  velocity  potential  4 (X)  fluctuations. 
It  has  been  assumed  that  the  entropy  and 
the  rotational  part  of  the  fluid  velocity 
are  continuous  across  weak  shocks.  There- 

fore,  the  entropy  fluctuation  s(X)  is 
determined  as  a  solution  of  (58)  for  a 
prescribed  upstream  entropy  distribution, 
i.e.,  sU_»n),  and  the  rotational  velocity 


Figure  4.  Numerical  solution  domain  - 
extended  blade  passage  region  of  finite 
extent. 


fluctuation  $R(X)  is  determined  as  a  solu¬ 
tion  of  eq.  (67)  for  this  entropy  fluctua¬ 
tion  and  a  prescribed  upstream  rotational 
velocity  distribution,  i.e.,  $R(£_,n). 
Convenient  formal  solutions  for  the  linea¬ 
rized  entropic  and  rotational  velocity 
fluctuations  have  been  determined  by 
Goldstein  (1978),  snd  it  should  be  possi¬ 
ble  to  apply  these  results  to  reduce  the 
computational  effort  associated  with  the 
unsteady  cascade  problem.  Finally,  the 

velocity  potential  fluctuation  #(X)  is 
determined  as  a  solution  of  (68)  subject 
to  conditions  imposed  at  the  mean  blade, 
wake  and  shock  surfaces  and  the  far-field 
behavior  indicated  by  (94)  and  (95).  The 
flow  tangency  condition  (70)  applies  at 
blade  surfaces;  the  jump  conditions  (73) 
and  (75)  apply  at  wake  surfaces;  and  the 
jump  conditions  (80)  and  either  (81)  or 
(82)  apply  at  shock  surfaces. 

For  the  general  linearized  unsteady 
problem,  the  rotational  velocity  appears 
as  a  source  term  in  the  differential  equa¬ 
tion  (68)  and  in  the  various  surface  con¬ 
ditions.  If  self-excited  blade  motions 
are  the  only  source  of  unsteady  distur¬ 
bance,  i.e.,  there  are  no  incident  rota¬ 
tional  velocity  or  entropy  fluctuations 
and  no  incident  acoustic  waves  (aT„  >  0  in 
(94)),  then  the  unsteady  problem  is  sim¬ 
plified  considerably  since  only  a  single 
field  equation  must  be  solved.  In  any 
event,  a  numerical  resolution  of  the 
linearized  unsteady  flow  is  required  to 
determine  the  response  parameters  of  inte¬ 
rest  for  aeroelastic  or  aeroacoustic  de¬ 
sign  applications. 


moving  blade  surface  and  outside  of  the 
small  intervals  bounded  by  the  mean  and 
instantaneous  shock  locations.  These 
components  of  the  pressure  acting  at  the 
moving  blade  surface,  3m,  are  evaluated 
in  terms  of  steady  and  first-harmonic 
unsteady  information  supplied  at  the  mean 
position,  B,  of  the  reference  blade.  The 
third  term  represents  the  anharmonic  con¬ 
tribution  to  the  unsteady  surface  pressure 
caused  by  the  motions  of  shocks  along  the 
surface  of  the  mth  blade. 

After  expanding  the  pressure  P  in  the 
manne.'  indicated  by  (32)  and  (33)  and 
making  use  of  the  unsteady  pressure-poten¬ 
tial  relation  (63),  we  find  that 


pa"  l'p"5e+  |fB,,lp]B' 


where  p  and  P  are  determined  from  the 
steady  solution  (c.f.  (44))  and  tQ  is  the 
complex  amplitude  of  the  reference  blade 
displacement.  The  first  term  on  the 
right-hand-side  of  (97)  represents  the 
harmonic  unsteady  pressure  acting  at  the 
mean  position  of  the  reference  blade,  and 
the  second  term  represents  the  harmonic 
pressure  produced  by  motion  through  a  spa¬ 
tially  varying  steady  pressure  field. 

The  local  anharmonic  effect  caused  by 
the  motion  of  a  shock  is  determined  by  an 
analytic  continuation  of  the  solutions  to 
the  steady  and  the  linearized  unsteady 
boundary-value  problems  (see  Williams 
1979).  Thus,  for  example. 


AERODYNAMIC  RESPONSE  PARAMETERS 
Surface  Pressure 


Pd«  <Tpt> 


Re(  rSh.B) 
RelrSh,  bM 


The  unsteady  pressures  and  the  global 
unsteady  airloads  acting  on  the  moving 
blade  surfaces  are  the  important  results 
of  an  aerodynamic  analysis  intended  for 
blade  aeroelastic  response  predictions. 
In  particular,  for  flutter  applications,  a 
knowledge  of  the  unsteady  airloads  permits 
the  evaluation  of  aerodynamic  work  per 
cycle  and/or  aerodynamic  damping;  either 
of  which  can  be  U3ed  to  determine  whether 
the  airstrcam  tends  to  support  or  suppress 
a  prescribed  blade  motion.  The  pressure 
acting  at  the  Instantaneous  position  of 
the  mth  blade  surface  is  given  Dy 


x  H[  (t -TShM^ -t  )]Q(t  ,t) ,  (98) 

where  rgh>0  *  ^Sh“^B^*^  *8  the  complex- 
amplitude  of  the  displacement  of  the  shock 
foot  in  the  counterclockwise  or  1  -direc¬ 
tion  along  the  moving  blade  surface,  the 
subscripts  aj|?  and  Sh  refer  to  the  instan¬ 
taneous  and  mean  shock  locations  respec¬ 
tively,  H  is  the  unit-step  function;  i.e.. 


H( t  ) 


0,  t  <  0 
1,  t  >  0 


(99) 


■  pB(t?  ♦  R®  {pa(t  )ei(ut+no  }] 

♦  l  P ,e  (t  ,t)  ♦...  ,  (96) 

n  m 


where  t  Is  a  coordinate  measuring  distance 
in  the  counterclockwise  (or  I -)  direction 
along  the  mean  blade  surface.  The  first 
two  terms  on  the  rlght-hand-slde  of  (96) 
are  the  steady  and  first-harmonic  compo¬ 
nents  of  the  pressure  acting  at  the  mth 


and 

The  discontinuous  terms  on  the  right-hand 
side  of  (100)  are  evaluated  at  the  mean 
position  of  the  shock  foot  and  by  moving 
across  the  shock  in  the  t-  direction; 
i.e.,  [PBJ  8h  •  PB(t8ht)  -  Pgttgh-K  «*e 
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first  two  terms  on  the  right-hand-side  of 
(96!  are  discontinuous  at  the  undisturbed 
shock  locations.  The  third  term  cancels 
these  discontinuities  and  transfers  them 
to  the  instantaneous  shock  locations. 
This  can  be  seen  it  we  set  r  ±  in  the 
foregoing  relations  to  determine  that 


"  [ps]sh  +  “TSh)  [3  V3<] 


Re 


[%] 


^(st+nw  ) 


Sh 


+  .  , 


Sh 


(101) 


It  should  be  noted  that  the  relative 
displacement  of  a  normal  shock  along  a 
blade  surface  is  readily  determined  in 
terms  of  the  prescribed  blade  motion  and 
the  linearized  unsteady  solution  for  the 
shock  displacement  (c.f.  (80)  and  (81)  or 
(82)).  However,  the  steps  required  to 
determine  rgh  g  for  an  oblique  shock  must 
still  be  determined.  Finally,  although 
the  unsteady  pressure  disturbance  is  not 
everywhere  harmonic,  its  regions  of  anhar- 
monicity  are  small.  Consequently  (see 
Tijdeman  1977  and  Ehlers  &  Weatherill 
1982),  the  first-order  global  aerodynamic 
coefficients  are  harmonic  in  time. 

Unsteady  Force  and  Moment,  Aerodynamic 
Work  per  Cycle 

Up  to  this  point  we  have  placed  no 
restriction  on  the  mode  of  the  blade  mo¬ 
tion.  But  we  will  now  limit  our  consi¬ 
deration  to  the  condition  usually  consi¬ 
dered  in  turbomachinery  aeroelastic  appli¬ 
cations  wherein  each  incremental  blade 
section  undergoes  a  rigid-body  motion.  In 
this  case  only  the  unsteady  force  and 
moment  must  be  determined  to  analyze  the 
stability  of  a  prescribed  blade  motion  or 
the  response  of  the  blade  to  external 
aerodynamic  excitations.  For  rigid  blade 
motions  the  first-order  displacement-am¬ 
plitude  vector  is  given  by 


r(X)  -  h  +  5  *  R, 


for  X  on  B,  (102) 


where  h  defines  the  amplitude  and  direc¬ 
tion  of  blade  translations  (positive  in 
the  positive  coordinate  directions),  5 
defines  the  amplitude  and  direction  of 
blade  rotations  (positive  counterclock¬ 
wise),  and  R_  is  a  position  vector  extend¬ 
ing  from  the  mean  position  of  t!.e  refer¬ 
ence  blade  axis  of  rotation  (i.e.,  from 
the  point  Yp)  to  points  on  the  mean 
position  of  *the  reference  blade  surface. 
These  rigid  two-dimensional  motions  model 
Deeding  and  torsional  vibrations  of  actual 
rotor  blades.  The  components  hx ,  h„  and  o 
are.  In  general,  complex  to  permit  phase 
differences  between  the  translations  in 
the  x-  and  y-dlrections  and  the  rotation. 
Here  the  Cartesian  x,y-coord»nate  axes  are 
taken  to  coincide  with  and  lie  normal  to, 
respectively,  the  mean  position  of  the 


reference  blade  chord  line  (Fig.  1)  with  x 
increasing  from  the  leading  to  the  trail¬ 
ing  edge  of  this  blade. 

The  force  and  moment  acting  on  the 
mth  blade  are  given  by 


Fm  -  -®  P  ft  dt  -  F  +  Re(  fei(ut+nw  }J+  ... 
m 

(103) 

and 

Mm  -  ^  P  Rp«  dt  -  M  +  Ref  mei(o)t+mCT  *}+  ... 

(104) 


The  components  of  the  force  vector  Fm  are 
taken  as  positive  in  the  positive  coordi¬ 
nate  directions,  and  the  moment  Mm  is 
taken  about  the  moving  pitching  axis  of 
the  mth  blade  and  as  positive  in  the  coun- 

♦ 

terclockwise  direction.  The  vector  Rpin 
(104)  extends  from  this  pitching  axis  to 
points  on  the  moving  mth  blade  surface. 
After  some  algebra,  it  follows  that 

f  "  a  *  F  fig  dt  +  l  rsh,B  [pB]sh  ^B 

B 

(105) 


and 


M$  P3  Vd*  “  *  rSh,B  [PB]sh  (V>' 


(106) 

where  f  and  m  are  the  complex  amplitudes 
of  the  unsteady  force  and  moment  respec¬ 
tively.  Recall  that  pa  is  the  complex 
amplitude  of  the  harmonic  component  of  the 
unsteady  surface  pressure,  the  subscript  B 
refers  to  the  mean  blade  surface,  rgj^g  is 
the  relative  shock  displacement  in  the 
counterclockwise  or  t-direction  along 
this  surface,  and  fVgJ  sh  is  the  jump  in 
the  steady  pressure1*  in’*  moving  across  the 
shock  in  the  t -direction.  The  summations 
in  (105)  and  (106)  account  for  the  concen¬ 
trated  loads  due  to  shock  motion  and  con¬ 
sist  of  terms  that  are  evaluated  at  the 
mean  positions  of  the  shock  roots. 

A  useful  parameter  for  blade  flutter 
investigations  is  the  aerodynamic  work  per 

cycle,  W  Cyde'  whioh  i9  the  work  don* 
by  the  fluid  on  a  given  blade  over  one 
period  of  its  motion.  By  definition 

V  col.  ■/£*  •“*’/ 


(107) 


where 


dw 

dt 


p 


v-f> 


dt 


(108) 


13  the  rate  at  which  this  work  is  done 
(uee  (3)).  A  prescribed  blade  motion  is 
classified  as  stable,  neutrally  stable  or 
unstable,  according  to  linearized  theory, 
depending  upon  whether  the  aerodynamic 
work  per  cycle  is  less  than,  equal  to  or 
greater  than  zero,  respectively. 


At  the  instantanteous  position  of  a 
blade  surface 


V-fhg  n  Re  | — +  ...  .  (109) 

3  t 

Therefore  for  a  rigid  motion,  it  follows 
from  the  definitions  for  the  aerodynamic 
force  and  moment  that  the  rate  at.  which 
work  is  done  on  say  the  reference  blade  is 
given  by 

dw  ♦  ,  *  +  i  .  ~ 

—  u  Re  (  ioheiult )  ■  F  +  Re{iwaeiut(M  (110) 
dt  ' 

After  we  substitute  this  expression  along 
with  the  expansions  (103)  and  (104)  into 
(107)  and  carry  out  the  integration,  it 
follows  that 


wper  cycle  “  *  [  |hx|  |  fjain  4^ 

+  lhyl  Ifylain  4fyhy_ 

t  |n | jm| sin  tma],  (111) 

where  |  |  denotes  the  magnitude  of  a  com¬ 

plex  quantity  and  4ro  denotes  the  angle  by 
which  a  complex  response  quantity  r  leads 
the  corresponding  complex  excitation  quan¬ 
tity  e.  Equation  (111)  illustrates  that, 
if  a  complex  response  term  lags  its  cor¬ 
responding  excitation,  the  effect  is  a 
stabilizing  one,  since  this  phase-lag 
provides  a  negative  contribution  to  the 
aerodynamic  work  per  cycle,  thereby  indi¬ 
cating  that  the  alrstream  is  removing 
energy  from  the  vibratory  motion. 

For  single-degree-of-f reedom  bending 
or  torsional  vibrations  —  usually  only 
bending  normal  to  the  blade  chord  is  con¬ 
sidered  —  stability  is  determined  by  the 
phase  angle  between  the  lift  force  fy 
and  the  normal  displacement  hy  or  be¬ 
tween  the  moment  m  and  the  angular  dis¬ 
placement  a.  In  particular,  for  pure 
(normal)  bending  with  hy  taken  a3  a  posi¬ 
tive  real  quancity, 

wper  cycle  “  * I'yM  f y!  f  C12) 

w.Nsle  for  pate  torsion  with  <■.  real  and 
port  i  1 1  ve  , 

wper  cycle  *  •  (113) 


Thus,  if  the  out-of-phase  (with  blade 
displacement)  component  of  the  lift  for  a 
pure  bending  motion,  or  the  moment  for  a 
pure  torsional  motion,  is  less  than  zero, 
this  motion  will  be  stable  according  to 
linearized  theory.  For  the  foregoing 
single-degree-of-f reedom  motions  the  aero¬ 
dynamic  work  per  cycle  is  often  expressed 
in  normalized  form  as  an  aerodynamic  damp¬ 
ing  parameter  E  (see  Carta  1983) >  i.e.. 


W, 


“h 


per  cycle 
w  h„ 


-M  f  v! 


and 


W, 


per  cycle 


-Im{  m} 


(114) 


(115) 


Hence,  the  aerodynamic  damping  is  positive 
for  a  stable  motion. 


NUMERICAL  EXAMPLES 

As  a  consequence  of  the  linearization 
introduced  in  this  chapter,  the  nonlinear 
time-dependent  unsteady  aerodynamic  prob¬ 
lem  has  been  reduced  to  two  time-indepen¬ 
dent  boundary-value  problems  —  a  nonlinear 
one  for  the  zeroth-order  or  steady  flow 
and  a  linear  one  for  the  firBt-order  or 
unsteady  flow.  Moreover,  numerical  reso¬ 
lutions  of  the  zeroth-and  first-order 
flows  are  required  only  over  a  single 
extended  blade-passage  region  of  finite 
extent  (fig.  4)  to  provide  the  type  of 
response  information  needed  for  turbo¬ 
machinery  aeroelastic  or  aeroacoustic 
design  applications.  Thus  the  restriction 
to  small-amplitude  harmonic  unsteady  exci¬ 
tations  has  permitted  a  substantial  sim¬ 
plification  of  the  original  unsteady  prob¬ 
lem.  However,  the  resulting  steady  and 
linearized  unsteady  problems  still  pose 
severe  challenges  to  numerical  analysts. 

A  detailed  discussion  on  the  numeri¬ 
cal  field  methods  that  have  been  proposed 
for  solving  the  compressible  steady  and 
linearized  unsteady  problems  is  beyond  the 
scope  of  this  chapter.  However,  limited 
ntimerical  results  will  be  presented  for 
subsonic  compressor-type  (M^  <  <  1) 
cascades  to  partially  reflect  the  current 
status  of  such  solution  methods  and  to 
illustrate  several  important  effects  on 
unsteady  aerodynamic  response  associated 
with  features  of  nonuniform  steady  flows. 
For  a  description  of  the  field  methods 
used  to  obtain  these  results  we  refer  the 
reader  to  Caspar  (1983)  and  to  Verdon  f> 
Caspar  (1982,  1984).  In  addition,  for  a 
description  of  some  alternative  numerical 
field  methods  along  with  their  applica¬ 
tions  to  unsteady  cascade  flows  involving 
forced  aerodynamic  excitations,  turbine 
cascades  and  supersonic  inlet  and/or  exit 
Mach  numbora  see  Caruthera  (1981), 
Whitehead  t  Orant  (1981)  and  Whitehead 
(1902)  respectively.  Finally,  for  a  de¬ 
scription  of  the  semi-analytic  surface- 
integral  methods  used  for  analysing  incom- 
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preasible  steady  and  unsteady  cascade 
flows  see  Atassi  «  Akai  (1978,  198t7)  and 
Carstens  (1981). 


inlet  flow  angles  (n_).  in  each  case  a 
Kutta  condition,  i.e.. 


We  will  consider  three  simple  cascade 
configurations  each  with  blades  undergoing 
prescribed  self-excited  motions  and  oper¬ 
ating  under  uniform  subsonic  mean  inlet 
and  exit  conditions.  In  each  case  the 
cascade  stagger  angle  is  45*  and  the  gap/ 
chord  ratio  is  unity.  The  first  cascade 
consists  of  modified  NACA  0012  airfoils 
and  will  be  used  primarily  to  illustrate 
effects  of  a  relatively  thick  blunt-nosed 
blade  geometry  and  mean  blade  loading  on 
unsteady  response.  The  second  consists  of 
sharp-edged  double-circular-arc  airfoils 
and  will  be  used  to  illustrate  the  effects 
of  shock  phenomena  and  mean  blade  loading 
on  the  unsteady  response  at  high  subsonic 
inlet  Mach  number.  Finally,  for  purposes 
of  comparison,  results  will  also  be  pre¬ 
sented  for  a  flat-plate  cascade  in  which 
the  blade  mean  positions  and  the  mean 
inlet  and  exit  flow  directions  are 
aligned.  In  this  case  the  steady  flow  is 
uniform  throughout  the  field  and  hence, 
there  is  no  coupling  between  steady  and 
unsteady  disturbances. 

Numerical  results  for  steady  Mach 
number  M,  first-harmonic  unsteady  pressure 
and  pressure-difference  (i.e.,  Ap  » 
distributions  along  the  reference 
blade  +  surface,  unsteady  aerodynamic 
moments  m  and  unsteady  shock  displacements 
rSh,B  wili  be  presented  for  blades  under¬ 
going  single-degree-of-f reedom  torsional 
vibrations  about  their  midchords  (i.e., 
Xp,Yp  ■  0.5,0).  The  unsteady  results  have 
been1^  determined  by  setting  the  complex 
torsional  amplitude  a  in  (102)  equal  to 
one.  Hence,  the  real  or  imaginary  parts 
of  a  complex  response  parameter  represent 
the  response  component  that  is  in-  or  out- 
of-phase,  respectively,  with  the  reference 
blade  displacement.  It  is  also  important 
to  note  that  the  aerodynamic  response  to  a 
prescribed  blade  motion  depends,  to  a 
large  extent,  on  the  behavior  in  the  far 
field  of  the  acoustic  waves  generated  by 
that  motion  (see  (94)).  For  subsonic  mean 
inlei  and  exit  conditions  blade  motions 
are  classified  as  subresonant  if  all 
acoustic  waves  attenuate  with  increasing 
axial  distance  (|;|  *  »)  from  the  blade 
row,  or  as  superresonant  if  at  least  one 
such  wave  persists  far  upstream  or  far 
downstream  and  carries  energy  away  from 
the  blade  row.  At  the  boundaries  between 
the  different  regions  an  acoustic  reso¬ 
nance  occurs;  i.e.,  at  least  one  wave 
persists  in  the  far  field  and  carries 
energy  only  in  the  circumferential  ov  n - 
direction  (see  fig.  1). 

NACA  0012  Cascade 

Steady  and  unsteady  flows  through  the 
staggered  cascade  (with  0 •  45*  and  0*1) 
of  modified  NACA  0012  airfoils  have  been 
determined  for  a  prescribed  inlet  Mach 
number  (M_)  of  0.6  and  four  prescribed 


V-d? 


(116) 


has  been  imposed  at  blade  trailing  edges 
in  the  steady  calculation,  and  hence,  exit 
mean-flow  conditions  (M..,  n,  )  are  deter¬ 
mined  as  part  of  the  steady  solution.  The 
mean  position  of  the  reference  blade  is 
defined  by 


yt(x)  -  ±5T  [0.2969X1/2  -  0.1260x 

-  0.3516X2  +  0.2843X3  -  0.1036x4] 
for  0  <  x  <  1,  (117) 


where  T  ■  0.12  is  the  nominal  blade  thick¬ 
ness  and  1.101 9T2  ■  0.015867  is  the  lead¬ 
ing  edge  radius.  Note  that  the  coeffi¬ 
cient  of  the  x1*  term  in  eq.  (117)  has  been 
changed  from  the  coefficient  (i.e., 
-0.1015)  used  in  the  standard  definition 
of  a  NACA  0012  airfoil  (see  Abbott  and  Von 
Doenhoff,  1959)  so  that  the  example  blade 
profile  will  close  in  a  wedge-shaped 
trailing  edge. 

Steady  Mach  number  distributions 
along  the  reference  NACA  0012  blade  sur¬ 
face  for  prescribed  inlet  flow  angles  of 
48*,  50*,  52*  and  54*  are  shown  in  fig. 
5.  The  calculated  exit  Mach  numbers  are 
respectively  0.595,  0.557,  0.522  and 


rigure  5.  steady  surface  Mach-number 
distributions  for  the  example  NACA  0012 
cascade;  M.a  ■  0.6i  (a)  suction  surface; 
(b)  pressure  surface. 


0.490,  and  in  each  case  the  calculated 
exit  flow  angle  is  approximately  47.7*. 
These  steady  flows  are  entirely  subsonic 
with  a  peak  Mach  number  of  0.789  occurring 
at  x  -  0.113  on  the  pressure  surface  of 
the  blade  for  fi_  *  48*,  and  0.8,  0.86  and 
0.96  occurring  at  x  -  0.07,  0.05  and  0.03 
on  the  suction  surface  for  tl-»  ■  50*, 
52*  and  54*  respectively.  In  each  case 
the  mean  flow  stagnation  point  occurs 
within  0.2%  of  blade  chord  downstream  from 
the  leading  edge. 

Unsteady  response  predictions  for  the 
NACA  0012  cascade  are  shown  in  figs.  6 
through  9.  Corresponding  results  are  also 
given  in  figs.  6,  8  and  9  for  the  flat- 
plate  cascade  operating  in  a  uniform 
steady  background  flow  with  M  *  0.6,  and 
are  indicated  by  the  dashed  lines  in  these 
figures.  Unsteady  pressure  difference 
distributions  and  aerodynamic  moments  for 
the  NACA  0012  and  flat-plate  blades  under¬ 
going  unit-frequency  (u  *  1)  torsional 
motions  at  a  ■  90*  are  shown  in  fig.  6. 
In  addition,  the  unsteady  surface  pres¬ 
sures  acting  on  the  reference  NACA  0012 
airfoil  for  w  ■  1  and  a  *  90*  are  plotted 
in  fig.  7  versus  the  square-root  of  the 
distance  along  the  chord  to  emphasize  the 
surface  pressure  behavior  near  the  leading 
edge.  The  unsteady  pressure  is  singular 
and  behaves  like  a  multiple  of  x“1/2  near 
the  leading  edge  of  the  flat  plate  airfoil 
(see  fig.  6).  In  contrast,  the  unsteady 
pressure  is  analytic  in  the  vicinity  of 
the  NACA  0012  leading  edge  (figs.  6  and 
7).  In  this  case  both  the  real  and  imagi¬ 
nary  components  of  the  unsteady  pressure 
difference  are  zero  at  the  leading  edge 
and  reach  local  extrema  very  close  to  the 
leading  edge.  The  results  in  figs.  6  and 
7  also  indicate  that  for  u  ■  1  and  a  •  90* 
the  coupling  between  the  steady  and  un¬ 
steady  flows,  because  of  blade  geometry 
and  mean  loading,  leads  to  a  reduction  in 
the  out-of-phase  pressure  differences 
(Im{Ap(x)}>  over  the  forward  part  of  the 
blade  and  therefore  a  reduction  in  the 
moment  opposing  the  blade  motion. — 

Unsteady  moments  acting  on  the  refer¬ 
ence  blades  of  the  NACA  0012  and  flat- 
plate  cascades  undergoing  unit-frequency 
torsional  vibrations  are  shown  in  fig.  8 
for  the  entire  range  of  interblade  phase 
angles,  i.e.,  -180’  <  a  <  180*.  The 
abrupt  changes  in  the  moment  curves  are 
indicative  of  an  acoustic  resonance  at  the 
inlet  and/or  exit.  The  blade  motions  are 
suporresonant  at  phase  angles  lying  be¬ 
tween  the  lowest  and  the  highest  resonant 
phase  angles  and  subresonant  at  phase 
angles  outside  this  range.  The  extent  of 
the  super resonant  region  will  Increase 
with  increasing  frequency  and/or  inlet 
Mach  number.  The  motions  considered  in 
fig.  8  are  stable;  i.e.,  the  out-of-phase 
component  of  the  unsteady  moment,  Im(m}, 
is  less  than  zero  and  therefore  opposes 
tbw  blade  motion  for  all  values  of  a. 
However,  the  results  in  fig.  8  indicate 
that  for  a  given  a  the  effect  of  an  in- 
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Figure  6.  Unsteady  response  to  torsional 
blade  vibrations;  M_.  ■  0.6,  w  ■  1.0,  a 
»  90*;  (a)  in-phase  component;  (b)  out- 
of-phase  component.  -  NACA  0012  cas¬ 
cade;  - -  flat-plate  cascade. 


Figure  7.  Unsteady  surface  pressures  due 
to  torsional  vibrations  of  the  NACA  0012 
blades;  ■  0.6,  u  -  1.0,  e  •  90*t  (a) 
in-phase  component;  (b)  out-of -phase 
component.  — -  suction  surface;  ----- 
pressure  surfaoe. 
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crease  in  me'i:i  blade  loading  (i.e.,  n_M) 
ia  usually  destabilizing  for  the  NACA  0012 
cascade,  since  the  out-of-phaae  moment 
curves  move  closer  to  the  stability  bound¬ 
ary  aa  the  inlet  flow  angle  n_„  is  in¬ 
creased.  In  addition,  the  stability  mar¬ 
gin  at  hi  -  1  is  greater  for  the  unloaded 
flat-plate  cascade  with  n_.  -  45*  than  it 
is  for  the  NACA  0012  cascade  operating  at 
the  inlet  flow  angles  reported  _Ln  fig. 


The  effect  of  frequency  on  the  out- 
of-phaae  unsteady  moment  due  to  torsion 
about  midchord  for  the  NACA  0012  cascade 
operating  at  n_„  ■  54*  and  for  the  flat- 
plate  cascade  with  n_„  -  45*  is  illus¬ 
trated  in  fig.  9.  it  can  be  seen  that  the 
NACA  0012  blades  experience  a  region  of 
subresonant  torsional  instability  at  u  - 
0.25,  0.5  and  0.75  and  that  the  extent  of 
this  region  decreases  with  increasing 
frequency.  The  subresonant  torsional 
motions  of  the  flat-plate  cascade  are 
unstable  only  at  the  lowest  frequency 
considered,  ui  ■  0.25. 


-0.75 


F lgjrs  0.  Unsteady  moments  due  to  tor¬ 
sional  blade  vibrations  at  ■  0.6  and 

w  »  1.0 1  (a)  in-phase  component;  (b) 

out-of-phase  component.  -  NACA  0012 

cascade;  - —  flat-plate  cascade. 
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Figure  9.  Effect  of  frequency  on  the  out- 
of-phase  component  of  the  unsteady  moment 
due  to  torsional  blade  vibrations  at 
■  0.6t  (a)  NACA  0012  cascade,  n_„  ■ 

54*;  (b)  flat-plate  cascade,  a_„  -  45*. 

DCA  Cascade 

For  a  cascade  of  sharp-edged  double- 
circular-arc  airfoils  the  mean  position  of 
the  reference  blade  surface  is  defined  by 

/ sgn( H±  )(  |Ht | -R,. +[ r|-(x-0. 5) 2] 1 '* }  , 


ifor  H±  *  0 

. 

0,  for  H±  -  0,  (118) 


where  0  <  x  <  1,  H  is  the  y-coordlnate  of 
the  surface  at  midchord,  R  ■  |h|"1  (Hl  + 

0.251/2  is  the  radius  of  curvature  of  the 
surface,  sgn(H)  ■  i  1  for  H  £  0  and  the 
subscripts  +  or  -  refer  to  the  upper  or 
lower  surfaces  of  the  blade.  Here  we 
consider  a  cascade  (with  ©  <•  45*  and  0  *  i 

1)  of  5*  thick,  flat-bottomed  DCA  airfoils  | 

(i.e.,  H+  ■  0.05  and  H_  ■  0).  Full-poten-  f 

tial  steady  and  linearised  unsteady  flows 
through  this  example  configuration  have 
been  determined  for  prescribed  inlet  Mach 
numbers  (M_)  of  0.5,  0.7,  0.8  and  0.9. 

In  each  case  the  requirement  (116)  has 
been  imposed  at  blade  leading  (aero  load- 

. .  f 


Figure  10.  Steady  surface  Mach-number 
distributions  for  the  example  DCA  cas¬ 
cades  (a)  suction  surface;  (b)  pressure 
surface. 

ing  condition)  and  trailing  (Kutta  condi¬ 
tion)  edges  in  lieu  of  prescribing  an 
inlet  flow  angle  and  an  exit  Mach  number 
or  flow  angle,  respectively.  Numerical 
results  for  this  configuration  and  for  a 
corresponding  flat-plate  (H±  *  0)  con¬ 

figuration  are  given  in  figs.  10  through 
16.  Those  depicted  in  figs.  10  through  14 
have  been  taken  from  Verdon  &  Caspar 
(1984) . 

The  predicted  surface  Mach  number 
distributions  for  the  DCA  cascade  are 
shown  in  fig.  10.  Por  the  prescribed 
inlet  Mach  numbers  stated  above  the  calcu¬ 
lated  exit  Mach  numbers  M„  are  0.43, 
0.57,  0.62  and  0.64,  respectively.  In 
addition,  the  calculated  inlet  flow  angles 
ti„m  are  49.0*,  49.2*,  49.4*  an<L_49.6*, 
respectively,  and  in  each  case  the  calcu¬ 
lated  exit  flow  angle  is  approximately 
43.0*.  The  steady  flows  at  M_„  ■  0.5,  M_a 
*0.7  and  M_„  ■  0.8  are  entirely  subsonic 
with  peak  section-surface  Mach  numbers  of 
0.561,  0.804  and  0.941  occurring  at  re¬ 
spectively  40.9,  38.5  and  36. St  of  blade 
chord  downstream  from  the  leading  edge. 
The  steady  flow  Is  transonic  for  M_a  * 
0.9  with  a  supersonic  region  extending 
from  18.5  to  52.5%  of  blade  chord  along 
the  suction  surface  and  terminating  at  a 
shock  discontinuity.  The  Mach  numbers  at 
the  foot  of  the  shock  are  1.193  on  the 


upstream  or  supersonic  aide  and  0.871  on 
the  downstream  or  subsonic  aide. 

First  harmonic  pressure  difference 
distributions  and  aerodynamic  moments  for 
the  example  DCA  and  flat-plate  cascades 
operating  at  an  inlet  Mach  number  of  0.9 
are  presented  in  figs.  11  and  12,  respec- 


Pigure  11.  Bffect  of  frequency  on  the 
unsteady  response  to  torsional  blade 
vibrations  for  the  DCA  cascade;  M_„  * 
0.9,  a  ■  1B0*i  (a)  in-phase  component 

(real  part)  of  the  unsteady  response;  (b) 
out-of-phase  component  (Imaginary  part) 
of  the  unsteady  response. 
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Figure  12.  Effect  of  frequency  on  the 
unsteady  response  to  torsional  blade 
vibrations  for  the  flat-plate  cascade? 
M_„  »  0.9,  a  m  1 80*  s  (a)  and  (b)  as  in 
figure  1 1  . 

tively.  Here  the  blades  are  undergoing 
out-of-phase  ( a  ■  180*)  torsional  vibra¬ 
tions  at  different  prescribed  frequencies. 
As  mentioned  previously,  in  a  discontinu¬ 
ous  transonic  flow  there  are  two  contribu¬ 
tions  to  the  unsteady  moments  cne  arising 
from  the  harmonic  unsteady  surface-pres¬ 
sure  response  and  the  other  from  the  en¬ 
harmonic  surface  pressures  produced  by 
shock  motion.  However,  for  the  example 
DCA  cascade  with  M_„  -  0.9,  the  mean  shock 
location  is  only  slightly  aft  of  blade 
midchord,  and  in  this  case,  therefore,  the 
anharmonic  surface  pressures  produce  rela¬ 
tively  small  contributions  to  the  unsteady 
moments . 

A  comparison  of  the  DCA  and  flat- 
plate  results  depicted  in  figs.  11  and  12 
clearly  demonstrates  a  dramatic  impact  of 
nonuniform  steady  flow  phenomena  on  the 
unsteady  response  at  transonic  speeds?  in 
that,  the  amplitudes  of  the  harmonic  pres¬ 
sure  fluctuations  on  the  DCA  blade  surface 
become  quite  large  near  the  shock  discon¬ 
tinuity.  A  second  Interesting  feature, 
illustrated  by  these  results,  is  the 
change  In  the  character  of  the  pressure 
difference  curves  and  in  the  magnitude  of 
the  unsteady  moments  as  the  blade  vibra¬ 
tion  frequency  increases  from  0.25  to  0.5. 
These  changes  occur  because  the  out-of- 
phase  blade  motions  of  the  example  DCA  and 
flat-plate  cascades  are  aubresonant  for  « 


■  0.1  and  0.25  and  superresonant  for  u  ■ 
0.5,  0.75  and  1.0.  The  resulting  differ¬ 
ence  in  far-field  acoustic-wave  behavior 
has  a  significant  impact  on  the  unsteady 
response  at  the  blade  surface. 

The  effect  of  Mach  number  on  the 
response  to  unit-frequency  in-phase  (a  » 
0*)  torsional  vibrations  of  the  DCA  and 
flat-plate  blades  is  illustrated  in  figs. 
13  and  14.  These  motions  are  super reso¬ 
nant,  and  hence,  acoustic  waves  persist  in 
the  far  field  and  propagate  away  from  the 
blade  row.  For  the  flows  at  M_„  «  0.5, 
0.7  and  0.8  two  such  waves  persist  —  one 
upstream  and  one  downstream.  For  the  DCA 
cascade  operating  at  M_„  -  0.9  three  waves 
persist  —  two  upstream  and  one  down¬ 
stream.  Finally,  for  the  flat-plate  cas¬ 
cade  operating  at  M_„  «  0.9  there  are  four 
such  waves  —  two  upstream  and  two  down¬ 
stream. 

The  pressure  difference  distributions 
and  moments  reported  for  the  DCA  (fig.  13) 
and  flat-plate  (fig.  14)  blades  reflect 
this  change  in  character  of  the  unsteady 
flow  in  the  far  field?  in  that,  the  trends 
indicated  by  the  results  for  M_„  »  0.5, 
0.7  and  0.8  are  not  maintained  at  M_„  - 
0.9.  Also,  a  comparison  of  the  DCA  and 
flat-plate  pressure-difference  curves  for 
in-phase  motions  suggests  that  the  influ¬ 
ence  of  mean-flow  gradients  on  the  un¬ 
steady  response  becomes  more  pronounced 


Pigurs  13.  Kffect  of  Mach  number  on  the 
unit- frequency  response  to  in-phese  («  • 
0*)  torsional  blade  vibrations  for  the 
DCA  oasoadet  (a)  and  (b)  as  in  figure 
11. 


with  increasing  inlet  Mach  number.  The 
pressure-difference  distributions  for  the 
DCA  and  flat-plate  blades  are  very  similar 
for  M_„  ■  0.5  and  0.7,  differ  somewhat  for 
N-„  *  0.8  and  differ  substantially  for  M_„ 
■  0.9.  The  differences  at  M_„  -  0.8  can 
be  attributed  partially  to  the  relatively 
large  gradients  in  the  subsonic  mean  flow 
that  occur  along  the  suction  surface  of 
each  DCA  blade,  while  the  substantial 
differences  at  M_„  -  0.9  are  caused  by 
the  transonic  effects  associated  with  the 
DCA  cascade. 


Figure  14.  Effect  of  Mach  number  on  the 
unit-frequency  response  to  in-phase  tor¬ 
sional  blade  vibrations  for  the  flat- 
plate  cascades  (a)  and  (b)  as  in  figure 
11. 
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Pigure  15.  Unsteady  moments  due  to  unit- 
frequency  torsional  blade  vibrations  at 
M_„  ■  0.7s  (a)  flat-plate  cascade;  (b) 
DCA  cascade.  - — -  in-phase  component; 
-  out-of-phase  component. 


Predictions  of  aerodynamic  moment 
versus  interblade  phase  angle  for  torsion¬ 
al  motions  of  the  flat-plate  and  DCA  cas¬ 
cades  are  shown  in  figs.  15  and  16.  The 
results  in  fig.  15  are  for  a  prescribed 
inlet  Mach  number  of  0.7  and  those  in 
fig.  16  are  for  an  inlet  Mach  number  of 
0.9.  The  unit-frequency  torsional  motions 
of  the  two  cascades  are  stable  (i.e., 
!»{«}  <  0)  at  both  inlet  Mach  numbers. 
Those  angles  at  which  an  acoustic  reso¬ 
nance  occurs  are  Indicated  by  the  arrows 
at  the  top  of  each  figure.  For  the  un¬ 
loaded  flat-plate  cascade  the  same  reso¬ 
nance  conditions  apply  at  inlet  and  exit; 
however,  quite  different  conditions  apply 
for  the  DCA  cascade  because  of  the  differ¬ 
ences  between  the  inlet  and  exit  mean-flow 
properties.  Thus,  for  example,  for  the 
flat-plate  blades  operating  at  Mfa  •  0.7 


vfdeg) 

Figure  16.  Unsteady  moments  due  to  unit- 
frequency  torsional  blade  vlbrationa  at 
N.a  ■  0.9#  (a)  flat-plate  cascade;  (b) 
DCA  cascade.  — —  in-phase  component; 
—  out-of-phase  component. 
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and  n;„  “45*  one  acoustic  wave  propagates 
away  from  the  blade  row  in  both  the  up¬ 
stream  and  downstream  regions  when  -29.4* 
<  o  <  107.3*.  The  situation  for  the  DCA 
cascade  is  slightly  more  complicated. 
Here  M_„  -0.7,  -  49.2*,  M_  -  0.57 
and  n„  »  43*,  and  one  acoustic  wave  propa¬ 
gates  away  from  the  blade  row  in  the  far- 
upstream  region  if  -28.2*  <  a  <  111.6*, 
and  one  such  wave  exists  in  the  far-down- 
stream  region  if  -29.7*  <  a  <  74.8*.  The 
moment  curves  for  the  two  cascades  in  fig. 
15  show  similar  trends  with  interblade 
phase  angle  except  over  range  in  which 
different  far-downstream  acoustic-wave- 
propagation  characteristics  exist,  i.e., 
in  the  approximate  range  74.8*  <  a  < 
107.3*.  At  the  higher  inlet  Mach  number 
the  trends  exhibited  by  the  flat-plate  and 
DCA  moment  response  curves  are  quite  dif¬ 
ferent  over  the  entire  range  of  interblade 
phase  angles.  These  differences  occur 
because  the  mean  flow  through  the  flat- 
plate  cascade  is  purely  subsonic  while 
that  through  the  DCA  cascade  is  transonic 
with  a  shock  discontinuity,  and  also  be¬ 
cause  of  the  substantial  difference  be¬ 
tween  the  exit  Mach  numbers  for  the  two 
cascades.  Recall  that  M„  is  0.9  for  the 
flat-plate  cascade  and  0.65  for  the  DCA 
cascade  which  implies  that  the  two  cas¬ 
cades  operate  in  very  different  far-down¬ 
stream  acoustic  environments  over  almost 
the  entire  interblade  phase  angle  range. 

The  foregoing  numerical  results  have 
been  presented  to  demonstrate  several 
important  features  associated  with  un¬ 
steady  linearizations  relative  to  nonuni¬ 
form  mean  flows.  These  include  the  abil¬ 
ity  to  predicts  (1)  unsteady  pressures  in 
the  vicinity  of  a  blunt  leading  edge  and 
the  effects  of  mean  incidence  on  unsteady 
aerodynamic  response;  (2)  steady  and  un¬ 
steady  properties  in  the  vicinity  of  a 
normal  shock  and  the  displacement  of  this 
shock  along  the  blade  surface;  and  (3)  the 
effect  of  blade  loading,  i.e.,  a  differ¬ 
ence  between  the  inlet  and  exit  free- 
stream  conditions,  on  the  unsteady  re¬ 
sponse  at  high  subsonic  inlet  Mach  number. 
These  results  are  indicative  of  the  pro¬ 
gress  that  has  been  achieved  during  the 
past  decade  on  the  numerical  resolution  of 
two-dimensional  steady  and  linearized 
unsteady  cascade  flows  as  well  as  the 
limitations  of  current  numerical-solution 
methods. 

Important  advances  in  numerical  field 
methods  are  still  required  to  meet  the 
goal  of  providing  engine  designers  with 
reliable  and  efficient  unsteady-aerodyna¬ 
mic  prediction  schemes  which  can  be  ap¬ 
plied  over  a  wide  range  of  operating  con¬ 
ditions.  In  particular,  such  schemes 
should  be  applicable  to  fan,  compressor 
and  turbine  cascades  operating  in  low 
subsonic  through  low  supersonic  flow  re¬ 
gimes  and  subjected  to  various  types  of 
unsteady  excitations  occurring  over  a 
broad  frequency  range.  ~~ 
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LIMITING  FORMS  OP  THE  GOVERNING  EQUATIONS 

In  this  section  limiting  forms  of  the 
foregoing  aerodynamic  equations  will  be 
determined  for  cascade  flows  in  which 
steady  departures  from  a  uniform  upstream 
condition  can  be  regarded  small.  One 
purpose  here  is  to  demonstrate  that  the 
steady  and  unsteady  equations  derived 
above  can,  for  the  most  part,  be  reduced 
to  the  familiar  small-disturbance  equa¬ 
tions  of  inviscid  aerodynamic  theory  (see 
Miles  1959;  Landahl  1961;  Ashley  6  Landahl 
1965;  and  Tijdeman  6  Seebass  1980).  This 
demonstration  will  also  provide  a  conveni¬ 
ent  opportunity  to  discuss  several  of  the 
important  theoretical  analyses  that  have 
been  developed  for  turbomachinery  aero- 
elastic  applications.  We  assume  that  the 
blades  and  their  motions  produce  only 
small  and  very  small  disturbances  respec¬ 
tively  in  an  otherwise  uniform  flow  and, 
for  simplicity,  that  self-excited  blade 
motions  are  the  only  source  of  unsteady 
excitation.  The  equations  governing  the 
steady  and  unsteady  disturbances  are 
usually  derived  by  starting  from  the  full, 
time-dependent  governing  equations;  but 
here  we  proceed  from  the  steady  and  lin¬ 
earized  unsteady  equations  which  have  been 
provided  in  the  previous  sections  of  this 
chapter. 

Preliminaries 

Consider  two-dimensional  flow  through 
a  cascade  of  thin  airfoils  (fig.  17) 
undergoing  identical  small-amplitude  har¬ 
monic  motions  at  frequency  u  but  with 
constant  phase  angle  a  between  the  motion 
of  adjacent  blades  (c.f.  (28)).  The  uni¬ 
form  inlet  flow  velocity  V_„  ■  %x  is 
directed  along  the  positive  x-axis.  Fur¬ 
ther,  blade  mean  positions  lie  mainly 
along  and  are  defined  relative  to  chord 


Figure  17.  Cascade  of  thin-airfoile 
undergoing  amal 1-amplitude  motions  normal 
to  the  free-atream  (or  x-)  direction. 


and 


lines  which  are  parallel  to  this  axis,  and 
their  unsteady  displacements  are  normal  to 
it.  Thus  (see  fig.  17),  the  instantaneous 
location  of  the  reference  (m  -  0)  blade  is 
glvei.  Dy 


3(x,y,t)  ■  y*(x,t.)  -  ft(x> 

-  Re{  f±  (x)eiut}  -  0 

for  0  <  x  <  1,  (119) 

where  the  subscripts  +  and  -  refer  to  the 
upper  and  lower  surfaces  of  the  blade.  We 

set  f±(x)_-  4gt (x)  and  f±(x)  -  4gt(x), 
where  0  <  4  «  1  and  0  <  4  «  i  are  char¬ 
acteristic  lengths  measuring  the  projec¬ 
tion  of  the  mean  airfoil  surface  on  the  y- 
axis  and  the  amplitude  of  the  unsteady 
displacement,  respectively,  and  the  shape 
functions  gt  (x)  and  g±(x)  are  smooth  with 
x-derivatives  of  order  unity  everywhere 
along  the  chord. 

Under  the  foregoing  assumptions  it  is 
reasonable  to  expect  that  the  flow,  except 
in  small  regions  near  the  leading  and 
trailing  edges  of  each  blade  and  near 
shocks,  can  be  described  by  a  velocity 
potential  of  the  form 

* (x,y,t)  -  • (x,y)  +  Re{$ (x,y)eiut}  +  ...  , 


where 


*(x,y)  -  x  +  *(x,y)  ■  x  +  e*,(x,y),  (121) 


A 

» (x,y)  -  e ♦ , (x,y) 


(122) 


and  e  <<  |  and  t  <<  f  are  positive  func¬ 
tions  of  4_and  4,  respectively,  such  that 
e  +  0  as  4  ♦  0  and  e  ♦  0  as  4  ♦  0.  In 
addition,  the  coordinate  scaling  y  ■  xy 
has  been  introduced  and  it  is  assumed  that 
and  and  their  derivatives  with 
respect  to  x  and  y  are  of  order  unity. 
The_relative  magnitudes  of  the  parameters 
X,  4,  tt  S  and  t  will  be  determined  from 
the  boundary  conditions  at  the  reference 
blade  surface  and  the  differential  equa¬ 
tions  governing  and  +|. 

Equations  governing  the  steady  and 
the  linearized  unsteady  potentials  have 
already  been  derived  for  a  fully  nonuni¬ 
form  mean  flow.  We  now  seek  consistent 
approximations  to  theno  equations  for 

flows  in  which  the  steady  and  unsteady 

♦ 

departures  from  the  uniform  stream  V^,  are 
regarded  as  small  and  very  small,  respec¬ 
tively.  In  this  case  the  unit  tangent  and 
normal  vectors  to  the  mean  reference  blade 
surface  are  given  by 


ftB±(x)  -  *  4g±'  *  %y  + 


where  8X  and  are  unit  vectors  directed 
in  the  positive  x-  and  y-directions  and 
the  prime  signifies  differentiation  with 
respect  to  x.  In  addition,  the  complex- 
amplitude  of  the  reference  blade  displace¬ 
ment  vector  has  the  form 


*B± (*)  ■  «9± (x)fey 


After  substituting  (121)  through  (125) 
into  the  steady  (46)  and  unsteady  (70) 
flow  tangency  conditions  for  the  reference 
blade  (m  -  0)  and  referring  the  resulting 
conditions  to  the  x-axis,  we  obtain 


♦iy  +  " 


for  y  *  ±0,  0  <  x  <  1  (126) 


4 1 v  M  +  9*]  +•  •  •  » 

1  A  € 

for  y  ■  ±0,  0  <  x  <  1,  (127) 


where  the  subscript  y  indicates  partial 
differentiation  with  respect  to  y  and  ±0 
denotes  the  limit  y  +  0  from  above  or 

below.  It  follows  that 


X  ~  0(4/e)  ~  O  (4/e  )  (128) 

for  the  expansion  (120-122)  to  be  meaning¬ 
ful. 

Similarly,  upon  substituting  (121) 
and  (122)  into  the  steady,  (44)  and  (45), 
and  the  linearized  unsteady,  (63)  and 
(68),  field  equations  and  neglecting_terms 
that  are  definitely  Bmall,  as  4  «  4  ♦  0, 
compared  to  those  retained,  we  are  able  to 
determine  tho  following  approximate  equa¬ 
tions  for  the  email-disturbance  steady  and 
unsteady  flows i 

(H..A)2  -  p<*-1>  -  (ym2,p)  <y-1)/v 

-  l-ctr-l)*2.  f1x,  (129) 

(«/«) 2  [1-M?.  -  ?(y  +  1>mL  ♦  ,*]♦,** 

♦  ♦tyy  -  0,  (130) 


P  •  -*(U  ♦  £-)♦, 


fSt(x)  •  *  &x  *  Jg/  «y  ♦  ... 


l«‘/02  +  ♦1x]41xx 

♦  ♦,**  -  2iUM?.  41x 

-(c3/«2)M?.  [2i«41x  +  <Y+1)?1xx]41x 

♦  “2M?.  4, 

-(P/«2)iu  M?.(t-1)?1xx*1  -  0.  (132) 

The  important  nondegenerate  forms  of  the 
differential  equations_  (J3Q)  and  (132)  are 
obtained  if  either  (c/4)2.,  |1-M_„|  and  u 
are  all  of  order  1;  or  (t3/62)  is  of  order 
1  and  |1-M2.|  and  u>  are  both  of  order  e. 
In  the  first  case  the  equations  of  class¬ 
ical  linearized  subsonic  or  supersonic 
flow  theory  are  recovered;  in  the  second, 
those  of  time-linearized  transonic  flow 
theory. 

The  resulting  equations  are  given 
below  in  terms  of  the  original  variables 

f,  f,  1 ,  4  and  y.  The  differential  equa¬ 
tions  (DE)  and  flow  tangency  conditions 
(FT)  follow  from  (130),  (132),  (126)  and 
(127);  the  wake-and  shock- jump  conditions 
(WJ)  and  (ShJ)  and  the  surface  pressure 
relations  (SP)  follow  after  the  foregoing 
small-diaturbance  scalings  are  introduced 
into  the  corresponding  nonlinear  steady 
and  linearized  unsteady  relations  derived 
in  this  chapter.  Note  that  steady  and 
unsteady  fluid  properties  must  satisfy  the 
periodicity  conditions  (36)  and.  (37),  and 
thus  it  is  sufficient  to  state  surface 
conditions  only  for  those  surfaces  associ¬ 
ated  with  the  reference  blade.  Also,  to 
within  the  order  of  approximation  used 
here,  the  flow  tangency,  surface-pressure 
and  wake-jump  relations  can  be  transferred 
to  a  flat-mean  surface  representation 
(i.e.,  the  x-axis)  of  the  steady-state  and 
instantaneous  reference  blade  and  wake 
positions.  Thus  the  flow  tangency  condi¬ 
tions  and  surface-pressure  relations  apply 
on  the  line  segments  y  -  i0,  0  <  x  <:  1, 
and  the  wake-jump  conditions  apply  on  y  « 
0  for  x  >  1.  The  shock-jump  conditions 
apply  at  the  mean  positions  of  the 
shock(s)  and  shock  ref lection( s )  that 
originate  at  the  reference  blade.  In  each 
case  below  the  first  shock-jump  relation 
follows  after  relations  based  on  the  mass 
conservation  and  irrotationality  condi¬ 
tions  are  combined,  while  the  second  rela¬ 
tion  follows  from  the  irrotationality 
condition  alone.  In  addition  to  the  sur¬ 
face  conditions,  the  small-disturbance 
equations  must  be  solved  subject  to  the 
requirements  that  disturbances  must  either 
attenuate  or  propagate  away  from  or  paral¬ 
lel  to  the  blade  row  in  the  far  field. 

Classical  Linearised  Theory 

The  classical  linearised  equations 
apply  at  subsonic  <  1)  or  supersonic 
(N^,  >  1)  inlet  Mach  numbers  and  at  the 
vibration  frequencies  of  interest  (i.e.,  u 
-  e(tn  for  turbomachlnery  flutter  appli¬ 
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cations.  In  this  approximation  first- 
order  steady  and  unsteady  disturbances  are 
independent  of  each  other  and  can  be  re¬ 
garded  as  being  of  the  same  order  of  mag¬ 
nitude  (i.e.,  4  ~  Ol€)).  Thus  the  linear¬ 
ized  unsteady  flow  ia  identical  to  that 
produced  by  a  vibrating  flat-plate  cascade 
in  which  the  blade  and  wake  mean  positions 
are  aligned  with  the  free-stream  flow. 
The  following  equations  govern  the  harmon¬ 
ic  unsteady  disturbance; 


(DE) 

(1  -  ML)4XX  +  4  yy  -  2iw  M^ 

♦x 

+  u2M?.  4-0; 

(133) 

(FT) 

4y  *  fi  +  iuft) 

(134) 

(WJ) 

M  • 0 

(135) 

and 

£p^|  -  0  or 

exp[  iu  (x-1 )]  j 

(136) 

(ShJ) 

o  - M~)  [♦*! 

+  (dx/dy)sh  [4y]|  -  0 

(137) 

and 

(dx/dy)sh  [♦x]+[*y]m  °> 

(138) 

and 

(SP) 

p  -  -(4X  +  iw4)  . 

(139) 

The  corresponding  steady-disturbance  equa¬ 
tions  can  be  obtained  from  (133)  through 
(139)  by  simply  setting  u  »  0  and  replac¬ 
ing  4,  f  and  p  by  f,  f  and  p  -  P-P  -  P- 

(ym Lr1. 

Weak  oblique  shock  (or  Mach)  waves 
occur  if  M_„  >  1.  These  shocks,  which 
emanate  from  blade  leading  and  trailing 
edges,  and  their  reflections  off  neighbor¬ 
ing  blades,  lie  on  .the  characteristic 
lines  x  ?  (M*.  -  I)1'2  y  -  constant,  and 
therefore  they  remain  stationary  in  the 
classical  linearized  approximation.  Be¬ 
cause  of  this,  and  if  we  exclude  the  phys¬ 
ically  unrealistic  situation  of  an  impul¬ 
sive  change  in  velocity  along  a  blade 
surface,  the  steady  and  unsteady  distur¬ 
bance  potentials  will  be  continuous  across 
the  shocks.  Finally,  it  is  worth  noting 
that  response  phenomena  associated  with 
incident  vortical  and  acoustic  excitations 
are  easily  incorporated  into  the  classical 
formulation  (133)  through  (139).  Zn  par¬ 
ticular,  it  is  only  necessary  to  add  terms 
to  the  right-hand-sides  of  the  flow-tan- 
genoy  equation  (134)  and  pressure-poten¬ 
tial  relation  (139),  which  cancel  the 
normal  velocitiea  induced  at  the  reference 
blade  surface  by  the  incident  wavea  and 
account  for  the  pressures  due  to  Incident 


acoustic  waves,  respectively  (see 
Whitehead  1970  or  Smith  1971). 

Over  a  period  extending  from  the  late 
1960s  through  the  1970s,  a  significant 
level  of  research  activity  was  focused  on 
the  development  of  semi-analytic  solution 
procedures  for  the  classical  linearized 
equations.  This  work  (see  the  introduc¬ 
tion  to  this  chapter  for  a  partial  list  of 
references)  has  resulted  in  the  availabi¬ 
lity  of  very  efficient  solutions  which  are 
now  used  extensively  in  turbomachinery 
flutter  and  resonant  stress  design  predic¬ 
tion  systems.  The  development  of  super¬ 
sonic  methods  was  motivated  by  the  occur¬ 
rence  of  so-called  "supersonic  unstalled 
torsional  flutter"  in  the  fan  stages  of 
modern  high-bypass  ratio  jet  engines. 
This  type  of  flutter  occurs  at  design 
operating  conditions  and  therefore  imposes 
a  limit  on  the  high  speed  operation  of  the 
machine.  Unsteady  supersonic  solutions 
for  unloaded  flat-plate  cascades  operating 
at  supersonic  relative  but  subsonic  axial 
inlet  velocities  have  been  found  to  give 
conservative  estimates  for  the  onset  of 
supersonic  unstalled  torsional  flutter, 
and  have  therefore  provided  engine  design¬ 
ers  with  an  effective  means  for  predicting 
and  controlling  its  occurrence.  This 
capability  has  proved  to  be  one  of  the 
most  significant  practical  benefits  gained 
from  the  use  of  theoretical  unsteady  aero¬ 
dynamic  prediction  methods. 

Related  Theories 

Modifications  to  the  foregoing  clas¬ 
sical  formulation  have  been  ^proposed  to 
treat  separated  subsonic  flows,  hiqh  fre¬ 
quency  transonic  flows  and  transonic 
(i.e.,  supersonic  inlet/subsonic  exit) 
flows  containing  strong  in-passage  shocks. 
In  the  flow-separation  model  (Perumal 
1976;  Chi  1980)  the  flow  is  assumed  to 
separate  at  a  prescribed  point  on  each 
blade  suction  surface.  The  only  change 
required  in  the  foregoing  unsteady  formu¬ 
lation  to  accommodate  this  separation  is 
the  imposition  of  a  constant  surface-pres¬ 
sure  condition,  in  lieu  of  the  flow  tan- 
gency  condition  (134),  on  the  suction 
surface  of  the  reference  blade  from  the 
point  of  separation  to  the  trailing  edge 
(i.e.,  on  y  «  +0  for  xgep  <  x  <  1).  Solu¬ 
tions  based  on  this  model  (see  Chi  1980) 
have  been  found  to  be  in  qualitative 
agreement  with  experimental  measurements 
of  unsteady  lift  and  moment  and  they  tend 
to  predict  observed  flutter  in  fans  in 
cases  where  subsonic  attached-flow  analy¬ 
ses  indicate  stability.  Thus,  although 
this  simple  flow-separation  model  Ignores 
many  of  the  complicated  features  of  un¬ 
steady  separated  flow,  it  may  contain  an 
essential  mechanism  for  the  occurrence  of 
subsonic  flutter  in  cascades  of  thin  high¬ 
ly-loaded  blades. 

tot  free-stream  Mach  numbers  close  to 
one  (I.e.,  |f-M*.|  -  O(f)  <<  1)  the  first 
term  In  the  differential  equation  (133)  is 


small  compared  to  those  remaining.  Hence, 
this  term  can  be  formally  neglected  to 
recover  the  linearized  equation  of  high- 
frequency  unsteady  transonic  flow  theory 
(see  Landahl  1961).  Surampudi  &  Adnmczyk 
(1984)  have  recently  developed  a  Wiener- 
Hopf  solution  technique  for  the  resulting 
unsteady  cascade  boundary-value  problem. 
With  this  procedure  they  have  determined 
analytical  results  that  are  in  agreement 
with  classical  subsonic  results  for  M_  ■ 
0.9  and  classical  supersonic  results  for 
M_„  «  1.1.  Hence,  their  unsteady  tran¬ 
sonic  analysis  may  bridge  the  gap  near  M_ 
-  1  between  separate  subsonic  and  super¬ 
sonic  unsteady  cascade  analyses. 

Finally,  Goldstein,  Braun  and 
Adamczyk  (1977)  have  provided  an  analysis 
of  unsteady  flow  through  a  supersonic 
cascade  in  which  a  strong  normal  shock 
appears  in  each  blade  passage.  These 
shocks  extend  from  the  lower  surface  and 
near  the  leading  edge  of  each  blade  to  the 
upper  surface  of  the  adjacent  blade  below. 
The  resulting  flow  configuration  approxi¬ 
mates  that  observed  in  the  tip  region  of  a 
loaded  supersonic  fan  rotor. 

The  free-stream  flow  upstream  of  the 
normal  shocks  is  supersonic,  with  subsonic 
axial  velocity  component,  while  that  down¬ 
stream  is  subsonic.  Away  from  the  shocks, 
the  steady  and  unsteady  disturbances  pro¬ 
duced  by  the  blades  and  their  motions  are 
regarded  as  small,  relative  to  the  uniform 
supersonic  and  subsonic  free-stream  flows, 
and  independent  of  each  other.  The  flow 
upstream  of  the  strong  normal  shocks  is 
irrotational,  while  the  unsteady  flow 
downstream  contains  both  a  rotational  as 
well  as  an  irrotational  component.  The 
upstream  supersonic  and  the  downstream 
irrotational  subsonic  unsteady  flows  are 
determined  as  solutions  of  the  classical 
linearized  supersonic  and  subsonic  equa¬ 
tions  respectively,  and  the  unsteady  irro¬ 
tational  and  rotational  solutions  in  the 
subsonic  region  are  connected  to  the  un¬ 
steady  solution  in  the  supersonic  region 
through  jump  conditions  which  are  applied 
at  the  normal  shocks. 

Analytical  predictions  based  on  this 
strong-shock  model  indicate  a  greater 
torsional  stability  margin  than  those 
based  on  the  completely  supersonic  model. 
This  result  is  consistent  with  experimen¬ 
tal  observations  of  an  increased  super¬ 
sonic  torsional  stability  margin  when  back 
pressure  is  increased.  In  addition,  the 
analytical  results  indicate  the  occurrence 
of  pure  bending  flutter  at  lower  frequen¬ 
cies.  This  flutter  is  partially  attri¬ 
buted  to  the  destabilising  effect  of  the 
concentrated  shock  loads,  and  it  haa  not 
been  revealed  by  purely  auperaonic  analy¬ 
ses  . 

Time-Linearised  Transonic  Plow  Theory 

The  tlme-linearlted  transonic  maII- 
disturbanco  approximation  applies  formally 
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at  free-stream  Mach  numbers  close  to  one 
i'nd  at  low  vibration  frequencies.  Here 
steady  and  unsteady  disturbances  are  as¬ 
sumed  to  be  small  and  very  small  respec¬ 
tively  relative  to  the  free-stream  flow. 
The  steady  disturbance  potential  is  deter¬ 
mined  by  a  nonlinear  field  equation,  and 
the  harmonic  unsteady  disturbance  poten¬ 
tial  is  determined  by  a  linear  equation 
with  variable  coefficients  which  depend  on 
the  underlying  steady  disturbance  field. 


The 

and 

following  equations  govern  the 
unsteady  transonic  disturbances 

steady 

t 

Steady  equations 

(DE) 

[1  -  M 

-»  ("1  +  1 *x]*xx 

+ 

?yy  "  0, 

(140) 

(FT) 

♦y  *  » 

(141) 

(WJ) 

1 

and 

o 

■ 

F"l 

i  ♦ 

i  i 

(142) 

[•]  -  M  TE  > 

(143) 

(ShJ)  [1  - 

M ?.  -  2m?.  <4x>)  px] 

1 

- 

[♦y]  (<ix/dy)sh  “  0 

(144) 

and 

(v 

|  (dx/dy)3h  +  [*y]  -  0  or  [♦“] 

■  0; 

(145) 

and 

(SP) 

P  - 

P  -  -  -*x-  — 

(146) 

Unsteady  Equations 

(DE) 

[1  -  M?. 

-  (Y  +  1)mL  fxl^XX  + 

♦  yy 

-  2iuM 

2.  4X  -  (Y  +  DM?.  fxx4x 

m 

!•“>£.  (2fx*x  -  (Y  -  Dfxx+]  -  “ 

(147) 

(FT) 

♦y  “ 

f ’t  ■  i«f±  > 

(148) 

(WJ) 

I 

and 

>y J  “  0 

(149) 

1 

♦x]  *  _1“  [♦]  1 

(150) 

(8hj)( i  -  m2.  ♦  (dx/dy)§h]  [*x] 

-  (ttt)M*.  [♦,♦,]•  2i«  «?.[♦] 

(151) 


and 

W  ‘  rx  [♦x]  »  M52) 

and 

(SP)  p  +  *x  -  l  ijyj  (x,t)  --iu*.  (153) 

Here  the  symbol  <  >  denotes  the  average 
value  of  a  quantity  at  the  shock,  rx  is 
the  shock  displacement  in  the  free-stream 
direction  and  the  enharmonic  shock  load 
p^g  is  evaluated  in  the  manner  indicated 
by  equations  (98)  through  (100). 

Two  features  of  the  foregoing  tran¬ 
sonic  equations  require  further  comment. 
First,  the  terms  on  the  right-hand-sides 
of  (147),  (148),  (150)  and  (153)  are  for¬ 
mally  of  higher  order  than  those  on  the 
left.  Hence,  the  former  should  be  elimi¬ 
nated  for  a  strict  observance  of  the 
transonic  order  -of-magnitude  analysis. 
However,  these  terms  are  often  retained  in 
time-linearized  transonic  approximations 
in  an  attempt  to  extend  their  range  of 
application  to  include  moderate  vibration 
frequencies  (see  Pung,  Yu  6  Seebass 
1978) . 

Second,  the  jump  conditions  (144)  and 
(151)  have  been  derived  by  enforcing  the 
mass  conservation  law  at  shocks.  However, 
these  conditions  differ  from  those  usually 
imposed  in  time-linearized  transonic 
analyses  because  the  latter  are  derived 
from  a  different  conservation  requirement. 
In  particular,  the  steady  and  time-linear¬ 
ized  unsteady  shock  jump  conditions  are 
usually  derived  from  a  conservation  law 
based  on  the  nonlinear  transonic  small- 
disturbance  equation;  i.e., 

[1  -  M^,  -  (y  +  1)m2,  ♦x]4xx  +  4yy 

-  2ml  4XX  -  ml  [*tt  +  2;x;xt 

+  (y-1  >♦*„],  MS4) 

where  4(x,y,t)  is  the  time-dependent  dis¬ 
turbance  potential.  The  resulting  jump 
conditions  (see  Hafez,  Rizk  &  Murman  1977 
and  Bhlers  &  Weather ill  1982)  are 

[1  -  M?.  -  (y  +  1)m2.  <♦" x>]  [♦„] 

-[♦y]  (dx/dy)sh  -  0  (155) 

and 

[1  -  M^  +  (dx/dy)|h]  [♦„  +  rx*xJ 
-  (y+DmL  pxUx  +  rx4xx>] 

+2  [♦*]  (dx/dy)|h  drx/dy 

■  llulli,  p]  , 


(156) 


respectively.  Equations  (152)  and  (156) 
are  the  ones  usually  imposed  in  the  time- 
linearized  transonic  approximation  to 
determine  the  jump  in  the  unsteady  poten¬ 
tial  at  the  mean  shock  location  and  the 
shock  displacement  in  the  streamwise  di¬ 
rection. 

Numerical  field  methods  for  solving 
the  transonic  small-disturbance  equations 
have  received  extensive  development  since 
the  early  1970s.  In  particular,  time 
(Fung  s  Yu  i  Seebass  1978)  and  frequency 
(Ehlers  i  Weatherill  1982)  domain  finite- 
difference  methods  have  been  determined 
for  time-linearized  transonic  flows,  with 
movinc  shocks,  around  isolated  airfoils. 
Unfortunately,  such  developments  have  been 
directed  primarily  toward  external  aero¬ 
nautical  applications  and  solution  methods 
for  cascade  flows  are  only  beginning  to 
appear  (see  Kerlick  6  Nixcn  1982;  Vogeler 
1984;  Re  &  Zhou  1984).  It  should  be 
noted,  however,  that  the  large  mean-flow 
gradients  and  high-frequency  unsteady 
fluctuations  typical  of  transonic  flows  in 
turbomachines  may  limit  the  usefulness  of 
the  time-linearized  transonic  approxima¬ 
tion  for  turbomachinery  aeroelastic  appli¬ 
cations  . 


CONCLUDING  REMARKS 

In  this  chapter  we  have  outlined  the 
importance,  complexity  and  variety  of  the 
unsteady  flow  phenomena  occurring  in  axi¬ 
al-flow  turbomachines,  the  major  assump¬ 
tions  used  in  theoretical  aerodynamic 
formulations  intended  for  aeroelastic 
Investigations,  and  the  requirements 
placed  on  such  formulations.  Because  of 
their  extensive  development  for  aeroelas¬ 
tic  applications,  the  emphasis  here  has 
been  placed  on  the  description  of  linea¬ 
rized  two-dimensional  unsteady  aerodynamic 
theories  and,  in  particular,  on  the  deri¬ 
vation  of  a  rather  general  linearization 
which  fully  accounts  for  the—effects  of 
blade  geometry,  mean  blade  loading  and 
shocks  and  their  motions  on  the  aerodyna¬ 
mic  response  to  prescribed  structural  and 
aerodynamic  excitations.  The  equations  of 
classical  linearized  subsonic  or  superso¬ 
nic  flow  theory  and,  for  the  most  part, 
those  of  time-linearized  transonic  flow 
theory  have  been  recovered  as  special 
cases  of  this  general  linearization. 

In  the  more  general  theory,  the  un¬ 
steady  flow  is  regarded  as  a  small-ampli¬ 
tude  harmonic  perturbation  of  a  nonuniform 
isentropic  and  irrotational  steady  flow. 
Thus  steady-state  values  of  the  fluid 
properties  are  determined  from  the  solu¬ 
tion  of  a  nonlinear  boundary-value  problem 
containing  only  a  single  differential 
field  equation  (l.e.,  the  full-potential 
equation).  The  boundary-value  problem  for 
the  linearized  unsteady  flow  contains  a 
system  of  three  differential  field  equa¬ 
tions.  In  both  problems  boundary  condi¬ 
tions  are  imposed  at  the  mean  positions  of 


blade,  shock  and  wake  surfaces  and  along 
axial  stations  placed  at  finite  distances 
upstream  and  downstream  from  the  blade 
row.  The  unsteady  equations  are  linear, 
time-independent  and  contain  variable 
coefficients  which  depend  on  the  underly¬ 
ing  steady  flow.  These  equations  can  be 
solved  sequentially  to  determine  the  en- 
tropic,  vortical  and  velocity  potential 
fluctuations  throughout  a  single  extended 
blade-passage  solution  domain.  This  solu¬ 
tion  then  provides  the  necessary  informa¬ 
tion  to  predict  the  unsteady  responses  at 
a  blade  surface  (surface  pressures,  rela¬ 
tive  shock  displacements  and  global  un¬ 
steady  airloads)  and  in  the  far  field 
(outgoing  acoustic  waves  and  convected 
entropic  and  vortical  disturbances)  which 
arise  from  prescribed  unsteady  excitations 
( self-excited  blade  motions  and  incident 
entropic,  vortical  and  acoustic  distur¬ 
bances)  . 

The  intention  here  has  been  to  pro¬ 
vide  a  relatively  complete  linearized 
inviscid  unsteady  aerodynamic  formulation 
for  isolated  two-dimensional  blade  rows 
which  could  serve  as  a  basis  for  future 
research  on  the  development  of  numerical 
solution  methods  and  more  comprehensive 
linearized  aerodynamic  formulations. 
However,  a  number  of  issues  still  persist 
relative  to  the  two-dimensional  inviscid 
problem,  which  require  further  study  and 
clarification.  A  partial  list  includes; 
the  approximation  of  strong  shock  behavior 
within  a  potential  mean-flow  formulation; 
the  prediction  of  oblique  Bhock  motions; 
the  inclusion  of  closed  form  expressions 
for  the  linearized  entropy  and  rotational 
velocity  fluctuations  In  the  unsteady 
formulation,  and  the  determination  of 
useful  analytical  representations  for  the 
unsteady  potential  in  the  far  field  at 
transonic  (M  **  1)  and  supersonic  free¬ 
st  ream  Mach  numbers. 

Numerical  results  have  been  presented 
in  this  chapter  to  demonstrate  several 
important  effects,  associated  with  nonuni¬ 
form  steady  flow  phenomena,  on  the  linea¬ 
rized  unsteady  response  at  a  moving  blade 
surface  and,  to  some  extent,  the  current 
stetus  of  numerical  solution  methods  for 
steady  and  linearized  unsteady  cascade 
flows.  It  is  again  to  be  emphasised  that 
significant  improvements  in  such  methods 
are  required  before  reliable  and  efficient 
linearized  unsteady  response  information 
can  be  provided  for  the  wide  range  of 
geometric  configurations  and  flow  condi¬ 
tions  of  interest  to  turbomachinery  de¬ 
signers.  Some  needed  capabilities  include 
the  ability  to  predict  transonic  flows 
(i.e.,  subsonic  flows  with  embedded  super¬ 
sonic  regions)  through  fan  and  compressor 
cascades  operating  at  high  mean  incidence, 
supersonic  flows  with  complex  moving  shock 
patterns,  and  the  high-frequency  unsteady 
flows  associated  with  incident  vortical, 
entropic  and  acoustic  disturbances. 

An  important  step  has  been  taken 
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recently  to  assist  in  the  validation  of 
the  reaulta  of  future  theoretical  and 
experimental  unateady  aerodynamic  reaearch 
programs.  Thia  concerna  the  eatabliahment 
of  a  theoretical  and  experimental  data 
base  for  a  series  of  nine  two-dimensional 
and  quasi  three-dimensional  standard  cas¬ 
cade  configurations.  The  reader  is  refer¬ 
red  to  the  reports  by  Pransson  ~T  Suter 
(1983)  and  Pransson  (1984)  for  detailed 
information  on  this  effort.  Hopefully,  it 
will  be  continued  and  expanded  upon  in  the 
future. 

The  considerable  advances  made  over 
the  past  two  decades  in  computing  nonline¬ 
ar  aerodynamic  flows  suggest  that  complete 
and  reliable  time-accurate  solutions  for 
nonlinear  unsteady  flows  through  two-  and 
three-dimensional  cascades  may  become 
available  in  the  near  future.  However, 
the  computing  expense  associated  with  such 
simulations  and  the  numerous  combinations 
of  geometric,  aerodynamic  and  structural 
parameters  that  must  be  analyzed  will 
continue  to  prohibit  their  use  in  detailed 
aeroelastic  applications.  There  will, 
therefore,  be  an  ongoing  need  to  develop 
more  complete  linearized  formulations  and 
solution  methods.  Major  advances  in  our 


ability  to  predict  turbomachinery  aero¬ 
elastic  behavior  should  result  if  future 
research  is  directed  toward  including,  in 
a  rational  manner',  the  effects  of  viscid/ 
inviscid  interactions  and  large-scale 
flow- separations  within  a  linearized  un¬ 
steady  aerodynamic  framework.  Ultimately, 
linearized  analyses,  which  account  for 
nonuniform  steady  flow  and,  perhaps,  vis- 
cid/inviscid  interaction  phenomena  should 
be  extended  to  treat  three-dimensional 
unsteady  flows. 
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INTRODUCTION 

This  chapter  presents  some  solutions 
of  the  basic  equations  derived  in  the 
previous  chapter  using  methods  which  have 
become  rather  widely  used  and  accepted. 
The  flow  is  assumed  to  be  two-dimension¬ 
al.  reversible.  and  isentropic.  The 
methods  rely  on  being  able  to  build  up 
the  required  flow  from  simple  analytical 
solutions,  and  this  can  be  done  if  either 
the  fluid  is  incompressible  or  if  the 
flow  contains  only  small  perturbations  of 
a  uniform  flow.  In  the  latter  case  the 
blades  are  assumed  to  be  flat  plates 
operating  at  zero  incidence,  so  that  the 
effects  of  camber  and  thickness  cannot  be 
treated. 

The  notation  used  is  essentially  the 
same  as  was  used  in  the  chapter 
"Linearized  Unsteady  Aerodynamic  Theory" 
by  J.  Verdon.  But  the  technique  of  making 
all  variables  dimensionless,  by  scaling 
with  respect  to  the  blade  chord  (c)  and 
the  far  upstream  velocity  (V„),  will  not 
be  used  in  this  chapter  because  it  is 
felt  that  in  this  context  there  is  a  gain 
of  physical  understanding  by  working  with 
the  dimensional  variables.  u  is  there¬ 
fore  the  angular  frequency  of  vibration 
in  radians  per  second,  and  a  non-dimen¬ 
sional  frequency  parameter  \  will  be 
used,  given  by  X  ”  ec/V»  .  In  the 
linearized  theory  the  symbol  U  will  be 
used  as  an  alternative  to  V„  • 


In  this  chapter  no  attempt  is  made  to 
show  how  the  theory  has  been  built  up  by 
many  authors  over  several  decades. 
Here,  only  references  to  primary 
sources  will  be  quoted.  During  the 
earlier  part  of  the  chapter  many  of 
these  references  are  to  the  work  of  the 
author  of  this  chapter  and  hie  students, 
and  this  calls  for  some  apology.  But  it 
was  felt  that  only  in  this  way  could  this 
author  give  a  reasonably  connected  ac¬ 
count  of  the  theory.  There  are  many 
other  equally  valid  ways  of  presenting 
the  material,  and  the  literature  is  sub¬ 
stantial. 

UNSTEADY  THIN  AEROFOIL  THEORY,  BOUND  AND 
FREE  VORTICITY 

Consider  a  cascade  of  flat  plates 
operating  at  zero  incidence  (Figure  1) 
so  that  the  unsteady  effects  are  small 
perturbations  of  a  uniform  flow.  There 
is  a  jump  in  vx  across  each  blade,  and 
the  blades  are  therefore  equivalent  to 
vortex  sheets.  If  Yt  is  the  total 
strength  of  the  vortex  sheet 

Yt  -  vx_-vx+  (1) 

Where  the  -  and  +  suffices  refer  to 
lower  and  upper  surfaces  of  the  blade. 

The  total  circulation  round  the 

blade  is  /°  yv  dx  ,  and  since  this 
o 


V 

Fig.  1.  Notation. 


.v; 


varies  sinusoidally  with  time  there  will 
be  a  vortex  sheet  shed  from  the  trailing 
edge  which  is  convected  downstream  at  the 
mainstream  velocity,  U  . 

The  whole  flow  may  be  considered  as 
being  due  to  the  vorticity  which  replaces 
the  blades  and  their  wakes.  The  essence 
of  the  thin  aerofoil  theory  is  to  find 
what  vorticity  distribution  will  give  the 
correct  upwash  velocity  so  as  to  satisfy 
the  boundary  conditions  at  the  aerofoil 
surface  and  in  the  wake. 


-  -  i  h  <*-  -  p+>  eiut 

-  {iu.(Y+e)  +  0  +  U  eiut 


■  U 


iwt 

dx 


from  Equation  (4). 


Although  it  is  perfectly  legitimate 
to  regard  the  total  strength  of  the 
vortex  sheet  Yt  as  the  primary  vari¬ 
able,  there  is  another  way  which  is  in 
practice  more  convenient.  Consider  an 
element  of  bound  vorticity  y(x-)-4x  eiut 
at  a  point  (x,o)  on  the  reference  aero¬ 
foil.  Since  the  strength  varies  sinu¬ 
soidally  with  time,  there  will  be  a  sheet 
of  free  vorticity  e  ei“t  shed  from  the 
element  and  extending  far  downstream. 
During  a  small  time  interval  ft  the 
strength  of  the  element  of  bound 
vorticity  changes  by  an  amount 

y(x)  ix  e^“t  iw  it  . 

This  is  equal  in  magnitude  and  opposite 
in  sign  to  the  free  vorticity  appearing 
in  the  time  it,  during  which  the  shed 
sheet  moves  back  a  distance  U  it. 
Hence  just  behind  the  element  of  bound 
vorticity,  the  strength  of  the  sheet  of 
free  vorticity  is 


Uit 

Since  the  Whole  sheet  of  free 
vorticity  moves  back  at  the  speed,  U  , 
the  strength  at  (xj_  ,  0)  is 


Integrating,  and  noting  that  the 
constant  of  integration  is  zero  since 
both  y  and  (P-  ~  P+)  are  zero  off  the 
blade 

(P-  “  P+)  ■  -  pUY  •  (6) 

It  can  now  be  seen  why  bound 
vorticity,  y  ,  La  a  more  convenient 
primary  variable  than  total  vorticity 
Y£  •  In  the  wake  y  Is  zero  whereas  Yt 
is  not.  Also,  in  subsonic  flow  a  Kutta 
condition  is  applied  so  that  (P_“  P+)  is 
zero  at  the  trailing  edge,  and  therefore 

Y  is  also  zero  there.  In  addition,  the 
force  and  moment  on  the  blade  are  readily 
obtained  from  y  . 

f  ■  /C  (P_“  P+)  dx  -  -  pU  JC  ydx  ,  (7) 

y  o  o 

and 

c  c 

m  -  /  (p_-  p  )  xdx  -  -  pU  J  yxdx  .  (8) 

o  "  T  o 

Since  bound  vorticity  is  equivalent 

to  pressure  jump  across  the  blade, 
theories  presented  in  terms  of  pressure 
dipoles,  or  dipoles  of  acceleration 
potential,  are  formally  equivalent  to 

theories  presented  in  terms  of  bound 
vorticity. 


«<*!>  elut  -  (2) 

-  y ( x )  «x  eiutt+ 

At  the  point  (xi  ,  0)  the  sheet  of 
free  vorticity  gets  contributions  from 
all  the  elements  of  bound  vorticity  up  to 
that  point.  Hence 


If  an  element  of  bound  vorticity 
Y ( x )  dx  at  the  point  (x,0)  on  the 
reference  blade  is  considered,  together 
with  corresponding  elements  on  all  other 
blades,  and  also  the  sheets  of  free 
vorticity  shed  from  all  these  elements, 
then  the  velocity  in  the  y  direction 
induced  at  the  point  (x',0)  may  be 
written 


e(x.)  -  -  iff  Z*1  y(x)  eiu{x-*l)/Udx.  (3) 
u  0 

Multiplying  by  e^“xi  ,  differ¬ 

entiating  with  respect  to  xj  and 
simplifying  gives 

fj  +  <Y+c)  -  0  ,  {4) 

or  — 


since  the  total  voruity  Yt  given  by 
Tt  *  T  ♦  *  •  (5) 

Writing  the  linearized  x  momentum 
equation  for  a  point  just  below  the 
blade,  and  for  a  point  just  above  the 
blade  and  .nbtraeting  gives 


vy(x-)  ■  —  K  )y(x)  dx  .  (9) 

Integrating  for  all  elements  along 
the  chord 


vfx’)  -  |  J°  K  (X‘  i  X)t(x)  dx  .  (10) 
y  —  o 

The  evaluation  of  the  kernel  func¬ 
tion  K  will  be  the  main  concern  of  the 
next  six  sections,  but  for  the  present  it 
may  be  assumed  to  be  known. 

The  upwash  velocity  Vy(x')  is  also 
known.  There  are  two  cases  of  main 
interest. 

For  bending  vibration  normal  to  the 
chord,  if  the  blado  displacement  ia 
hyeiefc  than  velocity  must  match  the  up- 
wish  velocity,  so  that 
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vy(x')  =  i(uhy  =  hy  .  (11) 

Bending  vibration  parallel  to  the  chord 
has  no  effect  in  thin  aerofoil  theory. 

For  torsional  vibration  of  the 
blades  about  the  origin  at  the  leading 
edge,  if  the  angular  displacement  is 
a  elut  (anticlockwise  positive),  then  the 
velocity  normal  to  the  blade  at  a 
distance  x'  from  the  axis  is 

(Vy(x')  -  aU)  eiut  =  ( x ' a  eiut)  . 

Hence 


vy(x’)  =  a  (U  +  iwx')  .  (12) 

There  are  other  upwash  velocity 
distributions  which  are  often  of 
interest,  due  to  incoming  acoustic  waves 

and  incoming  vorticity  waves. _ These 

waves  are  considered  in  the  sections 
"Fundamental  Acoustic  Wave  Solutions"  and 
"Vorticity  Wave  Solutions". 

In  Equation  (10)  therefore  the  vy 
function  and  the  K  function  are  known. 
Equation  (10)  is  therefore  an  integral 
equation  for  the  unknown  bound  vorticity 
distribution  y  •  it  will  be  solved 
numerically  by  specifying  y  at  N 
suitably  chosen  points  along  the  chord, 
and  then  making  the  upwash  velocities 
match  at  N  other  suitably  chosen 
points.  More  particulars  of  a  solution 
procedure  will  be  given  in  the  sections 
"Solution  for  Subsonic  Cascade"  and 
"Solutions  for  Supersonic  Cascade",  but 
first  the  calculation  of  the  kernel 
function  will  be  considered. 


KERNEL  FUNCTION  FOR  INCOMPRESSIBLE  FLOW 


If  the  fluid  is  assumed  to  be 
incompressible,  the  velocities  induced 
by  vortices  may  be  calculated  by  the 
Biot-Savart  law.  The  vy  velocity  in¬ 
duced  at  the  point  (x'  ,  0)  by  a  vortex 
of  strength  rm  eiwt  at  the  point  (xm,  ym) 
is 


r 

m 

t; 


(X-  - 


x  ) 

rn 


(x*  -  X  )2  +  y  2 
m  m 


If  the  vortex  on  the  reference 
blade  at  (x  ,  0)  has  strength  rD  ,  then 
the  strength  of  the  corresponding  vortex 
on  the  mth  blade  is  given  by 


Where  a  is  the  inter-blade  phase 
angle.  The  position  of  this  vortex  is 
given  by 


xm  ■  ms  sinO  +  x  , 
ym  -  ms  cos  6  . 

Summing  the  effect  for  alf  blades 

gives 


ro  r+-  e 

”  77  A— 


elwa(x '  -  x 


ms  sine) 


■x-ms  sine)2+(ms  cos0)2 


This  may  be  written 
vy  *  Vt2^-—) 


(13) 


where 


i  +» 

V{2>  "  77 


eimo  (2  _  m  e£na  s/c) 
'(z-m  sin0s/c)2+(m  cos0s/c)‘ 


This  series  can  be  summed  analyti¬ 
cally.  The  result  for  0  <  a  <  2*  is 


V(z)  = 


(14) 


c  exp{-  (x-o)(cos6  +  isinO)zc/s  +  ie) 
7s  sinh { tt  (cose  +  isin9)zc/s} 


+ 


c  exp{  +  (n-o)(co86  -  isingjzc/s  -  i8) 
Ti  sinh Tn  (cose  -  isin0)zc/s) 


The  case  of  zero  phase  angle  is 
special  because  a  row  of  unsteady  vor¬ 
tices  produces  non-zero  induced  veloci¬ 
ties  far  upstream  and  downstream.  In 
order  to  deal  with  this  case,  and  have 
zero  induced  velocity  far  upstream  of  the 
row  of  vortices,  it  is  necessary  to  re¬ 
place  V(z)  by  (V(z)-V(-») ) . 


Equation  (13)  may  be  used  to  evaluate 
the  upwash  velocity  induced  by  both  the 
elements  of  bound  velocity  ydx,  and 
also  the  corresponding  sheets  of  free 
vorticity  given  by  equation  (2) 

Vy  (  X  *  )  V 


_  iwjdx  eio)(x-Xj  )/U  v(  *l)dXl 

Uc  '  x  c 


Comparing  this  with  equation  (9)  and 
rearranging  gives 

K(z)  -  V(z)  -  iXe_iX21  f*m  elx*i  VU^dZj 

(15) 


where  X  -  wc/U  is  the  frequency  para¬ 
meter.  This  is  the  required  expression 
for  the  kernel  function  in  equation  (10). 
The  first  term  gives  the  effect  of  the 
bound  vorticity,  and  the  second  term 
gives  the  effect  of  the  shed  sheets  of 
free  vorticity. 


This  is  as  far  as  the  incompressible 
solution  will  be  taken,  since  it  is 
regarded  as  having  been  superceded  by  the 
methods  for  subsonic  compressible  flow. 
Techniques  for  solving  the  integral 
aquation  will  be  discussed  in  the  section 
"Solution  for  Subsonic  CascaJe".  A  series 
method  for  evaluating  the  infinite 
integral  in  equation  (15)  has  been  given 
by  Whitehead  (1960). 


I 


V 


ft:' 

t::. 
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FUNDAMENTAL  ACOUSTIC  WAVE  SOLUTIONS 


The  equation  governing  the  unsteady 
velocity  potential  for  small  deviations 
from  a  uniform  mean  flow  has  been  derived 
in  the  previous  chapter  by  Verdon  (equa¬ 
tion  133)  and  is 


d  _  M2)  -5-4  +  iii  -  M  14  +  ml  4 

3x2  3y  2  A  3x  A2 


0, 


where  x  and  y  are  measured  parallel 
and  perpendicular  to  the  mean  flow. 
Referred  to  the  axial  and  circumferential 
axes,  coordinates  £  and  n  ,  this 
equation  becomes 


d-H.hfif  ♦  a-; 

-2  r{MC  H  +  Mn  tJ>  +  e  0  (16) 


where 


=  (Mn  ±  (l-M52)l/2}/(l-M2)  (24) 

then  the  waves  are  just  on  the  verge  of 
propagating.  This  is  known  as  the  “cut¬ 
off"  or  "resonance"  condition. 

In  order  to  apply  the  boundary  condi¬ 
tions  correctly  it  is  necessary  to  deter¬ 
mine  the  direction  in  which  the  propagat¬ 
ing  acoustic  waves  carry  energy.  To  do 
this  it  iB  convenient  to  consider  axes 
0£'n‘  »  which  are  parallel  to  the  0£n 
axes,  but  which  move  with  the  mean  velo¬ 
city  of  the  fluid.  Relative  to  these 
axes,  the  wave  propagates  at  a  speed  A 
and  at  an  angle  4  as  shown  in  Figure  2. 
The  velocity  potential  is  therefore  of 
the  form 


4  eii»'(t  -  £'  cos 4/ A  -  n'  sin+/A)  (25) 


M  £  =  M  cos  0 , 

and  Mn  »  m  sin  6. 

The  required  solution  is  of  the  form 

4  =  4  ei(a£  +  0n)  (17) 

where  a  and  8  are  the  wave  numbers  in 
the  axial  and  circumferential  directions. 


where  w'  is  the  intrinsic  frequency,  the 
frequency  seen  by  an  observer  moving  with 
the  fluid.  Note  that  the  angle  4  gives 
the  inclination  of  the  wavefronts,  and  is 
not  the  direction  of  energy  propagation 
relative  to  fixed  coordinates. 

On  switching  to  fixed  axes,  £  ■*  £'  + 
MrAt,  n  “  n*  +  MnAt  ,  so  that  the  poten¬ 
tial  is 


Substituting  this  in  equation  (16) 
gives 

a2  +  02  -  (aM?  +  0Mn  +  ui/A)  2  “  0  .  (18) 

The  solution  being  looked  for  has  a 
phase  angle  0  between  any  blade  and  its 
next  above  neighbour,  so  that  all  vari¬ 
ables  are  multiplied  by  exp(io)  on 
going  a  distance  s  in  the  circumferential 
direction.  Hence  0  is  always  real  and 
is  given  by 

B  ■  ( 0  -  2nr )/s  (19) 


4  eiwt  n  4  ei(ut  +  a£  +  0n) 

*>  4  ei{(<u  +  aM^A  +  0MnA)t  +  a£ 1  +  0n')  . 
Comparing  this  with  equation  (25)  gives 


0)  ‘  “ 

a  +  aM^A  +  0MnA  , 

(26) 

a  - 

-  «*  cos  4/A  , 

(27) 

8  - 

—  u ' sin4/A  . 

(28) 

If  a  and 
equations  the 

0  are  eliminated  from 
result  is 

these 

where  r  is  any  integer. 


»'  ■  v:/{l  +  M  cos  (0-4)}  •  (29) 


Equation  (18)  is  then  a  quadratic 
equation  for  a  ,  and  the  solution  for 
a  is 

a  “  [M5(0Mn  +  «/A)  t  ((0Mn  +  w/A) 2  - 

(1-MC2)$2>  ]/(l-M<r2)  .  (20) 

if  (BMr,  +  u/A)  2  -  (1  -  M52)02>  0  (21) 

there  are  two  real  roots  for  a  .  This 
corresponds  to  waves  propagating  with 
constant  amplitude,  and  it  will  be  shown 
that  one  root  corresponds  to  waves 
travelling  upstream  and  the  other  root 
corresponds  to  waves  travelling  down¬ 
stream  (provided  M£  <  1). 

If  (BMr,  *  u/A) 2  -  (1  -  Mc2)82«  0  (22) 

there  are  two  complex  roots  for  a  .  One 
root  corresponds  to  a  disturbance  which 
grows  exponentially  in  the  axial  (posi¬ 
tive  £  )  direction,  and  the  other  root 
corresponds  to  a  disturbance  which  decays 
exponentially  in  the  axial  direction. 

If  <«H„  ♦  fc/A)2  -  (l  -  Mt2)fl2  -~0  (23) 


This  equation  shows  that  in  Bubsonic  flow 
u’  is  always  positive,  but  that  in  super¬ 
sonic  flow  there  are  some  directions  of 
wave  propagation  (for  instance  4  -  6+w) 
for  which  a*  becomes  negative. 


Fig.  2.  Wave  Propagation. 
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The  group  velocity  in  the  axial 
direction,  which  is  also  the  rate  of 
axial  transfer  of  wave  energy,  is  then 
given  by  the  sum  of  the  convection 
velocity  and  the  axial  propagation 
velocity,  and  is 

or  =  M^A  +  Acosiji  (30) 

=  MrA  -  A2  a/w ' 

(31) 

=  ?  (U  +  6  MnA)2  -  ( 1-M^2 ) 02A2)*/2/w', 

where  equations  (26)  and  (20)  have  been 
used . 

At  the  resonance  or  cut-off  condition 
given  by  equation  (23) 

M  £  +  cos  t[i  <*  0 

so  that  equation  (30)  shows  that  c^  =  0, 
and  the  waves  carry  energy  in  a  purely 
circumferential  direction,  so  that  in  a 
machine  the  energy  propagates  round  the 
machine  but  none  is  lost  by  radiation  in 
an  axial  direction.  It  will  be  found 
that  at  this  point  the  acoustic  waves  can 
reach  large  amplitudes  and  the  solutions 
become  singular. 

In  subsonic  flow,  propagating 

acoustic  waves  occur  over  the  range  of  B 
given  by 

Mn  -fl  -  Me2)*'2  ab  Mn  +  (l  - 

1  -  m2  ~  1  -  M2  -(32) 

Outside  this  range  decaying  waves  occur. 
Within  this  range,  since  u'  is  always 
positive,  equation  (31)  shows  that  the 
upper  sign  in  equations  (20)  and  (31) 
corresponds  to  waves  carrying  energy  up¬ 
stream,  with  negative  cx 

If  the  flow  is  supersonic  (M>1),  but 
with  subsonic  axial  velocity  (M^<i), 
then  propagating  acoustic  waves  occur 
over  the  ranges  of  0  given  by 

¥  < <33’ 

2  1/2 

AB  -Mn  +(1  -  Mr  ) 

and  .  (34) 

Between  these  two  regimes  a  range  of 
decaying  waves  occurs.  Assuming  that 
M  n>o  ,  within  the  range  given  by 
equation  (33)  some  analysis  shows  that 
u>‘  is  negative  for  both  waves,  so  that 
the  lower  sign  in  equations  (23)  and  (31) 
corresponds  to  waves  carrying  energy  up¬ 
stream  with  negative  cx  .  Within  the 
range  given  by  equation  (34),  w'  is 
positive  for  both  waves  ar.d  the  upper 
sign  in  equations  (20)  and  (31)  cor¬ 
responds  to  waves  carrying  energy  up¬ 
stream. 

If  the  axial  velocity  is  supersonic 
(Mjr  >  l)  the  waves  always  propagate,  and 
since  cx  is  always  positive  they  always 
carry  energy  downstroam  and  thero  is  no 
resonance  condition. 

For  those  acoustic  waves  the  velocity 
perturbations  are  given  by 


The  pressure  perturbation  may  be  ob¬ 
tained  from  the  momentum  equation 


)  v,  +  i  l£  .  o 


and  is 


‘  (38) 

Since  the  fluctuations  are  isentropic 
the  density  perturbation  is  given  by 


If  the  effects  of  incoming  acoustic 
waves  are  to  be  calculated,  then  the  sum 
of  the  upwash  velocities  normal  to  the 
chord  due  to  the  bound  and  free  vortici- 
ty,  Vy(x')  and  due  to  the  incoming  wave 
must  be  zero.  Hence 

Vy(x')  -  v^i  sine  +  vni  cose  =  0 

where  the  suffix  i  refers  to  the  in¬ 
coming  wave.  Using  equation  (38) 

Pi  Be  cos  8  -  gc  sine 
Vy(x  )  “  x  +  ac  cose  +  gc  sine 

This  can  be  evaluated  for  each  of  the 
pair  of  the  waves  corresponding  to  a 
given  value  of  B  •  For  unit  value  of 

Pi/pU  at  the  origin 

.  ,  .  Be  cos  9  -  gc  sine 
vV(x  ’  “  \  +  ac  cos"e  +  gc  sine  * 

(40) 

exp  i ( a  cose  +  8sin0)x' 

VORTICITY  WAVE  SOLUTIONS 

In  addition  to  the  acoustic  wave 
solutions  discussed  in  the  last  section, 
the  continuity  and  momentum  equations 
also  admit  of  solutions  which  include 
vorticity,  but  have  no  pressure  or 
density  perturbation.  For  these  solu¬ 
tions  the  velocity  potential  does  not 
exist  and  the  disturbances  are  convected 
downstream  at  the  mean  fluid  velocity. 
These  solutions  therefore  have 

p  -  0,  p  ■  0  .  (41) 

The  required  solution  is  of  the  form 

m  const  ei(wt  +  a£  +  Bn) 

Putting  these  in  the  momentum  equation 
(37)  gives 


so  that 


w  +  Vja  +  Vn0  ■  0, 


a  -  -  U  +  V„  $)/Vc. 


Since  there  is  no  density  perturba¬ 
tion,  the  continuity  equation  can  be  used 
in  its  incompressible  form 

SVrjVn 

7t  +  ir  •  °* 


V5  -  -  la*  , 


to  give 


®vt  ♦  «v„  -  0. 
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Since  these  vorticity  wave  solutions 
have  no  pressure  or  density  perturba¬ 
tions,  they  are  unaffected  by  compres¬ 
sibility  effects  and  apply  at  all  Mach 
numbers. 


The  force  and  moment  on  the  blades, 
due  to  wakes  from  some  obstructions  up¬ 
stream  which  are  in  motion  relative  to 
the  blades,  are  often  required  in  order 
to  calculate  the  forced  vibration.  A 
Fourier  analysis  of  the  wake  profile  in 
the  n  direction  may  be  carried  out,  and 
each  term  corresponds  to  a  vorticity  wave 
of  the  type  considered  in  this  section. 
The  sum  of  the  upwash  velocities  normal 
to  the  chord  due  to  the  bound  and  free 
vorticity,  vy(x')  and  due  to  the  in¬ 
coming  vorticity  wave  must  be  zero. 


Hence 


vy(x*)  -  vti  sine  + 

vni  cose  ■»  0, 

where  the  suffix  i 
coming  wave. 

refers  to  the 

in- 

Using 

equations 

(42)  and  (43) 

this 

gives  for  a 

velocity 

vw  normal  to 

the 

chord  at  the  origin 


Vy(x')  ■  -  vw  exp  (-iux’/U) 
■»  -  vw  exp  (-ilx'/c), 


(44) 


+« 

-  r0  eWe  l  4 („_„.) 

since  the  delta  function  is  only  non-zero 
when  n-ms  ■  0  .  Hence 

Y  -  rQ  eino/s  d/8)  £  e-i2srn/s 

r»-« 


by  example  38  of  Lighthill  (1958).  Hence 


y  m  £2  ei(o-2xr)n/8 

s  r*-» 


(46) 


Each  term  of  this  series  is  sinu¬ 
soidal  in  the  n  direction,  and  there¬ 
fore  the  solutions  of  the  sections 
"Fundamental  Acoustic  Wave  Solutions"  and 
"Vorticity  Wave  Solutions"  may  be  matched 
to  it.  Upstream  of  the  row  of  vortices 
only  the  upstream  going  acoustic  wave,  or 
alternatively  the  wave  which  decays 
exponentially  upstream,  can  exist,  and 
this  will  be  distinguished  by  the  suffix 

1 .  Downstream  of  the  row,  only  the 
downstream  going  acoustic  wave,  or 
alternatively  the  wave  which  decays 
exponentially  downstream,  can  exist,  and 
this  will  be  distinguished  by  the  suffix 

2.  In  addition,  downstream  of  the  row 
there  will  be  a  vorticity  wave,  and  this 
will  be  distinguished  by  the  suffix  3. 


showing  how  the  waves  are  convected  along 
the  chord  at  the  mainstream  velocity. 

KERNEL  FUNCTION  FOR  SUBSONIC  CASCADE 

The  incompressible  kernel  function 
which  was  derived  in  the  section  "Kernel 
Function  for  Incompressible  Flow"  of  this 
chapter  was  based  on  the  replacement  of 
the  aerofoils  of  the  cascade  by  a  number 
of  bound  vortices.  In  that  case  the 
effect  of  a  row  of  bound  vortices,  with 
the  spacing  and  stagger  corresponding  to 
the  cascade  in  question,  could  be  ob¬ 
tained  by  surraning  the  series  analytical¬ 
ly.  The  corresponding  solution  in  sub¬ 
sonic  compressible  flow  for  a  single 
bound  vortex  involves  Hankel  functions, 
and  When  the  series  for  a  row  of  such 
vortices  is  written  down  it  appears  that 
it  cannot  be  summed  analytically,  and  if 
numerical  evaluation  of  the  series  is 
attempted  the  series  is  found  to  converge 
very  badly.  The  approach  that  will  be 
used  is  therefore  to  build  up  the  solu¬ 
tion  for  the  row  of  vortices  from  the 
acoustic  and  vorticity  wave  solutions 
given  in  the  sections  "Fundamental 
Acoustic  Wave  Solutions"  and  "Vorticity 
Wave  Solutions".  ‘The  presentation  largely 
follows  the  paper  by  Smith  (1972). 

Consider  therefore  a  row  of  vortices 
spread  along  the  n  axis  with  spacing  s 
and  phase  angle  a  .  This  may  be  con¬ 
sidered  as  a  distribution  of  bound 
vorticity  along  the  n  axis  given  by 

t  *  l  r0  eimo  «(n-ms).  (45) 

This  series  of  delta  functions  may  be 
transformed  to  a  Fourier  series  as 
follows 

T  m  r0  eirts/s  £  8-l(n“ms)e/s  4(n-mi) 


Considering  then  just  one  term  of  the 
series  in  equation  (46)  three  conditions 
are  necessary  to  find  these  waves. 
Firstly,  continuity  may  be  applied  across 
the  vortex  sheet  at  $  -  0  ,  so  that 


(Vt  +  v5l)  (p  +  £j)  - 

(Ve  +  ve2  +  v?3)  (p  +  p2), 

or,  to  first  order  in  the  perturbations, 


pvc,  +  Vj  ■  pv52  +  p  V£3  +  V5  P2  .(47) 


Secondly,  the  velocity  jump  across 
the  row  in  the  n  direction  must  be 
equal  to  the  strength  of  the  sheet  of 
bound  vorticity,  so  that,  for  a  sheet  of 
unit  amplitude 

vn  +  v  -  v.  -  1.  (48) 
n2  n3 

Thirdly,  the  strength  of  the  vortici¬ 
ty  wave  may  be  related  to  the  strength  of 
the  sheet  of  bound  vorticity  from  which 
it  is  shed.  In  a  time  interval  6t  ,  the 
circulation  shed  from  an  element  of  bound 
vorticity  y  dn  is 

-  §£  (y  <3n)  -  c3  <*n  (Vt  it) 


where  c3  is  the  vorticity  just  down¬ 
stream,  and  this  is  spread  over  an  area 
dn  in  the  n  direction  and  (V,  St)  in  the 
5  direction.  Hence 

C3  -  -  1ioy/V5  . 

But 


C 


ill 


3n 


-  iavn  -  i#v5  . 


Hence,  for  a  sheet  of  unit  amplitude 


"j  vnj  -  8  Vf<3  -  -  u/V £  .  (49) 

Equations  (47),  (48)  and  (49)  may  now 
be  solved  to  give  the  velocity  perturba¬ 
tions  for  the  acoustic  waves  and  the 
vorticity  wave  just  upstream  and  down¬ 
stream  of  the  c=0  axis.  Equations  (38) 
and  (39)  are  used  to  relate  the  acoustic 
perturbations,  and  equation  (43)  is  used 
for  the  vorticity  wave.  The  wave  numbers 
in  the  axial  direction  are  given  by 
equations  (20)  and  (42).  The  results  are 


vn3  *=  U2  +  8ine)/A*  ,  (50) 

vnt  *=  ( Bc/2A' )  ( — ( 0c  +  X  sin  e) 

X6c  cos  0  (-E)  “  1  /  2  }  .  (51) 

Vn.  -  ( 0c/ 2A ’ )  (+(6C  +  X  sin  8) 

+  X 8c  cos'  ( -E) -  1 7 2 }  ,  (52) 

where 

A’  =  X2  +  8 2c 2  +  2 X 8c  sine  (53) 

and 

E  =  B2c2  -  M2V  .  (54) 

Equations  (51)  and  (52)  are  written 
for  propagating  waves  (E  <  0)  .  For  de¬ 
caying  waves  (E  >  0)  (-E)-1/2  is  re¬ 
placed  by  i(E)-1/2  .  The  corresponding 
Vj  velocity  perturbations  are  obtained 
from  equations  (38)  and  (43). 

The  velocities  induced  in  the  y 
direction  normal  to  the  blade  chord  at 
the  point  c  «  x'cose,  n  ■  x'sinO  ,  by  the 
row  of  bound  vortices  at  5  ■  0  may 
therefore  be  written,  for  x'  <0  (up¬ 
stream  of  the  row) 

r  o  +« 

Vy  -  —  r2_jt  (vni  cos 8  -  V5  ,  sine) 

ei(aicos8  +  Bsin6-)-x'  . 

Comparing  this  with  equation  (10) 
shows  that  the  kernel  function  is  given 
by 

K(z)  =|  |  (vni  cose  -  v5,  sinO) 

(55) 

ei(aicos8  +  88in8)cz 

for  z  <  0. 

The  corresponding  expression  for  down- 


stream  of 

thu 

row 

of  vortices 

includes 

the  effect 
that 

of 

the 

vorticity 

waves,  so 

K(z)  -  £ 

X. 

<vn2 

cose  -  vj2 

sinO) 

ei(a2  cose  +  flsineicz 


c  *■“  (56) 

+  J  (vnJ  COSO  -  V  jr  j  8in3) 


el(aj  cose  Bsin6)ce 


It  has  been  shown  that  propagating 
waves  only  occur  for  a  limited  range  of 
8  ,  and  that  outside  this  range  the  waves 
decay.  Hence  large  values  of  r  (positive 
or  negative)  give  large  value  of  jg|,  and 
the  effect  decays  very  rapidly  on  going 
away  from  the  row  of  vortices .  The  two 
series  for  the  acoustic  waves  therefore 
show  good  convergence,  with  terms  de¬ 
caying  exponentially  as  |r|  increases. 
However,  the  convergence  is  less  good 
when  z  is  small,  but  still  very 
satisfactory. 


The  second  series  for  the  vorticity 
waves  in  equation  (56)  does  not  show 
satisfactory  convergence.  However,  Smith 
(1972)  shows  that  this  series  may  be 
summed  analytically.  The  result  for  the 
kernel  function  may  then  be  written 

c  t“ 

K(z)  =  —  |  (VA2  cose  “  v?2  Sine) 


eKa^  cose  +  8sine)cz  (; 

+  X  sinh  (X  cose  a/c)  exp  (-  iXz) 

2  cosh  (x  cose  s/c)-coa(o  +  Xsine  s/c) 


for  z  >  o. 


SOLUTION  FOR  SUBSONIC  CASCADE 

In  order  to  complete  the  analysis  it 
is  necessary  to  solve  numerically  the 

integral  equation  (10).  In  subsonic  flow 
this  has  to  be  done  subject  to  the  Kutta 
condition  at  the  trailing  edge,  which 
says  that  the  pressure  difference  across 
the  blade  must  tend  to  zero  as  the 

trailing  edge  is  approached. 

The  bound  vorticity,  y  ,  will  be 
specified  at  N  points  and  perhaps  the 
obvious  way  to  do  this  would  be  to  take 
these  points  equally  spaced  along  the 
chord.  But  it  has  been  found  that  a 
great  increase  in  accuracy,  using  a 
modest  value  of  N  ,  can  be  obtained 
using  the  transformation  (as  in  the 
classical  thin-aerofoil  theory  of 
isolated  aerofoils). 

x  *  ■j  c  (1-cos  <i).  (58) 

Then  y  is  specified  at  points  given  by 

*  -  » i/N  (59) 

where  t  is  an  integer  0  <  t  <  (N  -1), 

It  will  be  noted  that  this  does  not 

include  the  point  at  the  trailing  odge 
(x-c,  f-x,  i-N)  ,  since,  by  the 
Kutta  condition,  y  sero  there. 

The  upwash  velocities  will  then  be 
matched  at  points  given  by 

X'  “  J  C  (1  -  COB  c)  (60) 

whore 

c  -  « ( 2m  4  1 )/( 2N )  (61) 

and  m  is  an  integer  0  <  m  «  (N  -  1). 

These  points  have  values  of  t  halfway 
between  the  values  of  f  at  which  the 
bound  vorticity  is  specified. 


for  z  >  0. 


substitutions 


Making  these 
equation  (10)  gives 


of  the  vortex  sheets  shed  from  the 
blades,  and  outgoing  acoustic  waves. 


vy(e)  -  (62) 

1  «  1 

2  • o  K  *2  (C03+  ~  cos e ) ) y( Y)  sin*  d*. 


These  substitutions  remove  a  difficulty 
at  the  leading  edge  (x  -  0,  *  -  0), 
since  in  the  solution  y  becomes  infinite 
at  t.'at  point.  But  by  regarding 
rain*  as  the  fundamental  variable  this 
product  remains  finite  at  the  leading 
edge  and  causes  no  numerical  difficulty. 
These  substitutions  also  remove  the 
singularity  at  the  leading  edge  in 
integrals  for  the  blade  force  and  moment 
in  equations  (7)  and  (8),  which  were 


Equation  (65)  may  be  formally  Bolved 
for  £  i  and  substituted  into  equation 
(68)  to  give  the  final  result 

£  ■  y 1  jj.  (7D 

One  important  complication  concerns 
the  singularities  of  the  kernel  function 
K ( z )  at  z  «  0  .  Smith  (1972)  shows 

that  these  are  of  the  form 

2 

27i  “  2^b  <  1  +  alXz  -  ia 2 X 2^2 

-  a  X3z3  +  .... )Log |z | 

3 

where 


fy  *  -  j  o  U  c  y(y)  sin  *  d*  (63) 

m  »  -  ^  p  U  c2  J*  y(*)  sin*  (1  -  cos*)d*. 

(64) 

With  the  reservation  to  be  made 
shortly  the  integrals  in  equations  (62) 
(63)  and  (64)  may  be  evaluated  by  the 
trapezoidal  rule.  Expressing  the  results 
in  matrix  form,  equation  (62)  becomes 

Si  “  K  £  (65) 

where  JJ  is  an  upwash  matrix  having  N 
rows  and  2  columns.  The  first  column 
gives  the. upwash  velocity  due  to  bending 
for  unit  (hy/u)  and  the  second  column 
gives  the  upwash  velocity  due  to  torsion 
for  unit  a  ,  According  to  equations 
(11)  and  (12) 

Ji  -  [1,  (1  +  iix’/c)]  .  (66) 

Further  columns  may  be  added  for  incoming 
acoustic  waves  from  upstream  or  down¬ 
stream,  and  for  incoming  vorticity  waveB, 
if  these  results  are  required. 

ft  is  a  kernel  matrix  (N  x  N)  where  ele¬ 
ments  are  given  by  K(i/2(cob*  -  cose)). 

£  is  a  bound  vorticity  matrix  having  N 
rows  and  two  (or  more)  columns  whose 
elemants  are  given  by 

£  -  C( w/2N) ( y/U)  sin*]  (67) 

except  for  the  first  row  which  has  half 
weight. 

Equations  (63)  and  (64)  may  similarly 
be  written  in  matrix  form 


where 

£  - 

2S  £ 

( 66 ) 

q  m  T ( fy/&Uchy 

<fy/oU2Co)l 

(69) 

I  (m/5Uczliy 

end 

(m/pU2c2  a)  1 

» 

5  “  t-  i 

- 

-COS*)]. 

(70) 

Further  columns  may  be  added  to  JJ  for 
additional  Input  waves,  and  further  rows 
may  he  added  to  JJ  and  C  to  give 
additional  outputs,  such  as  the  strength 


a  j  ■  1  -  M2/2b2 

a2  -  1  -  l/2bz  +  M2/4b4 

a3  *  “  1/,b*  +  M2/6t>2  +  l/Sb1*  “ 

3M4/8b6  +  M6/6b6) 

and 

b2  “  1  -  M2  . 

Whitehead  (1960)  has  shown  that 
integration  of  the  1/z  singularity  is 
accurately  handled  by  the  trapezoidal 
rule,  but  that  a  correction  is  required 
for  the  Log|z|  singularity  if  accurate 
results  are  to  be  obtained  with  modest 
values  of  N  .  Reference  may  be  made  to 
the  original  papers  for  the  details  of 
this  correction. 

A  Fortran  computer  program  for  the 
implementation  of  this  subsonic  solution 
is  given  in  Appendix  A. 

SOLUTIONS  FOR  SUPERSONIC  CASCADE 

When  the  mainstream  is  supersonic, 
the  same  general  approach  may  be  used  as 
in  the  subsonic  case,  but  there  are  a 
number  of.  features  which  make  the 
solution  very  different.  There  are  also 
fundamental  differences  between  the  case 
when  the  axial  velocity  is  subsonic  and 
when  the  axial  velocity  is  supersonic. 
If  the  axial  velocity  is  supersonic  the 
effects  of  an  element  of  bound  vorticity 
or  pressure  dipole  introduced  at  any 
point  are  entirely  downstream  of  that 
point.  There  is  no  effect  upstream  of 
the  leading  edge  plane,  and  the  flow  can 
in  principle  be  calculated  by  the  method 
of  characteristics.  But  if  the  axial 
velocity  is  subsonic,  then  a  pressure 
dipole  introduced  on  one  blade  implies 
other  pressure  dipoles  on  the  blades  be¬ 
low  it,  and  the  effects  of  these  dipoles 
go  upstream  of  the  original  dipole.  The 
flow  is  therefore  one  in  which  upstream 
effects  are  possible  and  it  has  some  of 
the  features  of  a  subsonic  flow.  There 
is  an  effect  upstream  of  the  leading  edge 
plane,  and  the  flow  cannot  be  calculated 
in  a  straightforward  way  by  the  method  of 
characteristics  since  there  is  no  region 
of  known  flow  from  which  to  start.  The 
supersonic  axial  velocity  case  very 
seldom  occurs  in  real  turbomachines,  and 
is  therefore  of  mainly  academic  interest. 
Attention  will  therefore  be  concentrated 
here  on  ths  subsonic  axial  velocity  case. 
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Another  difference  between  the  sub¬ 
sonic  and  supersonic  cases  is  that  in  the 
supersonic  case  n.  Kutta  condition  is 
applicable.  The  -assures  across  the 
wake  are  equalize  by  waves  emanating 
from  the  trailing  a  ...jo,  and  just  upstream 
of  the  trailing  edge  there  is  a  finite 
pressure  jump  across  the  blade.  Con¬ 
versely,  at  the  leading  edge  the  pressure 
jump  is  finite,  and  not  infinite  as  it  is 
in  subsonic  flow. 

Waves  of  finite  strength  originate 
from  the  leading  and  trailing  edges  of 
the  blades.  These  waves  may  be  reflected 
from  the  surfaces  c:  adjacent  blades,  and 
some  of  the  patterns  which  result  are 
illustrated  in  Figure  3.  Diagrams  (a)  to 
(d)  apply  for  the  subsonic  axial  velocity 
case,  and  diagrams  (e)  to  (h)  appiy  for 
the  supersonic  axial  velocity  case.  In 
Figure  3a  all  the  waves  from  one  blade  go 
ahead  of  the  blade  above  it  and  behind 
the  blade  below  it,  so  there  are  no 
reflections.  In  steady  flow  there  is  no 
interference  between  blades,  but  in  un¬ 
steady  flow  each  blade  can  influence  the 
flow  over  the  blades  above  it.  Figure  3b 
shows  a  trailing  edge  wave  reflected 
once.  Figure  3c  shows  a  trailing  edge 
wave  reflected  once  and  a  leading  edge 
wave  reflected  twice:  this  is  the  usual 
design  case  for  a  fan  tip  section. 
Figure  3d  shows  four  reflections  of  a 
leading  edge  wave,  and  by  extending  the 
blade  chord  the  number  of  reflections  can 
be  increased  indefinitely,  but  these 
cases  are  not  of  much  practical  impor¬ 
tance. 

Figures  3(e)  to  (h)  show  the  super¬ 
sonic  axial  velocity  cases,  and  the 
trailing  edge  waves  always  go  downstream 
of  ail  other  blades.  In  Figure  3(e)  the 
leading  edge  waves  also  go  downstream  and 


there  is  no  interference  between  blades 
which  all  behave  like  isolated  aerofoils. 
Figure  3(f)  shows  one  reflection  of  a 
leading  edge  wave,  and  Figure  3(g)  shows 
one  reflection  of  both  of  the  leading 
edge  waves,  and  Figure  3(h)  shows  two 
reflections  of  both  of  the  leading  edge 
waves.  Again  there  are  theoretical 
possibilities  with  large  numbers  of  re¬ 
flections  . 

In  order  to  illuminate  the  most 
important  features  of  the  flow  we  shall 
start  with  a  simple  quasi-steady  ana¬ 
lysis.  Torsional  vibration  is  consider¬ 
ed,  and  it  is  supported  that  the  blades 
have  moved  to  a  position  consistent  with 
a  prescribed  phase  angle  a  between  blades 
and  are  then  frozen  in  that  position. 

Standard  supersonic  thin  aerofoil 
theory  will  be  used,  so  that  the  rela¬ 
tionship  between  the  pressure  change  (ap) 
across  a  weak  wave  and  the  corresponding 
deflection  (A8)  of  the  flow  is 

fa  "  *  t1  <w> 

where  B2  ■  (M2  -  1)  and  the  positive 
sign  applies  to  an  upward  going  wave  and 
the  negative  sign  to  a  downward  going 
wave . 

Since  the  blades  are  flat  plates, 
waves  originate  only  from  the  leading  and 
trailing  edges  of  the  blades.  They  may 
then  be  reflected  from  the  adjacent 
blades,  as  already  discussed  and  il¬ 
lustrated  in  Figure  3. 

A  wave  starting  downwards  from  the 
leading  edge  of  one  blade  hits  the  next 
blade  below  at  a  point  distant  d^  down¬ 
stream  from  its  leading  edge,  Where 


SUBSONIC  AXIAL  VELOCITY  (d2>0) 


SUPERSONIC  AXIAL  VELOCITY  (d2  <01 


(e)  NO  INTERFERENCE 
(-d2)  >c 


(g) 

d^c,  (d,-d2)  >c 


Fig.  3.  Wave  Reflection  Patterne. 
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dl  “  a(ainO  +  U  cosO)  .  (73) 

Similarly  a  wave  starting  upwards  from 
the  leading  edge  of  one  blade  reaches  the 
y  position  of  the  next,  blade  above  at  a 
point  distant  do  upstream  of  its  leading 
edge,  whore 

^2  =  a ( sin 9  -  B  cosO)  .  (74) 

If  the  axial  velocity  is  supersonic,  d? 
is  negative.  ‘ 

Wo  consider  first  cases  with  a  sub¬ 
sonic  axial  velocity,  such  as  (b)  and  (c) 
in  Figure  3,  but  exclude  case  (a).  Case 
(c)  is  illustrated  on  a  larger  scale  in 
Figure  4.  Let  L  be  the  strength,  mea¬ 
sured  by  the  increase  in  pressure,  of  the 
wave  going  upwards  from  the  leading  edge 
of  blade  m  «*  0  ,  and  let  T  be  the 
strength  of  the  wave  going  upwards  from 
the  tra' ling  edge.  Then  waves  of 
strength  -L  and  -T  go  downwards  from  the 
leading  and  trailing  edges  respectively. 

Just  ahead  of  the  blade  m  ■*  0  ,  the 
flow  angle  must  match  the  angle  of  blade 
m  ■  -1  ,  just  below,  and  is  a  exp(-io)  • 
Just  behind  the  wave  of  strength  L  going 
upward  from  the  leading  edge  blade  m  •>  0, 
the  flow  angle  must  match  the  angle  of 
blade  m  =»  0  ,  and  is  a  .  Hence  from 
equation  (72), 


|(1  -exp(-io) ) . 

(75) 


Bearing  in  mind  that  a  wave  is 
reflected  from  a  solid  surface  as  a  wave 
of  the  same  strength,  the  pressure  in 
each  area  between  waves  may  now  be 
writt®n  down,  and  these  are  shown  in 
square  boxes  on  Figure  4  relative  to  the 
pressure  ahead  of  the  blade  m  -  0  .  It 
be  noted  that  the  pressure  jump 
across  each  blade  has  three  discon¬ 

tinuities  along  the  chord. 

The  strength  of  the  trailing  edge 
wave,  T  ,  may  now  be  determined  from  the 
condition  that  the  pressures  on  each  side 
of  the  wake  behind  the  blade  must  be 
equal.  This  gives 

L-2Leio+T«-3L+2  Te-io  -  T  . 


T  "  -  j'  I  e-io  L  •  (76) 

If  o  =*  0  ,  then  L  ■  0  and  T 

becomes  indeterminate.  The  case  a  -  0 

must  therefore  be  excluded  from  the 
present  analysis.  It  will  be  handled 
by  actuator  disc  methods  in  section 
"Actuator  Disk  Theory." 

Apart  from  this  case  equations  (75) 
and  (76)  give 


”  -  g  (2  -  eio ) 


The  force  on  the  blade  m  «  0  may 
now  be  determined,  and  is 


This  determines  the  strength  of  the  fy  «  -  L(rt  -  d  )  -  3L  (c  -  d  ) 
leading  edge  wave.  It  is  zero  if  a  m  0.  1  12  1' 

It  does  not  depend  on  the  number  of  +  (-  3L  +  2Te-io)d  -  Ld 

internal  wave  reflections.  2  1 

-  (L  -  2L  eio)  (c-d^  . 


Fig.  4.  Detail  of  Pressure  Field  for  Case  (c). 
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This  gives  for  case  (c) 
fy/SU^cj  “  -  g  (1  -  e-io(l-d2/c)  (7Qj 

+  2 ( 1-cos  o) ( 1-d  j/c) ) 

arui  the  moment  about  the  leading  edge  is 
similarly  given  by 

in/pU2e-’a  “  -  A  {1  -  e-i  o{  l-d2/c )  2 

+  2( 1-cos  o) ( 1  -  d,/c)(l  +  d  j/c-d  2/c ) 

-  2i  sine  (1  -  d,/c)(d2/c))  .  (79) 

Results  for  other  cases  of  wave  re¬ 
flections  may  be  obtained  in  a  similar 
way.  For  cases  (a)  and  (e)  in  Figure  3, 
when  there  is  no  inter-blade  effect, 

fy/5U2ca  “  -  ^  —  (80) 

and 

m/ffU2c2a  “  ~  ^  •  (81) 

For  subsonic  axial  velocity  and  for 
the  general  case  when  a  wave  starting 
downwards  is  reflected  R  times  from  the 
blade  below  and  R  times  by  the  original 
blade,  R  is  an  integer  given  by 

(R-l)  <  f~d.‘  .  <  R  .  (82) 

dl-d2 

R  -  0  corresponds  to  case  (b)  (Figure 
3),  R  «  1  corresponds  to  case  (c)  and  R 
“  2  to  case  (d ) . 

The  strength  of  the  leading  edge 
waves  is  given  by  equation  (75),  and  the 
strength  of  the  trailing  edge  waves  is 

T/pU2  -  -  |  (1  +  R  (1  +  e*o)}  •  (83) 

The  blade  force  is  given  by 

fy/;u2c«  -  -  §  ti  -  e-iod-<Vc) 

+  ( l-cos  <j)R  (2 ( l-d2/c)  (84) 

-  (R+l )(d  j-d2)/c}], 

and  the  moment  about  the  leading  edge  is 
m/pU2c2  a  -  -  “Cl  -  e"lo( l-d2/c) 2 

♦  ( l-cos  a)R (2 ( 1— d2/c)-d  2 (d ,-d2 ) { R+l )/c2 

-  (d,-d2)2(R+l)(2R+l)/(3c2)} 

-  (i  slno)R(2(l-d2/c)(d2/c) 

-  d2(d,-d2)(R+l)/c2>]  (85) 

Those  results  have  beon  written  for 

torsion,  but  they  also  apply,  to _ bending 

with  Va  roplacod  by  hy  ,  since 
equations  (11)  and  (12)  snow  that  when 
«  ■  0  the  upwash  velocities  are  then 
Identical.  They  also  apply  to  the  effect 
of  wakes  from  upstream  obstructions, 
since  equation  (44)  shows  that  when 
ni  *  0  the  upwash  velocity  is  also  uni¬ 
form. 


The  results  are  essentially  those 
derived  by  Kurosaka  (1973)  and  by  Strada, 
Chadwick,  and  Platzer  (1979)  and  by 
Nagashima  and  Whitehead  (1977),  using 
different  methods.  These  papers  also 
give  formulae  valid  when  the  frequency  is 
small,  but  not  zero,  and  correct  to  first 
order  in  u  .  However,  it  appears  that 
some  of  the  terms  in  these  formulae  are 
not  entirely  in  agreement  between  the 
three  papers. 

Nagashima  and  Whitehead  (1977)  also 

give  formulae  for  force  and  moment  in  the 
case  of  a  ■  0  for  supersonic  axial 

velocity. 

Turning  to  the  full  unsteady  case 
with  a  frequency  which  is  not  small,  all 
the  available  theories  are  complicated. 
Therefore,  only  a  brief  qualitative 

introduction  to  these  methods  will  be 
given  here.  The  most  straightforward 
approach  is  to  use  a  semi-infinite 

cascade,  assuming  that  there  is  no  per¬ 
turbation  upstream  of  a  first  blade.  The 
flow  may  then  be  solved  by  the  method  of 
characteristics,  (Brix  and  Platzer, 
1974),  or  by  finite  difference  methods 
(Verdon,  1973).  The  number  of  blades  in 
the  cascade  must  be  chosen  sufficiently 
large  for  the  blade  force  and  moment  to 
approach  limiting  values.  This  involves 
large  computation  times,  since  the 
convergence  with  increasing  blade  number 
is  slow.  Also  it  appears  that  the 
results  for  the  unsteady  pressures  on  the 
surface  of  the  blades  converge  much 
more  slowly  than  the  resultB  for  the 
blade  loadings  (Strada,  Chadwick,  and 
Platzer,  1979). 

Calculations  for  an  infinite  cascade 
at  realistic  frequencies  must  include  two 
physical  affects.  The  first  of  these  is 
the  reflections  of  the  leading  and 
trailing  edge  waves  from  the  adjacent 
surfaces,  as  already  discussed  in  the 
case  of  steady  flow.  The  second  is  the 
acoustic  resonance  effect,  as  discussed 
in  the  section  "Fundamental  Acoustic  Wave 
Solutions."  For  a  certain  range  of 
phase  angles,  all  possible  acoustic  waves 
will  propagate,  and  this  regime  is  some¬ 
times  called  the  "subresonant"  regime. 
The  range  of  the  phase  angles  where  one 
or  more  of  the  possible  acoustic  waves 
are  of  exponentially  decaying  type  is 
then  called  the  "super-resonant"  regime. 
This  regime  normally  occurs  for  negative 
interblade  phase  angles,  when  the  wave  of 
elastic  vibration  of  a  fan  rotor  travels 
in  the  opposite  direction  to  the  direc¬ 
tion  of  rotation,  and  is  therefore  clas¬ 
sified  as  a  "backward-travelling"  wave. 

A  calculation  in  a  single  blade 
pasoage,  with  the  correct  blade-to-blade 
periodicity  condition,  has  been  given  by 
Verdon  and  McCune  (1975).  The  solution 
is  formulated  in  terms  of  the  velocity 
potential,  and  the  kernel  function  is 
evaluated  as  a  series  of  Bessel  func¬ 
tions.  The  internal  reflections  are 
treated  explicitly,  and  itoraticn  is 
necessary  to  doal  with  tho  influence  of 
the  wake  from  one  blade  on  tho  rear  part 
of  the  lower  surface  of  the  blade  above. 
This  convergence  fails  in  the  "super¬ 
resonant"  region.  This  limitation  has 
been  removed  by  Verdon  (1977)  by  using  a 
formulation  in  terms  of  pressure  to  find 


m: 


the  unsteady  loading  on  the  lower  surface 
behind  the  point  at  which  the  Mach  wave 
from  the  trailing  edge  of  the  next  blade 
be'^w  hits  the  lower  surface. 

Formulations  in  terms  of  pressure, 
which  relate  more  closely  to  the  sub¬ 
sonic  solution  given  in  the  previous 
section,  have  been  given  by  Nagashima  and 
Whitehead  (1977)  and  by  Ni  (’979).  If  an 
attempt  is  made  to  calculate  the  kernel 
function  by  the  series  given  in  (55)  it 
is  found  that  the  series  does  not  con¬ 
verge.  This  behaviour  is  related  to  the 
jump  changes  in  pressure  across  the  waves 
propagated  *’.-om  the  sources.  The  tech¬ 
nique  used  is  therefore  to  subtract  out 
the  steady  and  quasi-steady  terms  from 
the  series  in  (55),  to  leave  a  series 
which  does  converge,  and  this  is  done 
in  two  different  ways  in  these  two 
papers.  It  is  also  necessary  to  allow 
for  the  reflections  of  the  waves  within 
the  blade  passage  explicitly.  In  super¬ 
sonic  flow  there  is  no  point  in  using  the 
transformations  given  in  (58)  and  (60), 
and  uniform  spacing  along  the  chord  seems 
to  be  best  for  the  points  at  which  the 
bound  vorticity  is  specified  and  for  the 
points  at  which  the  upwash  velocities  are 
matched . 

A  quite  different  approach  has  been 
used  by  Adamczyk  and  Goldstein  (1978). 
The  problem  is  split  into  two  parts.  The 
first  part  consists  of  the  inlet  region, 
followed  by  a  cascade  of  plates  having 
the  same  spacing  and  stagger  angle  as  the 
actual  cascade,  but  with  the  chord 
extending  to  x  »  +  «  .  The  second  part 

consists  of  the  exit  region,  preceded  by 
a  cascade  of  flat  plates  with  the  chord 
extended  back  to  x  «  -  «  .  These  two 

parts  are  then  solved  by  two  separate 
applications  of  the  Wiener-Hopf  tech¬ 
nique.  The  solutions  are  then  combined 
to  give  a  solution  of  the  complete 
problem. 

Computer  programs  based  on  these  last 
four  very  different  methods  have  been 
shown  to  give  identical  results.  Some 
specimen  results  will  be  presented  in  the 
section  "Specimen  Results  for  Flat  Plate 
Cascades . " 

TRANSONIC  THEORY 

The  equation  governing  small  devia¬ 
tions  from  a  uniform  flow  has  been  given 
by  Verdon,  equation  (133).  If  the  main¬ 
stream  Mach  number  is  near  unity  the  term 


is  negligible  compared  to  the  term 


This  is  true  provided 
1 1  — M  |  «u c/U 


This  equation  is  also  valid  for 
blades  of  small  thickness,  provided 

( 3 $/ 3 x ) steady  <<  wc/U 
which  leads  to 

wc/U  >>  6 2/3  . 

This  argument  shows  that  the  tran¬ 
sonic  equation  is  at  least  as  good  an  ap¬ 
proximation  as  the  original  acoustic 
equation.  In  fact  Landahl  (1961)  has 
argued  in  detail  that  for  isolated  aero¬ 
foils  in  the  transonic  range  the  acoustic 
equation  leads  to  physically  inadmissable 
solutions,  whereas  the  transonic  equation 
gives  the  correct  small  pertubation  solu¬ 
tion.  These  arguments  will  be  summarized 
here. 

The  one-dimensional  solution  of  the 
acoustic  equation,  Verdon  ,  equation 
(133),  for  flow  in  the  chordwise  direc¬ 
tion  shows  two  waves,  one,  the  'advancing 
wave',  traveling  forward  at  a  speed  of 
A(M+1),  and  the  other,  the  'receding 
wave',  traveling  at  a  speed  of  A(M-l). 
The  transonic  equation  (86)  on  the  other 
hand  just  shows  the  advancing  wave 
traveling  at  a  speed  of  2AM,  and  no 
receding  wave.  Disturbances  do  not  prop¬ 
agate  upstream  in  the  transonic  solution. 

Looking  at  the  solution  of  the  acou¬ 
stic  equation  near  M=1  one  sees  that  the 
receding  wave  has  a  low  velocity,  and 
therefore  a  short  wavelength.  If  there 
is  a  smooth  distribution  of  sources  along 
the  chord,  the  effects  of  the  receding 
wave  will  tend  to  cancel,  as  M+l,  but 
this  cancellation  will  not  operate  at  the 
leading  and  trailing  edges  where  there 
are  discontinuities  in  the  source  distri¬ 
bution.  If  the  Mach  number  is  just  above 
1,  the  solution  of  the  acoustic  equation 
will  show  large  short-wavelength  oscilla¬ 
tions  propagating  back  from  the  leading 
edge.  If  the  Mach  number  is  just  below 
1,  the  solution  will  show  large  short 
wavelength  oscillations  propagating  up¬ 
stream  from  the  trailing  edge.  These 
oscillations  are  not  present  in  the  solu¬ 
tion  of  the  transonic  equation. 

Now  consider  the  actual  steady  flow 
over  an  aerofoil  with  small  but  finite 
thickness  just  below  M-l .  The  flow  will 
be  subsonic  near  the  leading  edge,  sonic 
near  the  maximum  thickness  point,  and 
supersonic  up  to  the  trailing  edge  where 
there  will  be  attached  shock  waves.  Un¬ 
steady  receding  waves  generated  at  the 
leading  edge  will  go  upstream,  and  reced¬ 
ing  waves  generated  at  the  trailing  edge 
cannot  go  upstream,  so  no  receding  wave 
effects  appear  on  the  aerofoil  from  the 
leading  and  trailing  edges.  This 
behavior  is  quite  different  from  the 
solution  of  the  acoustic  equation,  but  is 
matched  by  the  behavior  of  the  transonic 
equation.  If  the  freestream  Mach  number 
is  slightly  above  one,  there  will  be  a 
shock  wave  ahead  of  the  leading  edge,  but 
the  flow  over  the  aerofoil  will  bo  the 
same,  and  the  argument  is  unaffected 
(Mach  number  freeze). 


so  the  approximation  is  valid  provided  At  a  somewhat  lower  Mach  number  the 

the  frequency  is  high  enough.  The  tran-  trailing  edge  shock  will  move  upstream 

sonic  small  perturbation  equation  is  onto  the  aerofoil,  and  its  position  will 

therefore  oscillate  due  to  the  effect  of  the  un¬ 

steady  flow.  This  situation  will  not  be 
_  21a/1  m  0  ,B6j  well  modeled  by  either  the  acoustic  equa¬ 
lly7  A  }x  A*  17  tion  or  the  transonic  equation. 
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Landahl  (1961)  also  shows  that  due 
to  a  variation  of  Mach  number  along  the 
chord,  the  amplitude  of  the  receding  wave 
varies  strongly,  growing  in  a  flow  de¬ 
celerating  through  M=1 ,  and  decaying  in 
an  accelerating  flow.  This  is  in  con¬ 
trast  to  the  solution  of  the  acoustic 
equation  which  shows  a  wave  of  constant 
amplitude.  The  transonic  equation,  which 
shows  no  receding  wave  should  be  a  better 
model . 

Finally  Landahl  (1961)  considers 
nonlinear  unsteady  effects,  and  concludes 
that  these  will  prevent  the  amplitude  of 
the  receding  waves  from  becoming  large 
and  will  cause  them  to  damp  out  within  a 
few  wavelengths. 


(Ua/to)  ■  (cos  8  [  ( U  0/ io)sin0  +  1])  ± 
[2(U8/uj)  sine  +  l]122)/  sin2e 


and  resonance  occurs  when  (Ua/u)  ■ 
-1/(2  sine). 

There  is  therefore  only  one  value  of 
phase  angle  for  resonance.  If  a  exceeds 
this  value,  (assuming  positive  stagger 
angle),  a  is  real  and  propagating  waves 
occur.  If  a  is  less  than  this  value,  a 
is  complex  and  decaying  waves  occur. 
This  resonance  is  associated  with  the  ad¬ 
vancing  wave.  The  multiple  resonances 
associated  with  the  receding  wave  have 
been  suppressed. 
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In  cascade  geometry  the  acoustic 
equation  becomes  unusable  between  Mach 
numbers  of  approximately  0.9  and  1.1.  If 
the  Mach  number  is  raised  from  0.9,  main¬ 
taining  the  phase  angle  constant,  an  in¬ 
finite  series  of  resonances  is  [tssseil  on 
approach  I ng  M-I,  and  another  infinite 
nnrton  Is  found  just  above  M-l.  Also,  In 
the  supersonic  range,  the  number  of 
wave  reflections  becomes  infinite  as  M 
approaches  1  from  above.  These  features 
make  the  programs  discussed  in  the  pre¬ 
vious  two  sections  unusable  in  the  tran¬ 
sonic  range. 

It  is  concluded  that  the  transonic 
theory  should  be  used  for  thin  blades  of 
small  camber  between  Mach  numbers  of 
about  0.9  and  1.1,  but  that  its  use 
should  be  confined  to  cases  when  there 
are  no  significant  shock  waves  on  the 
blade  surfaces. 

The  effect  of  Mach  number  in  the 
transonic  equation  (86)  can  be  removed  by 
a  transformation  similar  to  the  Prandtl- 
Glauert  transformation  used  in  subsonic 
flow.  All  dimensions  in  the  y  direction 
are  scaled  by  the  factor  M.  The  trans¬ 
formed  cascade  therefore  has  a  different 
spacing  and  stagger  angle,  but  frequency 
parameter  and  phase  angle  are  unaffected. 
The  transonic  equation  then  becomes 


It  la  therefore  only  necessary  to  con¬ 
sider  the  case  M=1  in  the  following  dis¬ 
cussion  . 

Switching  to  axial  and  tangential 
axes  f,  and  n.  the  transonic  equation  be¬ 
comes 


The  transonic  solution  for  zero  stag¬ 
ger  angle  and  180*  phase  angle  has  been 
given  by  Savkar  (1976)  using  Laplace 
transform  methods.  This  iB  the  case  of  a 
single  aerofoil  vibrating  in  a  wind  tun¬ 
nel.  lie  noiiol udes  that  Uie  degree  of 
interference  from  tho  tunnel  walls  le 
weaker  than  would  be  thought  of  at  first. 

A  transonic  solution  for  general 
stagger  angle  and  phase  angle  has  been 
given  by  Surampudi  and  Adamczyk  (1984, 
1985)  using  the  Wiener-Hopf  procedure. 
It  is  shown  that  the  transonic  solution 
joins  on  smoothly  to  the  subsonic  and 
supersonic  solutions  at  Mach  numbers  of 
0.9  and  1.1.  It  is  found  that  bending 
vibration  is  always  stable,  but  that 
torsional  flutter  is  predicted.  It  is 
found  that  increasing  the  frequency  para¬ 
meter  and  decreasing  the  stagger  angle 
and  solidity  have  a  stabilizing  effect  on 
torsional  flutter. 

The  transonic  solution  therefore 
fills  in  the  gap  between  the  subsonic  and 
supersonic  solutions.  It  is  however 
likely  that  real  effects  such  as  shock 
waves  and  boundary  layers  will  have  a 
much  larger  effect  than  in  the  subsonic 
and  supersonic  regimes. 

A  transonic  solution  for  zero  stagger 
and  arbitrary  phase  angle  was  developed 
by  Schlein  (1975)  and  Platzer  et  al 
(1976).  This  approach  was  based  on  the 
time-linearized  transonic  flow  theory  de¬ 
lineated  by  Verdon  in  this  volume.  Ne¬ 
glecting  the  product  terms  on  the  right- 
hand  side  of  Verdon' s  equation  (147)  and 
introducing  the  approximations 


♦x  "  0  and  (y+1)  fxx  -  Const-  X  >  o 


a  i n 2 0  -  2  3in0  cooO 

3  F,1 


+  cob20  — I 
3n2 


2iw  (34  ,  ,  34  ,  .  id2 

If  7?  co°  0  +  Tn  sin  0)  +  u? 


o. 


If  we  now  look  for  a  solution  of  tho 
form  $  «  4  exp  i(a£  +  fln).  wo  find  that 
the  wave  numbers  are  related  by 


a'/  -  2 a 8  s Inf)  cos  0  +  B2  cos20 


— -'( <i  cut )  o  +  f!  sin  0 )  - 


0. 


Since  ti  ts  determined  by  the  phase 
angle,  this  is  a  quadratic  equation  for 
ri,  and  may  be  solved  to  give 


a  linear  parabolic  equation  is  obtained, 
following  Oswatitsch  and  Keune  (1955)  and 
Teipol  (1964). 

Three  different  method*  of  solution 
wore  devolopod  using  Laplace  and  Fourier- 
transform  techniques  as  well  as  a  collo¬ 
cation  technique.  The  inversion  technique 
duo  to  llomamoto  (1960)  proved  to  be  the 
computationally  moet  efficient  procedure. 
The  collocation  technique  was  based  on 
provious  work  by  Oorelov  (1966)  for 
supersonic  oscillating  cascades.  Computed 
stability  boundaries  showed  increased 
regions  of  instability  with  decreasing 
blade  spacing. 
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ACTUATOR  DISC  THEORY 

Actuator  disc  theory  applies  to 
certain  special  cases  of  the  more  general 
theory  discussed  in  previous  sections, 
and  in  these  cases  it  will  be  found 
possible  to  derive  analytic  results  in 
closed  form.  There  are  two  fundamental 
limitations . 

The  first  of  these  is  that  the  time 
taken  for  the  fluid  to  flow  through  the 
cascade  must  be  small  compared  with  the 
time  for  one  oscillation  of  th@_  flow. 
This  is  equivalent  to  assuming  that  the 
frequency  parameter  X  must  be  small, 

X  »  uc/U  <<  1. 

The  second  fundamental  limitation  is 
that  the  interblade  phase  angle  must  be 
small. 


The  condition  for  deviation  in  sub¬ 
sonic  flow  is  obtained  by  applying  the 
Prandtl-Glauert  transformation  to  get  an 
equivalent  cascade  in  incompressible 
flow,  and  then  using  the  known  analytical 
result  for  incompressible  flow  in  cas¬ 
cades  of  flat  plates  given  by  Durand 
(1934).  In  the  Prandtl-Glauert  transfor¬ 
mation  all  distances  parallel  to  the 
chord  are  unchanged,  but  all  distances 
normal  to  the  chord  are  reduced  by  a  fac¬ 
tor  B,  where  B2«l-M2.  Using  a  *  to  indi¬ 
cate  quantities  in  the  transformed 
plane,  the  stagger  and  space/chord  ratio 
are  given  by 

tan  (8*)  ■  tan  (e)/B  ,  and 

(89) 

(s*/c)  “  B  (8/c)  C08(e)/C08(e*)  . 

The  deviation  is  then  given  by 


|o|  <<  1. 

In  general  x  and  o  will  be  of  the 
same  order  of  magnitude.  The  wavelength 
of  the  disturbance  in  the  chordwise  (x) 
direction  is  2*c/x  and  the  wavelength 
in  the  tangential  (n)  direction  is 
2is/o  ,  so  that  these  wavelengths  are 
comparable. 

These  assumptions  enable  the  flow  to 
be  considered  from  two  viewpointu.  First 
there  is  a  picture  (Figure  5),  drawn  to  a 
scale  comparable  with  the  wavelength  of 
the  disturbance,  in  which  the  blades  are 
very  small,  and  the  cascade  is  equivalent 
to  an  actuator  disc.  A  second  picture, 
similar  to  Figure  1,  may  be  drawn  to  a 
scale  comparable  to  the  blade  chord,  and 
this  just  shows  a  few  of  the  blades  near 
the  origin  of  Figure  5.  In  this  second 
picture  the  flow  may  be  regarded  as 
quasi-steady,  and  any  kind  of  steady  flow 
cascade  data  can  be  used. 

In  the  actuator  disc  plane,  and  up¬ 
stream  of  the  actuator  disc,  the  pertur¬ 
bations  consist  of  just  one  of  the 
acoustic  wave  solutions  discussed  in 
“Fundamental  Acoustic  Wave  Solutions," 
with  r  ■  o  in  equation  (19).  The 
solution  carrying  acoustic  energy  up¬ 
stream  is  required.  Downstream  of  the 
actuator  disc,  the  corresponding  solution 
carrying  energy  downstream  is  required, 
plus  a  vorticity  wave  as  discussed  in  the 
section  "Vorticity  Wave  Solutions." 

The  solution  for  incompressible  un* 
stalled  flow  through  a  cascade  of  flat 
plates  at  zero  incidence  has  been  given 
by  Whitehead  (1959),  and  for  subsonic 
flow  by  Whitehead  (1986).  Three  condi¬ 
tions  from  the  cascade  plane  are  re¬ 
quired.  These  are  for  continuity,  devia¬ 
tion,  and  zero  stagnation  pressure  loss. 

,  The  continuity  equation  is 


where  the  suffix  r  refers  to  conditions 
relative  to  the  blades,  and  suffices  1 
and  2  refer  to  conditions  just  upstream 
and  downstream  of  the  cascade,  but  very 
near  the  origin  In  the  actuator  disc 
plane. 


vry2  ■  b  vryt  .  (90) 

This  equation  holds  in  both  the  original 
and  the  transformed  planes.  The  constant 
b  is  related  to  the  space/chord  ratio  and 
the  stagger  angle  in  the  transformed 
plane  as  follows 

xc/s*  •*  -  cos  e*  *n  b  +  2  sin  8*  tan-1 

{ ( l-b)tane*/ ( 1+b) }  (91) 

For  closely  spaced  blades,  b  ■  0  is  a 
good  approximation. 

The  condition  for  zero  stagnation 
pressure  loss  is 

pro2  **  Prol  (92) 

where  the  suffix  zero  means  a  stagnation 
pressure. 

Equations  (88),  (89)  and  (91)  apply 
for  the  flow  relative  to  the  blades  in 
the  cascade  plane .  When  these  equations 
are  combined  with  the  actuator  disc  plane 
equations,  the  Whole  set  may  be  solved. 
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Fig,  9.  Actuator  Disc  Plane. 
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Results  from  actuator  disc  theory 
depend  on  the  ratio  of  phase  angle  to 
frequency,  although  both  of  these 
quantities  are  individually  small.  It  is 
therefore  convenient  to  write 

u  -  oU/ujs  -  oc/Xs.  (93) 


The  result  for  the  blade  force. due  to 
blade  vibration  with  velocity  hy  j.n 
the  y  direction  is  then 


fy/JUchy  ^ 


-2T  E  ( 1-b) 
-b  H  + I  +  K 


(94) 


where 

E  -  (  n  ‘•’+2  usin 0  +  1 )  ( l-M2cos  2  0 ) 

II  =  (  R-Tsin  0  )  (  -R+  geos  0  ) 

1  -  (P+Tsin  0)  (  P.+  ucos  9) 

K  =  2Tcos 0( l-M2cos 2 0) 

P  =  ucos e( l-M2cos 2 0)-sinOcos 0  M2(l+ysine) 

R  =  T(u+sin0) 
and 

T  =  (( p2+2usin0+l )M2-u2) 1 /2 
for  propagating  waves, 

T  =  -i  (- (  g  2+2  iisin  0+1  )M2+u  2  }  *  2  2 
for  decaying  wave3. 

The  corresponding  result  for  super¬ 
sonic  flow,  with  a  subsonic  axial  veloci¬ 
ty,  has  been  given  by  Whitehead  and 
Davies  (1983). 


In  supersonic  flow  the  continuity 
equation  (87)  is  unchanged  and  there  is 
no  Kutta  condition  at  the  trailing  edge. 
But  provided  the  axial  velocity  is 
subsonic,  and  that  case  (a)  in  Figure  3 
is  excluded  the  incidence  angle  of  rela¬ 
tive  flow  into  the  cascade  is  zero 
(Kantrowitz,  1946).  This  condition  is 
used  instead  of  the  deviation— condition 
(90),  and  gives 


Vyl 


hy 


(95) 


The  result  of  the  elimination  is 
„  «  2sTE 

fy/pUchy  “  cTC *  (96) 

E  -  ( y 2  ♦  2g  sin  9  +  1 ) ( 1  -  M 2 co s 2 0 ) 

P  »  £m2cos  0(sin  0  +  w)-gcoB  0  +  T  sin  0] 
G  »  [ ucos  0  —  ( u  +  sin  0 )T] 

where 


T  -  -  { {  y  2  +  2y  sin  0  ♦  l)M2  -  y2},/2 


if 

v  <  M/(-  Ms In  0  +  ( 1-M2coa20) 1 ,2) 

case  of  propagating  waves, 
r  -  -  1  {iv1  *  2u  sin  9  +  l)M2  ♦  u2)1'2 


if 


M/{-M  sin  0  +  ( l-M2cos 2 0 ) 1  2  2 }  <  |i 

<  M/ {-M  sin  0  -  ( l-M2cos2 0 ) 1 2 2 ) 

case  of  decaying  waves, 

T  =  +  { ( u 2  +  2u  sin  0  +  1 )M2  -  o2)1/2 


if 

M/{-  M  sinO  -  (1  -  M2cos28)l/2)  <  y, 

case  of  propagating  waves. 


The  force  is  zero  at  the  cut-off  or 
resonance  points,  where  T  **  0  .  The 
force  is  also  zero  when  the  axial 
velocity  is  sonic,  M  cos0  «•  1 

These  results  also  apply  .to  torsional 
motion  of  the  blades,  with  hy  replaced 
by  Ua  ,  and  to  the  effect  of  wakes 
being  convected  into  the  cascade.  This 
is  because  at  zero  frequency  the  upwash 
velocities  given  by  equations  (11),  (12) 
and  (44)  are  all  uniform. 

These  results  can  also  be  used  to 
find  the  moment  acting  on  the  blades. 
Since  the  cascade  operates  in  quasi¬ 
steady  flow,  the  force  acts  at  the  centre 
of  pressure  for  steady  flow  in  the 
cascade.  In  subsonic  flow  this  point  can 
be  found  by  using  thin  aerofoil  theory 
for  cascades  (Pistolesi,  1937).  In 
supersonic  flow  the  centre  of  pressure 
is  a  distance  (c  -  d2/2)  downstream  of 
the  leading  edge,  as  in  the  section 
"Solutions  for  Supersonic  Cascade." 

Actuator  disc  theory  can  be  extended 
in  a  number  of  ways.  For  instance, 
results  have  been  obtained  for  incompres¬ 
sible  flow  through  cascades  of  closely 
spaced  blades  having  large  amounts  of 
turning  of  the  mean  flow.  (The  results 
given  in  the  paper  by  Whitehead  (1959) 
are  wrong  in  this  respect.  The  correct 
results  are  given  in  an  appendix  to  the 
paper  by  Whitehead  (1962)  .  Results  have 
also  been  obtained  for  incompressible 
flow  through  cascades  of  closely  spaced 
blades  having  a  stagnation  pressure  loss 
which  varies  with  incidence. 

The  most  important  extension  of 
actuator  disc  theory  is  when  the 
restriction  to  small  frequencies  is 
relaxed,  but  the  restriction  to  small 
phase  angles  is  maintained.  This  is  now 
called  semi-actuator-disc  theory.  This 
method  was  developed  by  Sohngen  (1953) 
and  by  Tanida  and  Okazaki  (1963)  for 
incompressible  flow  and  for  translational 
motion  of  the  blades. 

The  equations  for  the  actuator  disc 
plane  are  the  same  as  in  actuator  disc 
theory.  The  three  equations  required 
from  the  cascade  plane  are  obtained  by 
considering  the  control  surface  shown  in 
Figure  6.  The  control  surface  is  the 
space  between  two  blades,  13 *344 '21,  and 
moves  at  a  constant  speed  equal  to  that 
at  Which  the  blade  12  travels  at  that 
instant.  The  sides  of  the  control  sur¬ 
face  33'  and  44'  are  the  displacement  of 
blade  34  relative  to  the  blade  12,  and 
are  given  by 
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s'  «■  hy  eMut  +  o)  -  hy  »  i0hy 

since  o  is  small. 

Applying  continuity  to  this  control 
surface  gives  the  result 

v€l  -  vj2  +  (V„1  -  Vn2)(  <j/ws)hy  sin  9 

-  i(c/8)  ohy  >  o  .  (97) 

Here  and  v$2  are  the  absolute  un¬ 

steady  axial  velocities.  The  third  term 
arises  from  the  change  of  steady  tangen¬ 
tial  velocity  giving  a  net  flow  through 
the  sides  of  length  s',  and  is  an 
actuator  disc  term.  The  last  term  arises 
from  the  change  in  gap  between  the  blades 
and  is  a  semi-actuator-disc  term. 

The  second  equation  from  the  cascade 
plane  is  for  the  relative  flow  exit 
angle,  and  equation  (90)  for  the  relative 
velocity  normal  to  the  blades  is  un¬ 
changed.  The  usual  approximation  is 
b  -  0. 

The  third  equation  relates  the  pres¬ 
sure  at  outlet  from  the  cascade  to  the 
pressure  at  inlet.  This  relationship  is 
derived  in  two  stages.  It  is  presumed 
that  a  loss  of  relative  stagnation  pres¬ 
sure  occurs  at  the  inlet  to  the  cascade, 
so  that 

proi  -  Pros  ■  'J  P  Vr?i2  z 

Where  the  suffix  3  refers  to  a  plane  just 
behind  the  leading  edges  of  the  blades, 
and  Z  is  a  stagnation  pressure  loss 
coefficient  which  is  a  function  of  the 
inlet  angle  of  flow  relative  to  the  cas¬ 
cade  or  vrnl/Vr5,. 


Pig.  6.  Control  Surfaee  for  8emi- 
Actuator-Disc  Theory. 


The  relationship  between  the  relative 
stagnation  pressure  at  cascade  outlet 
(plane  2)  and  at  plane  3  is  obtained  by 
integrating  the  equation  of  motion  in 
the  x  direction  along  the  passage 
between  two  adjacent  blades  to  give 

pro3  -  Pro2  “  iwpc  vrx  «  (99) 

With  the  addition  of  a  momentum 
equation  in  the  n  direction,  which, 
relates  the  blade  force  to  the  flow 
variables,  a  complete  set  of  linear 
equations  is  available  and  may  be  solved. 
The  result  is  too  lengthy  to  give  here, 
but  may  be  found  in  the  paper  by  Tanida 
and  Okazaki  (1963). 

Semi-actuator-disc  theory  has  been 
extended  to  compressible  subsonic  flow. 
The  case  of  transmission  and  reflection 
of  sound  waves  by  a  cascade,  and  the 
generation  of  sound  waves  due  to  an  in¬ 
coming  vorticity  wave,  have  been  treated 
by  Kajl  and  Okazaki  (1970).  The  effects 
of  compressibility  on  flutter  in  subsonic 
flow  have  been  considered  by  Kaji  and 
Okazaki  (1972). 

Semi-actuator-disc  theory  has  been 
extended  to  supersonic  flow  by  Kaji 
( 1900 ) ,  and  in  a  somewhat  different  way 
by  Adamczyk  (1978). 

The  semi -actuator-disc  theories  are 
probably  the  most  useful  available  for 
stalled  flow.  But  they  do  require 
experimental  or  empirical  input  giving 
the  nature  of  the  loss  function  Z 
Actual  stalling  processes  take  a  finite 
time  to  develop.  The  theories  can  be 
extended  to  allow  for  a  time  lag,  but 
again  experimental  or  empirical  informa¬ 
tion  must  be  provided  to  determine  the 
time  constant. 

SINGULARITY  THEORY 

We  now  turn  to  a  quite  different  way 
of  building  up  solutions  for  the  unsteady 
flow  through  cascades  by  the  super¬ 
position  of  simple  analytical  solutions. 
In  this  case,  the  solutions  are 
restricted  to  lossless  incompressible 
flow,  but  they  apply  to  blades  with  large 
amounts  of  thickness  and  camber.  The 
particular  method  which  will  be  sketched 
in  the  following  is  largely  taken  from  a 
paper  by  Atassi  and  Akai  (1980). 

The  potential  flow  past  any  number  of 
two-dimensional  bodies  of  arbitrary  shape 
may  be  represented  as  being  due  to  a 
distribution  of  singularities  placed 
around  the  boundaries  of  the  bodies.  The 
singularities  may  be  either  a  distribu¬ 
tion  of  sources  and  sinks  (plus  at  least 
one  vortex  for  each  body  if  that  body  has 
circulation)  or  a  distribution  of  vor¬ 
tices  (plus  at  least  one  source  or  sink 
if  the  body  has  a  net  flow  out  or  in  from 
the  surface).  A  further  alternative  is 
to  use  doublets.  A  distribution  of  doub¬ 
lets  placed  around  the  boundary  and  di¬ 
rected  along  the  boundary  is  equivalent 
to  a  distribution  of  sources  and  sinks, 
and  a  distribution  of  doublets  directed 
normal  to  the  boundary  is  equivalent  to  a 
distribution  of  vortices  (provided  there 
is  no  net  flow  out  or  in  from  the  surface 
and  no  net  circulation) .  The  well-known 
Martensen  (1959)  method  for  steady  flow 
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in  cascades  uses  a  distribution  of  vor¬ 
tices  round  the  surfaces  of  the  blades. 
In  this  case  the  notional  flow  inside  the 
contours  of  the  surfaces  has  zero  velo¬ 
city,  so  that  the  strength  of  the  vor¬ 
tices  can  be  arranged  to  make  the  tan¬ 
gential  velocity  just  inside  the  contour 
equal  to  zero.  For  the  unsteady  case  how¬ 
ever,  the  velocity  normal  to  the  surface 
just  outside  the  surface  is  used  as  a 
boundary  condition.  Also,  since  in  the 
unsteady  case  there  is  vorticity  shed 
from  the  blades  into  the  wake,  it  is  nec¬ 
essary  to  use  an  additional  distribution 
of  vortices  along  the  wakes  of  the 
blades . 


In  order 
it  is  conveni 
plane  where 
necessary  to 
and  make  al 
proportional 
variables  are 
which  have 
component, 
ponent,  and 
-  1,  j2 

ij  =  -D- 


to  handle  singularity  theory 
ent  to  work  in  a  complex  z 
z  =  x  +  iy  .  It  is  then 
change  the  notation  slightly 
1  the  unsteady  variables 
to  exp(jwt).  The  unsteady 
then  hypercomplex  numbers, 
four  components,  a  real 
an  i  component,  a  j  com¬ 
an  ij  component.  { i 2  = 
1,  but  we  must  not  write 


If  there  is  a  source  density  distri¬ 
bution  m  on  the  surface  at  the  point  z  , 
so  that  the  source  strength  for  a  length 
of  surface  6t  is  m6r  ,  then  the 
velocities  induced  at  a  point  z1  not  on 
the  surface  are  given  by 


_  1  I  md  t 
“  27  1  zlT 


2  H 


(100) 


where  the  integral  is  taken  over  the  sur¬ 
faces  of  all  blades  and  their  wakes. 


vx 


iv,, 


1  ,  pm(z)dz 

271  *  z  -  z1 


+  i  um(z* )  . 

(104) 


The  extra  terms  on  the  right  hand  side  of 
these  equations  give  a  jump  in  tangential 
velocity  across  the  surface  equal  to  the 
strength  of  the  vortex  sheet  at  the  sur¬ 
face  and  a  jump  in  normal  velocity  across 
the  surface  equal  to  the  strength  of  the 
source-sink  distribution  along  the  sur¬ 
face  . 


Since  the  cascade  is  assumed  to  be 
vibrating  with  an  inter-blade  phase  angle 
a  ,  the  singularity  strength  on  the  mth 
blade  at  z  +  mse*0  is  given  by 

Urn  “  Wo  eima 


Hence  the  velocities  induced  just  outside 
a  point  z1  on  the  reference  blade  are 


vx 


ivy  “  ITT  t” 

j  Volz1) 


a  Un(z)ejm®dz 

“  in  l 

z  +  mse1H  -  z 


(105) 


where  the  contour  integral  is  now  taken 
round  the  reference  blade  m  =  0 


Thu  series  can  be  summed  analytically 
to  giv^  the  induced  velocities  just  out-'j 
side  7.  as 


vx  -  ivy  »  yij  <f>  K(z  -  zl)u0(z)dz 

(106) 

-  •j  Po  ^ z  ^ ) 
where 


Similarly  for  a  vorticity  distribu¬ 
tion  Yt  •  the  induced  velocities  at  z* 
arc  given  by 


vx 


iVv; 


1  ,  7tdT 

2  ni  ‘  z 1-z 


(101) 


In  general  any  combination  of  source 
and  vorticity  distribution  may  be  used. 
Equations  (100)  and  (101)  may  therefore 
be  combined  to  give 


vx 


iv„ 


1  ,  (rt  +  im)dT 

271  '  aP  -  z 


1  ,  Pmdz 

271  r  £T  ~~"i 


(102) 


K(z*) 


se10sin(nz*) 


2w 


(107) 


This  is  a  more  general  form  of  equation 
(14).  The  integral  in  equation  (106)  is 
taken  round  the  reference  blade  and  its 
wake . 


The  contour  integral  of  pD  round 
the  reference  blade  is 

^Uodz  -  $ { Yt  +  im)dT  ■  rQ  (108) 

where  rQ  is  the  circulation  round  the 
reference  blade,  and  the  integral  of  the 
source  term  is  zero  since  there  is  no  net 
flow  out  of  the  blade  surface. 


where  the  integral  is  now  a  contour 
integral  taken  anticlockwise  round  the 
blade  surface.  ym  is  a  complex 
singularity  strength.  If  pmdz  refli 
it  corresponds  to  pure  vorticity,  and  if 
nmdz  is  imaginary  it  corresponds  to  a 
pure  source-sink  distribution. 


Equation  (102)  gives  the  induced 
velocities  at  a  point  z1  which  is  not  on 
the  surface.  If  zl  is  on  the  surface  the 
integral  is  singular  and  the  induced 
velocities  just  outside  tho  surface  are 
given  by 


vx 


lvu 


1 

77f 


^  wmU)dz 


J  "m<E‘> 

—  (103) 


and  the  induced  velocities  just  inside 
the  surface  are  given  by 


Verdon's  equation  (75)  gives  the  jump 
in  potential  across  the  wake  as 

H  '  M  TE 

where  &  is  the  drift  function,  defined 
so  that  the  difference  in  &  between  any 
two  points  on  the  same  mean  streamline  is 
equal  to  the  time  for  a  particle  to  move 
from  one  point  to  the  other  under  the 
influence  of  the  mean  flow.  In  this  case 

a  -  4?e  *  JT  vt_1  dT  (HO) 

tTE 

which  gives  the  time  taken  for  fluid  to 
flow  from  the  trailing  edge  to  the  point 
in  question  on  the  wake,  and  the  integral 
is  taken  along  the  wake  line. 


mmmmm 
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The  jump  in  potential  across  the  wake 
at  the  trailing  edge  is  just  the  circula¬ 
tion,  so  that 


*  =  r0  •  (ill) 

.  ti: 


Differentiating  equation  (109)  with 
respect  to  distance  along  the  wake  then 
gives 


e~ jo( A-&te) 


=  Yt  -  -  rD  iA 

“  -j(0rovT-ie-j“(A-ATE) 


(112) 


This  equation  gives  the  strength  of  the 
vortex  sheet  at  any  point  in  the  wake. 

The  boundary  condition  to  be  satis¬ 
fied  just  outside  the  blade  surface  is 
given  by  Verdon's  equation  (69).  For 
rigid  body  motion  of  the  blades,  the  dis¬ 
placement  vector  is  given  by  Verdon's 
equation  (102)  and  the  normal  velocity 
just  outside  the  blide  surface  reduces  to 

vn  =  jur.n  +  aVT  -  (r.V  V).n,  (113) 


The  complex  singularity  strength  \i 

may  in  principle  be  any  combination  of 
source  and  vorticity  strengths.  This 
arbitrariness  corresponds  to  the  idea 
that  whereas  the  flow  outside  the  blade 
surfaces  is  fixed  by  the  physics  of  the 
problem,  the  notional  flow  inside  the 
blade  surfaces  may  be  chosen  in  any 
convenient  way.  Atassi  and  Akai  (1980) 

therefore  choose  to  make  ii*  real  with 

respect  to  the  space  variables.  The 
singularity  therefore  corresponds  to  pure 
vorticity  when  the  surface  is  parallel  to 
the  x  (chordwise)  axis,  and  to  pure 
source  or  sinks  when  the  surface  is 
parallel  to  the  y  axis. 

The  integral  equation  (115)  is  solved 
numerically  by  matching  the  normal 
velocities  at  N  points  round  the  blade 
surface,  where  N  must  correspond  to  the 
number  of  points  at  which  the  singularity 
strength  is  specified.  Once  the 
singularity  strength  has  been  found,  the 
velocity  and  pressure  distributions  just 
outside  the  blade  surface  may  be  found. 
The  pressure  distributions  aro  then 
integrated  to  give  the  aerodynamic  forces 
and  moment. 


where 

r=h+axRp.  (114) 

The  integral  equation  for  u0  is 
therefore 

4>  K(z-z‘)u0(z)dz  -  /  KU-z1) 

Vt-1  e"j“(A“ATE)  c t  -  i  u0(z1)]  .n 

=  jur.n  +  oV,  -  (r  V  V).n  (115) 


where  the  first  integral  is  taken  anti¬ 
clockwise  around  the  reference  blade, 
and  the  second  integral  is  taken  along 
the  wake  of  the  reference  blade  from  the 
trailing  edge  to  downstream  infinity.  r0 
is  related  to  u0  by  equation  (108). 
Thi3  equation  has  to  be  solved,  subject 
to  the  additional  Kutta  condition  at  the 
trailing  edge,  which  specifies  that  u0 
must  not  be  infinite  at  that  point. 

Details  of  a  solution  method  are 
given  in  the  paper  by  Atassi  and  Akai 
(1980).  The  first  move  is  to  solve  for 
the  steady  flow.  Then  for  the  unsteady 
flow  equation  (115)  is  solved  numerical¬ 
ly.  The  last  term  on  the  right  hand  side 
of  equation  (115),  which  arises  from 
the  translation  of  a  point  on  the  blade 
surface  through  the  mean  velocity  field, 
may  bo  singular  at  the  trailing  edge  and 
exhibits  largo  values  round  the  leading 
edge.  This  is  a  source  of  numerical 
difficulty.  Atacsi  and  Akai  (1980)  over¬ 
came  the  difficulty  essentially  by 
writing 

(z)  -  v<j  (z)  ♦  r.  V  V  .  (116) 

8/  using  ul  ns  the  primary  measure  of 

the  unknown  singularity  strength  instead 
of  w<>  ,  the  awkward  lost  term  on  the 
righthand  side  of  equation  (115)  may  be 
cancelled. 


Due  to  a  programming  error,  the 
results  for  the  real  part  of  the  pressure 
distributions  given  in  the  paper  by 
Atassi  and  Akai  (1980)  are  not  correct. 
Results  for  which  the  error  has  been 
corrected  are  given  by  Akai  and  Atassi 
(1981). 

SPECIMEN  RESULTS  FOR  FLAT  PLATE  CASCADES 

In  order  to  specify  the  unsteady 
performance  of  cascades  of  flat  plates, 
five  independent  non-dimensional  vari¬ 
ables  are  necessary.  These  are  the  space 
to  chord  ratio,  the  stagger  angle,  the 
Mach  number,  the  frequency  parameter,  and 
the  interblade  phase  angle.  Excluding 
the  acoustic  information,  and  the  detail 
of  the  pressure  distributions,  there  are 
twelve  dependent  variables  of  interest. 
These  are  the  real  and  imaginary  com¬ 
ponents  of  the  force  and  moment  for 
bending,  torsion,  and  wakes.  This  number 
of  variables  makes  any  general  presenta¬ 
tion  of  the  results  totally  impractical, 
and  it  is  only  possible  to  present  speci¬ 
men  results.  It  is  therefore  necessary 
to  have  computer  programs  available  so 
that  any  particular  cases  of  interest  can 
be  calculated. 

For  incompressible  flow,  tables  of 
specimen  results  have  been  made  by 
Whitehead  (1960).  Figure  7  illustrates 
the  force  coefficient  due  to  bending  for 
a  space  to  chord  ratio  of  unity  and  a 
stagger  angle  of  60*.  In  this  and  the 
following  figures  the  ax*."  are  the  real 
and  imaginary  parts  of  the  force 
coefficient,  and  lines  of  constant 
frequency  parameter  and  phase  angle  are 
shown.  In  general  the  lines  of  constant 
frequency  parameter  form  closed  loops  as 
the  phase  angle  is  varied.  However,  the 
line  of  zero  frequency  parameter  is  not 
closed  for  finite  phase  angles.  In  order 
to  close  the  loop  actuator  disc  theory, 
with  various  values  of  e/x  in  the  limit 
o*0  and  X*0  ,  must  be  used,  and  the 
result  for  this  is  shown  on  Figure  7. 
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Similar  results  for  the  same  cascade 
in  subsonic  compressible  flow  are  shown 
in  Figure  8  (for  a  Mach  .number  of  0.5) 
and  on  Figure  9  ( £or  a  Mach  number  of 
0.8).  The  presentation  of  results  for 
compressible  flow  is  made  difficult  by 
the  very  wild  behaviour  of  the 
coefficients  which  occurs  near  the 
acoustic  resonances.  For  this  reason 
the  real  and  imaginary  parts  of  the  force 
coefficient  are  plotted  separately 
against  phase  angle  on  figures  9a  and  9b. 
One  resonance  on  these  figures  at  X  “  0.5 
and  o  “  102.45°  is  shown  in  detail.  Tho 
other  resonances  are  merely  indicated  as 
discontinuities  in  tho  curves.  Only  tho 
parts  of  the  loops  of  constant  frequency 
parameter  which  are  in  the  well-behaved 
sub-resonant  region  aro  shown  on  tho 
figures.  Figure  8  also  shows  tho  actua¬ 
tor  disc  casci  there  is  also  a  range  of 
values  of  a!  X  for  which  Cpf,  is  puroly 
real,  so  that  the  lino  lies  along  tho 
real  axis.  Figure  9  at  the  higher  Mach 
number  of  0.8  illustrates  the  wild  fluct¬ 
uations  which  occur  near  the  resonance 
point  at  the  frequency  parameter  of  0.5, 
but  at  tho  higher  frequency  parameters 
the  results  steady  down  and  become 
much  less  dependent  on  frequency  para¬ 
meter  and  phase  angle. 


Specimen  rosults  for  two  supersonic 
cascades  are  shown  in  Figures  10  and  11. 
These  cascades  are  examples  used  by 
Verdon  and  McCune  (1975)  which  have  been 
rather  widely  used  as  test  cases.  Cas¬ 
cade  A  (Figure  10)  has  the  wave  pattern 
illustrated  in  figure  3b,  whereas  Cascade 
B  (Figure  11)  has  tho  additional  internal 
wave  reflections  illustrated  in  Figure 
3c.  On  these  figures  the  wild  behaviour 
near  the  acoustic  resonance  has  been 
largely  suppressed,  but  on  Figure  10  the 
complete  loop  for  a  frequency  parameter 
of  0.602  is  shown  and  illustrates  typical 
behaviour. 

Pure  bending  flutter  of  a  system  with 
no  mechanical  damping  is  predicted  if  the 
real  part  of  the  force  coefficient  due  to 
bonding  is  positive.  Figures  7  to  11  show 
that  the  real  part  of  this  coefficient  is 
alway  negative,  so  that  pure  bending 
vibration  is  dampod.  This  behaviour  hao 
always  been  found  for  flat  plate  cascades 
at  eero  incidence.  However,  actuator- 
disc  and  semi-actuator-disc  enalyssa 
allowing  for  steady  deflection  of  the 
steady  flow  through  the  cascade  do  show 
the  possibility  of  pure  bonding  flutter. 


0 


lure  torsional  flutter  depends  on  a 
further  parameter,  which  is  the  position 
along  the  chord  of  the  torsional  axis. 
Torsional  flutter  is  predicted  by  these 
theories  if  the  frequency  parameter  is 
sufficiently  low.  The  effect  of  compres¬ 
sibility  of  the  fluids  is  generally  found 
to  be  stabilizing  as  the  Mach  number 
increases  in  the  subsonic  range.  But 
there  is  also  a  theoretical  possibility 
of  "resonance  flutter",  over  a  very 
narrow  range  of  interblade  phase  angle 
close  to  the  acoustic  resonance  condition 
at  comparatively  high  frequency  para¬ 
meters  (Whitehead  1973).  Whether  this  is 
a  real  danger  on  practical  machines  is 
not  known. 

CONCLUSIONS 

This  chapter  has  presented  what  are 
regarded  as  the  most  important  two- 
dimensional  solutions  which  can  be  ob¬ 


tained  by  the  superposition  of  elementary 
analytical  solutions.  This  has  enabled 
cascades  of  flat  plates  to  be  treated  up 
to  Mach  numbers  at  which  the  axial 
velocity  becomes  sonic.  Also,  singular¬ 
ity  theory,  valid  for  incompressible  flow 
through  cascades  of  thick  cambered 
blades,  has  been  discussed  in  the  section 
"Singularity  Theory"  and  actuator  disc 
theory,  valid  at  low  frequencies  and  for 
small  phase  angles,  in  the  section 
"Actuator  Disc  Theory."  These  methods 
enable  useful  predictions  to  be  made  for 
the  vibration  characteristics  of  real 
blades.  But  for  turbine  blade  sections 
with  a  lot  of  turning  and  with  high  Mach 
numbers  or  for  compressor  blades  having 
strong  shock  waves  in  the  flow,  these 
methods  are  hardly  adequate,  and  it  is 
necessary  to  go  to  field  methods.  These 
will  be  discussed  in  the  Chapter, 
"Numerical  Methods  for  Unsteady  Transonic 
Flow," 


Fig.  8.  Force  Coefficient  due  to  Bending.  Cpfl 
a/c-1.0,  0-60*,  M-0.5. 
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INTRODUCTION 

Unsteady  aerodynamic  and  aeroelastic 
phenomena  in  axial  turbomachines  are  more 
or  less  three-dimensional.  Fortunately, 
however,  many  of  the  essential  features 
of  the  phenomena  can  be  accounted  for  on 
the  basis  of  two-dimensional  cascade 

models,  and  many  useful  papers  on  two- 
dimensional  cascade  theories  and  experi¬ 
ments  are  available.  Then  what  we  should 
do  when  we  apply  them  to  axial  flow  tur¬ 
bomachines  is  to  correct  for  three- 
dimensional  effects.  There  are,  however, 
some  types  of  three-dimensional  effects 

which  give  rise  to  very  large  deviations 
from  predictions  by  two-dimensional  cas¬ 
cade  models,  and  hence  the  three- 
dimensional  correction  concept  cannot  be 
justified. 

The  three-dimensional  effects  on  un¬ 
steady  blade  loadings  in  turbomachines 
result  from  the  following  causes i 

A)  Annular  geometry  of  cascades. 

B)  Spanwise  nonuniform  amplitude  of 
blade  vibration. 

C)  Spanwise  nonuniformity  in  the 
unsteady  component  of  the  incident 
flow  velocity  (spanwise  nonuniform 
gust ) . 

0)  Spanwise  nonuniformity  in  the 

steady  component  of  the  incident 
flow  velocity. 

E)  Spanwise  variation  of  the  blade 
geometry,  e.g.,  swept  blades. 

F)  Spanwise  nonuniformity  in  the 
steady  component  of  blade  loadings. 

0)  Presence  of  sound  absorbing  walls. 

It  is  a  formidable  task  to  theoret¬ 
ically  deal  with  all  of  these  threo- 
dlmenuional  effects  in  a  general  form. 
As  the  first  stage  in  the  process  of  re¬ 
search  we  have  to  develop  particular 
theoretical  methods  based  on  simplified 
models  which  can  exclusively  deal  with 
some  types  of  the  three-dimensional 
effects.  As  tho  second  stage  we  should 
proceed  to  more  realistic  models  taking 
into  account  various  effects  such  as 
shock  waves,  boundary  layers  and  blade 
profiles.  Our  goal  is  to  establish  prac¬ 
tical  rules  of  correction  for  the  three- 
dimensional  effects  or  practical  methods 
of  predicting  the  three-dimensional 
effects  which  are  far  beyond  the  concept 
of  correction.  Kt  present  wo  are  still 
at  the  first  stage,  and  some  types  of 
three-dimensional  effects  remain  to  be 
studied . 

The  objective  of  the  present  article 
is  to  outline  tho  available  theoretical 
methods  which  can  predict  various  three- 
dimensional  effects  upon  unsteady  blade 
loadings.  It  Is  also  attempted  to  do- 
scribe  typical  features  of  the  three- 
dlmenolonnl  effects  revealed  by  those 
theoretical  methods.  _ 

The  effect  of  the  annular  geometry 
has  been  studied  by  Mamba  (1976,  1977), 
Mamba  and  Ishlkawa  (1903)  and  SalaUn 
(1979,  1976).  Their  theories  are  esaan* 


tially  extensions  of  the  linearized  small 
disturbance  compressible  flow  theories  for 
a  rotating  annular  cascade  of  lifting 
surfaces  with  steady  loadings,  which 
originated  from  the  work  of  McCune  (1958, 
1958)  and  have  been  developed  by  Namba 
(1972)  and  Okurounmu  and  McCune  (1974). 

The  theories  given  by  Salaun  (1979, 

1976)  and  Namba  (1976,  1977)  or  Namba  and 
Ishikawa  (1983)  deal  with  exactly  the  same 
model.  However,  there  exists  an  important 
difference  between  both  theories  in  mathe¬ 
matical  treatment  of  the  kernel  function 
in  the  integral  equation  for  unsteady 
blade  loadings.  Salaun  (1976,  1979)  com¬ 
putes  the  kernel  function  in  its  exact 
form.  On  the  other  hand,  Namba  (1976, 

1977)  and  Namba  and  Ishikawa  (1983)  com¬ 
pute  the  kernel  function  by  applying  the 
method  of  finite  radial  mode  expansion 
which  has  been  developed  by  Namba  (1972). 
This  method  enables  us  to  extract  singular 
terms  quite  easily.  Owing  to  this  ad¬ 
vantage  it  proves  to  be  a  powerful  tool 
for  dealing  with  a  rotating  transonic 
annular  cascade  in  which  flows  relative 
to  moving  blades  are  subsonic  at  radii 
near  the  hub  and  supersonic  at  radii 
near  the  tip. 

The  unsteady  three-dimensional  flow  in 
a  rotating  transonic  annular  cascade  is 
not  only  of  practical  importance  but  also 
of  great  aerodynamic  interest.  Namba  and 
Ishikawa  (1983)  have  shown  that  the  dis- 
turban'.e  flow  features  near  tho  sonic  span 
are  far  from  quasi-two-dimensional. 
Another  important  finding  by  Namba  .is  that 
the  three-dimensional  effect  on  unsteady 
loadings  is  quite  small  if  the  predominant 
acoustic  modes  generated  by  blades  are  of 
cut-on  state. 

In  the  following  chapters  Salaun' e  and 
Namba' e  and  hie  colleague's  theories  are 
described  in  some  detail. 

It  should  be  noted  that  Namba 'e  and 
Salaun 'e  annular  cascade  modol  also  in¬ 
cludes  the  effect  of  type  B),  and  further 
the  effect  of  type  D)  in  a  special  form 
since  the  resultant  velocity  of  the 
approach  flow  relative  to  rotating  blades 
is  naturally  non-uniform  along  the  span. 

As  far  as  a  linearized  small  distur¬ 
bance  theory  is  concerned,  it  is  merely  a 
matter  of  substitution  to  transform  the 
the  formulation  for  the  vibration  problem 
into  that  fr-r  the  gust  problem.  In  fact, 
Namba  (1977)  and  Namba  and  Abe  (1984)  deal 
with  interaction  of  an  annular  cascade 
with  nonuniform  guete,  i.e.,  the  effect  of 
type  C) . 

The  simplest  model  to  exclusively  deal 
with  the  effect  B)  or  C)  will  be  a 
linear  cascade  between  parallel  walla. 
As  to  this  model  papers  by  Nishiyama  and 
Kobayashl  (1977)  for  subsonic  flows  and 
Klkuchi  (1980,  1981)  for  supersonic 
flows  are  available.  Description  of  this 
modsl,  however,  is  omitted,  since  it  can 
be  regarded  as  a  special  case  of  the 
model  described  in  "EFFECT  OF  WALL 
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LININGS" . 

1  ii  cider  to  study  the  effect.  D)  ex¬ 
cluding  ell  other  types  of  the  t.hree- 
Jimonsional  effects,  we  have  to  deal  with 
a  linear  cascade  in  shear  flows.  In  this 
case  the  time  mean  flow  is  rotational. 
Then  solving  the  governing  wave  equation 
becomes  very  difficult.  Kurosaka  (1978) 
conducted  a  preliminary  study  on  a  vi¬ 
brating  single  airfoil  in  supersonic 
shear  flow.  Kaji  et.  al.,  (1981)  studied 
the  cascade  flutter  in  incompressible 
shear  flow  on  the  basis  of  the  semi¬ 
actuator  disk  model.  Recently,  Yamasaki 
and  Namba  (19o2)  developed  a  lifting 
surface  theory  for  a  cascade  of  oscil¬ 
lating  blades  in  incompressible  shear 
flow.  This  work  is  outlined  in  the 
section  "UNSTEADY  CASCADE  IN  SPANWISE 
NONUNIFORM  MEAN  FLOW" . 

Current  turbofan  engines  are  equipped 
with  sound  absorbing  liners  on  engine 
duct  walls  in  order  to  attenuate  sounds. 
The  principal  part  of  disturbances  gener¬ 
ated  by  blade  vibration  propagates  as 
sound  waves  and  interacts  with  the  sound 
absorbing  liners.  It.  is  then  needed  to 
know  how  this  interaction  with  the  liners 
will  influence  unsteady  blade  loadings. 
Especially,  our  interest  is  whether  the 
wall  liner  can  be  an  efficient  suppressor 
of  the  cascade  flutter  or  not. 

A  preliminary  research  on  this  prob¬ 
lem  also  has  been  given  by  Kurosaka  and 
Edo  1  felt  (1970).  A  more  extensive  study 
has  recently  been  conducted  by  Yamasaki 
and  Namba  (1982).  They  developed  a  lift¬ 
ing  surface  theory  for  a  cascade  of  os¬ 
cillating  blades  in  a  parallel  walled 
channel  treated  with  sound  absorbing  lin¬ 
ings.  The  section  "EFFECT  OF  WALL 
LININGS"  deals  with  the  effect  of  type  D) 
by  describing  Yamasaki  and  Namba 1 s  theory 
with  some  now  findings. 


to  be  a  uniform  axial  flow  with  velocity 
W^*  and  density  pQ*  .  Hereafter  we  use 
dimensionless  quantities  with  the  refer¬ 
ence  length  rT*  ,  velocity  Wa*  ,  density 
p0*  ,  pressure  p0*Wa*2  and  time  r^*/Wa*  . 
Let  us  assume  that,  the  angle  of  attack, 
camber  and  thickness  of  blades  and  am¬ 
plitudes  of  blade  motions  or  incident 
disturbance  flow  velocities  are  small  so 
that  disturbances  induced  by  blades  are 
small  and  isent.ropic.  Let  (r,  9,  z)  be 
a  cylindrical  coordinate  system  fixed  to 
the  rotor  and  t  be  a  time  coordinate. 
Then  the  position  of  blade  surfaces  can 
be  represented  by 

9  -  ozz  -  27TW/N  =  } 

bL(r>£  2  £  bTcn,  fi<rz  1 ; 
m- o, 

Hence  e 1  =  e  -  u  z  =  constant  gives 
an  undisturbed  helical  streamsurface, 
fm(r,z,t.)  denotes  a  circumferential  dis¬ 
tance  of  the  m-t.h  blade  surface  from  the 
helical  surface  9'  =  2nm/N  ,  and  b^r) 
and  bT(r)  denote  axial  positions  of 
leading  and  trailing  edges  of  blades  re¬ 
spectively.  Furthermore,  u  =  w*rij.*/Wa* 
denotes  the  dimensionless  rotational  speed 
of  the  rotor,  i.e.,  the  ratio  of  the  cir¬ 
cumferential  rotor  tip  speed  t.o  the  axial 
flow  velocity. 


Now  the  presence  of  blades  can  be 
described  by  body  forces  acting  on  the 
fluid  as  counter  action  of  aerodynamic 
forces  on  blades  and  mass  sources  repre¬ 
senting  the  displacement  effect  of  the 
blade  thickness.  Then  the  linearized 
equations  of  continuity  and  motion  are 
given  by 


V? 

Vt 


+  v-f 


Recently,  swept -back  blades  have  be¬ 
come  attractive  in  the  development,  of  ad¬ 
vanced  turbopropellers.  Application  of 
swept -back  blades  to  turbofans,  however, 
remains  unexplored.  The  effect,  of  the 
blade  design  E)  will  deserve  to  be  inves¬ 
tigated,  especially  from  the  standpoint 
of  suppressing  noise  generation. 

It  is  now  widely  accepted  that  the 
steady  component  of  blade  loadings  has  an 
important  effect  on  the  cascade  flutter. 
Then  the  nonuniformity  in  steady  blade 
loadings,  i.e.,  the  effect  of  type  F), 
will  give  rise  to  modification  of  un¬ 
steady  blade  loadings.  Some  recent  works 
on  the  effects  of  types  E)  and  F)  are  re¬ 
ported  by  Namba  and  Fan  (1985)  and  Namba, 
Yamasaki,  and  Kurihara  (1984). 

SUBSONIC,  SUPERSONIC  AND  TRANSONIC  UN¬ 
STEADY  ANNULAR  CASCADE  THEORY  BASED  ON 
THE  FINITE  RADIAL  MODE  EXPANSION  METHOD 

MODEL  AND  MATHEMATICAL  FORMULATION 

We  consider  a  single  annular  cascade 
composed  of  N  bladus  rotating  at  a  con¬ 
stant  angular  spaed  w*  in  an  lnviscld 
perfect  gas  flowing  in  a  rigid  walled 
annular  duct  of  infinite  axial  extent 
with  the  outer  radius  r(f*  and  the  huL- 
to-tip  ratio  h  os  shown  in  Fig.l.  The 
undisturbed  state  of  the  fluid  is  assumed 


N-l  r 

Z 

0  J. 


I  i  (Mfc)  />*/  .  v 

s(r-r0ur0  \  r*0i,*o,t)  (2) 

*>»  J*'  JUr0) 

X  S(9-  Ct)2o-Z’m/N)5(z-  dZot 

(3) 


2l  =  -vp 
vt 

Ni<  ri  .  - .  _ tMtf 

-  e„ 


.  v  C’  .Lscr-r0>eir«\ T' c  4f0/n(ro,Zo,t) 

x  $(0 -WZ0  -znm./N')  dz0. 
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Mere  JP  and  %  denote 
fluid  density  and  the 
velocity  respectively, 
the  unit  vector  normal 
surface  O'  =  constant  , 


the  disturbance 
disturbance  fluid 
and  denotes 

to  the  helical 
i.e. , 


(4) 


Further 


*  s  er§r+e<>-rie  +  If  >  <5) 

v_  _  0_ 

Vi  at 


r  de 

d _  .  t .  £ 

dz  +  w  ae  * 


(6) 


where  ,p  , 


e* 


and  Qt  denote  unit 


vectors  in  r  ,  9  and  z  directions 

respectively.  In  Eqs.  (2)  and  (3) 


T*lr0,  Z0.t)  and 


ro  ' 


denote  respectively  the  mass  source  den¬ 
sity  and  the  pressure  difference  across 
the  m-th  blade  surface.  The  relation  of 
isentropic  flow  is  given  by 

.. =  o  (7) 

Dt  ™  ’ 


pt 


where  Ma  i3  the  ax  l-:.-’.  fiow  Mach  number. 
Eliminating  X  and  .3  from  Eqs.  (2), 
(3)  and  (7),  ■’we  obtain^the  equation  for 
n  as  follows  — 


=  E  f  ■fSX-r.ur,[k’(r-)f„ (W) 

x  S(Z-^)Sf,0~c3Z-2mn/N)/\i-(xrlr/dZo  (8) 

“Vf 7tfF>(~ar£'  +  F^So  S(r~rc)dr° 

ns 

•hjr,) 

x  Sid-oZ-wnlH)  Jl  +  rttf  dz6 . 


The 

is 


boundary  condition  at  the  duct  walls 


ap/ar=  0 


at  f  <* 


1  and  A. 


(9) 


Mow  lot  us  assume  the  unsteady  state 
of  the  flow  to  bo  of  harmonic  time  depen¬ 
dence  with  a  constant  lnt:*rblade  phase 
angle.  Then  we  can  put 


Tmlto.Zo, t)  21  Tfrfl,y0)elAt  * l<ynl  ,  fK'' 
4w  rt,  zt,  t >  bfoiro,  z6) e 1 M 1  + 191,1 ,  (in 


denotes  the  reduced  frequency, 
2*o/n  is  the  interblade  phase 


where  /\  X 
and  O'  ■ 

angle.  We  should  note  <j  is  an  integer 
between  -N/2  and  N/2  .  Substituting 

Eqs.  (10)  and  (11)  into  (8),  we  can 
easily  find  that  the  disturbance  pressure 
can  be  expressed  in  the  form 


per, 6,1,  t)  =  rr(r,6,Z)e 
+  Pu(n8,l)G 


iU 


iM 


(12) 


where 


Wr,M)=  U3) 

\  Mo  nr0/z0)  Kf>T(r>  *>  I »«)  dz0 


f>L(r,e,z)  =  U4) 

I*  dr„  ^ ATs^r»>W  KFi(r,6',  z-Zo| /;)<*£<>  . 

Here  kernel  functions  ) 

and  /<#,(?' fa-Zol^ )  are  given  by 


KFT(r,e'/i-*0|r,) 

=-[(!*  + £)(r(r,(>-6o,  z-?o|r0)v/(+w2n2] 


(15) 


9,=eol0 


-  + rSr)  W  '-e"  ,'4lr»)/i+*W] 

(16) 


6„»wz, » 


where  H“Zollo)C  denotea 

the  pressure  field  induced  by  a  row  of 
monopoles  located  at  (rD>  zQ,  eQ  + 

2*m/N)  with  the  strength 

0,1,...  ,N-1) . 

It  is  the  solution  to  the  following 
equations i 

■jv1  -  (i^  +  af")1}  Z“Zo  |  r0) 

,  N-l  (17) 

-  jr  S (r-r0)  I  e1**'  5(®-e,-i7Pn./A/)> 

7it*0  ' 

dG/df  “0  it  f  >  1  and  A.  O®) 

As  shown  by  Namba  (1972)  the  solution  is 
expressed  as  follows! 

l.i  For  subsonic  axial  flows,  i.s., 

I |r.) . -  JL  g^iftoRfty 

(19) 
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ii)  For  supersonic  axial  flows,  i.e,, 
Ma>  1  , 


Q(r,e,ilr0) 

N  w 


(20) 


y.-»  1=0  I 

x  Sin  (  |Qf|?)erp[t:n5  +  t(2£w+A)zM|/&1] 


where 
n  vN  +  o 


2  2 

b:  «  1  - 

a  a 


(21) 

(22) 


and  !l(z)  denotes  the  Heaviside  step  func¬ 
tion.  ,  Furthermore,  the  axial  wave  factor 

Cl?1 

:  A? 0, 

:  A<o 


a?- 


is  defined  by 

JK 

i  Fa  •  a<o  (23) 

and  2  -  >  0, 

isjjnCiuo+A)/^  :  A<0 

and  fcf>2-o)V/%y^<0, 

A= 

Further  R((n)(r)  and  k,(n)({  *  0.1  ...) 
are  orthogonal  radial  eigenfunctions  and 
eigenvalues  respectively  of  the  following 
Sturm-Liouvi lie  boundary  value  problem: 


J_  iL  f  r  dKi”]  / 
r  dr  1  dr  J  V 

«-flL 

■iV'tYdr-^  o  ox  r 

A. 

(24) 

=  1, 

The  eigenfunctions 

tiro 

normalized  as 

fol lows  1 

rKjV)  R™(r)dr  = 

(25) 

where  Slm  denotes 

the 

Kronecker 

delta . 

The  eigenfunctions 

(n)(r) 

arc 

by  McCune  (1958)  and  they  are  constructed 
by  combining  the  Bessel  functions  of  the 
first  and  second  kinds  of  order  n 
Note  that  for  n  «  t  «  0 


radial  changes  in-  Rjfnffr)  are  con^Jnecl 
to  an  increasingly  narrow  region  near  the 
inner  wall.  On  the  other  hand,  as  n 
increases  with  *  fixed,  radial  variation 
in  Rt(n)(r)  becomes  larger  near  the  outer 
wall . 


As  Eqs.  (19)  and  (20)  show,  the  pressure 
field  induced  by  a  row  of  monopoles  is 
composed  of  an  infinite  number  of  acous¬ 
tic  modes,  which  are  specified  by  the 
circumferential  wave  number  n  and  the 
radial  order,  i.e.,  radial  node  t  .  The 
circumferential  wave  form  given  by  ein6  is 
sinusoidal  and  independent  of  the  radial 
order,  while  the  radial  wave  form  de¬ 
scribed  by  R^(h)(r)  is  heavily  dependent 
upon  the  circumferential  wave  number  n  as 
pointed  out  above. 

FINITE  RADIAL  MODE  EXPANSION 

The  pressure  fields  induced  by  rows 
of  discrete  monopoles  and  dipoles  given 
by  Eqs.  (15,  16,  19,  20)  are  singular  at 
monopoles  and  dipole  positions,  and  hence 
acoustic  modes  of  large  n  and  l  play  an 
important  role,  especially  near  the  sing¬ 
ular  points.  We  should  note,  however, 
that  the  radial  variations  of  the  pres¬ 
sure  fields  induced  by  sheets  of  dipoles 
and  monopoles  representing  the  cascade  of 
blades  are  no  longer  singular,  and  hence 
the  contribution  of  acoustic  modes  of 
large  radial  orders  is  expected  to  be 
small.  This  suggests  that  the  pressure 
fields  given  by  Eqs.  (13)  and  (14)  can  be 
approximated  by  a  sum  of  acoustic  modes 
with  finite  radial  orders  from  t  =  0  up 
to  l  «  L-l,  say. 

We  should  note,  however,  that  simply 
to  truncate  the  series  while  keeping  the 
exact  values  for  Rt(n)(r)  and  kt(n) 
fails  to  reproduce  proper  behaviors  of 
the  field.  Therefore,  truncation  of  the 
i  series  must  be  accompanied  by  modifi- 
fication  in  R,(b)(r)  and  kt(n)  bo  that 
the  contribution  of  large  circumferen¬ 
tial  wave  numbers  is  properly  realized 
over  the  whole  radial  position.  This  is 
accomplished  by  the  following  method. 

Let  Rt(n)(r)  be  approximated  by  a 
finite  series  expansion  in  the  form 

xJV>  -  z'sgRSfn  (28) 

m*o 


ftf  -  o,  /2/Tf-T). 

Therefore  each  set  of  orthogonal  functions 
Kjlnllr)  (t  •  0,  1,  ...)  Is  complete. 

Among  various  properties  of  Rt(n)(r) 
and  k,(n),  mention  should  be  mado  of 

Kr-V*  r  <26) 

t- o 


lir  -  1  if  |  IS  rixed.  (27) 

n-n r> 


where  Rm(o)(r)  (m  »  0,  1,  ...)  are 

exact  solutions  for  n  ■  0  .  Substi¬ 

tuting  Eq.  (28)  into  Eq.  (24),  multiply¬ 
ing  the  resulting  equation  by  rR)j(o)(r) 
and  integrating  with  respect  to  r  from 
r  »  h  to  1,  we  obtain 

z  c  ( i  *r  -  <  evnf  -  vi  - 

w«0 

k  -  0,1,... , L-l,  (29) 

where 

R»k  ~Rj0V)C(r)dr,  <30> 

*r  (m 


Kq.  (29)  implies  that  ^(11)2  and 
Djm(n)  ( t,m  =  0,  1,  . ..,  L-l )  are  respec¬ 
tively  eigenvalues  and  eigenvectors  of  the 
symmetric  real  matrix 


=  0,1 . L-l). 


Furthermore  Eq.  (28)  implies  that 

—  rM'i  f  1 


L  r  ar , 


Then  it  holds  that 


««  -  iBffKjtr;, 


and  hence 


y  rW  p(»)  ~ 

,4-0  = 


y  j2(7l)  t>w  _  o 
f,=0 


A  remarkable  advantage  of  the  finite 
radial  mode  expansion  is  that  we  can  ob¬ 
tain  limit  eigenfunctions  R^(«)(r)  and 
limit  eigenvalues  x)l(«)  by  applying  n+« 
to  Eq.  (29).  Furthermore,  asymptotic 
behaviors  for  n+«  are 


Kf\r)  -  Kf(r)  +  0(r2), 


K(tn>=  t  0(K7). 


This  fact  enables  us  to  extract  the  sing¬ 
ular  parts  of  the  kernel  functions  very 
easily.  Figs.  2  and  3  show  and 
R((*)(r)  computed  by  the  present  method. 


z.  =  1 1 


01  23456789  10 


FIG.  2.  LIMIT  EIGENVALUES  <t(-)  FOR  h-0.4 
AND  VARIOUS  L  (number  of  retained 
radial  orders) 


Me  should  note  that  k^*)  are  no 
longer  equal  to  unity  contrary  to  (27). 
Furthermore,  l/<t(«)  (t  -  0,1,...,L-1) 
constitute  a  finite  sequence  of  numbers 
which  are  equally  spaced  between  1  and  h» 
We  should  note  further  that  each  of 
R«(«)(r)  shows  a  highest  extremum  at 
ril/».(«). 


R‘r<r) 


R'r’tr) 


10  0.7  0.4  1.0  0.7 


FIG.  3.  LIMIT  EIGENFUNCTIONS  R,(-)(r) 
FOR  h-0.4  and  L-7 


The  behavior  of  Rt(«)(r)  shown  above 
suggests  to  use  a  set  of  Rt(*)(r)  (t  - 
0,1,  ...,  L-l)  as  the  basis  function 

system.  In  this  respect  the  following 
relations  are  useful. 


r»’(o  =  ±  asjf 

4»o 

■L  Kp(r)  =  I  CBj?  R'ftr), 

A-0 


where 


&&-X  c«, 


cbia  "  j  jrtfftrtFftridr 

p 


y  r(n)  #'"> 

El* , 


4-0 


Furthermore,  it  holds  that 


=  ilk, 

(42) 

ft 

I! 

>3 

h. 

(43) 

cb/T-kT  sa, 

(44) 

sffi  =  Sou, 

(45) 

L-l  ,  , 

(46) 

ACOUSTIC  FIELD  EXPRESSED  BY  THE  FINITE 
RADIAL  MODE  SYSTEM 


The  concept  of  the  finite  radial  mode 
system  given  in  the  previous  section  lies 
in  condensing  all  acoustic  modes  into  a 
finite  number  of  families  with  radial 
orders  from  i  «  0  to  t  *  L-l  rather  than 
in  simply  omitting  inodes  of  radial  orders 
higher  than  L  •  This  ‘rearrangement*  of 
acoustic  modes  allows  us  to  classify  the 
acoustic  mode  families  into  supersonic  and 
subsonic  types  as  follows. 

Let  be  defined  by 

ft?  =  ft?/  mi.  <47> 


FIG.  4.  CUT-OFF  BOUNDARIES  OF  ACOUSTIC 
MODES  IN  A  SUBSONIC  FLOW 
Ma«0.25,  h“0 . 4 ,  u=2 .4744,  L=7 
Hatched  regions  denote  cut-on 
state. 

When  the  relative  Mach  number  at  the 
hub  is  larger  tha:  unity,  i.e., 

Mftfl  >  1  all  mode  families  satisfy 

1  >  since  ra2<h2.  Then  as 

shown  in  Fig.  5  a  mode  (n,t)  is  cut-on  if 
n>n+(i,X)  or  n<n_(Jt,X).  Therefore,  in 
this  case  there  exists  an  infinite  number 
of  cut-on  modes  for  a  given  frequency  X  . 


Then 


firz  -  c  Ki",j  - 1 ■/$)/&  <«« 

where 

n  =  {ti/CMxuYV'L  (49) 

is  the  sonic  radius  at  which  the  resultant 
Mach  number  M  -  Hj[  1+u  r*T  is  unity.  Then 
we  can  state  that  a  mode  family  of  the 
radial  order  t  is  of  subsonic  type 

if  0  .  i.e.,  1/ ><£”*<  fj*  ,  while 

a  mode  family  is  of  supersonic  type  if 

^>0  i/xf2>nl- 

The  rationality  of  this  statement  is 
supported  by  the  following  demonstration. 

When  the  relative  Mach  number  is. less 
than  unity  at  the  tip,  i.e.,  MJH l+«  )<1, 
the  cut-off  boundaries  8l'n7  *  0  of  each 
mode  family  become  as  shown  in  Fig.  4. 
In  this  case  all  mode  families  satisfy 
l/Kjf'XJjf  ,  since  r«  »  1  .  We  can 

see  that  tnere  exist  only  a  finite  number 
of  cut-on  modes  for  a  given  frequency  X  . 
Denoting  the  roots  of  qt»n)  •  0  by  n  ■ 
n.(t,»)  and  n4(t,x)  ,  we  can  state  that  a 
mod#  (n,t)  is  of  cut-on  state  if 
n.( t, *)*n«n4( t, x)  .  The  critical  circum¬ 
ferential  wave  numbers  nt(f,X)  decrease 
as  i  decreases  end/or  l  increases. 


FIG.  5.  CUT-OFF  BOUNDARIES  OF  ACOUSTIC 
MODES  IN  A  SUPERSONIC  FLOW 
Mg-O.S.  Other  conditions  as  in 
FIG.  4. 


When  the  relative  Mach  number  is 
larger  than  unity  at  the  tip  and  leaa 
than  ,  unity  at  the  ..bub,  i.e., 
Ma(H-e2h2)T7t  «  1  <  M«(l+w2)1'  ,  mode 

families  of  subsonic  and  supersonic 
types  coexist.  In  fact,  as  shown  in 
Fig.  6,  cut-off  boundary  .curves  for 
families  of  1/*.'"'  <  rB  are  of 

subsonic  type,  .While  those  for  families 
of  l/x*(*>  >  rs  are  of  supersonic  type. 


4-7 


where 

pb£  =  ^  {Mg  f  } 

The  expression  of  KpL  given  in  Eq.  (52) 
is  convenient  for  modal  analysis  of  the 
acoustic  pressure  field.  In  fact,  sub¬ 
stitution  of  Ec.  (52)  into  Eq.  (14)  leads 
to 


PL(.r,&,z) 


(53) 


=  I  ^  7? J°(r)  exp  { i/jgjZ  +  tTte}  X), 
y=-«  f,=  o 


FIG.  6.  CUT-OFF  BOUNDARIES  OF  ACOUSTIC 
MODES  IN  A  TRANSONIC  FLOW: 

Ma=0 . 48 

Other  conditions  as  in  FIG.  4. 


We  can  define  a  critical  radial  order  i„ 

such  that  1/Xj^2<  P*  <  l/K^*  .  Thus  mode 

families  of  i  =  0,1,  ....  t«-l  are  of 
supersonic  type,  while  those  of  i  =  i«, 
....  L-l  are  of  subsonic  type.  It  is 
noteworthy  that  a  basis  function  Rt(“)(r) 
of  the  subsonic  family  possesses  a  highest 
peak  at  a  subsonic  radius  r=*l/ic,(«)  <  rs  , 
while  that  of  the  supersonic  family 
possesses  a  highest  peak  at  a  supersonic 
radius  r=l/ <t( « 1 >r3 . 

DISTURBANCE  PRESSURE  INDUCED  BY  UNSTEADY 
LIFTING  SURFACES 

Hereafter  we  limit  ourselves  to  the 
case  of  blades  with  zero  thickness  in 
subsonic  axial  flows  (Ma  <  1)  .  Substi¬ 
tuting  Eq.  (19)  into  Eq.  (16),  we  obtain 


KPi(r,e',  z-z0|ro) 

t  £lfrr)rPlr.) 

4-npi  y  «-*>  l=o 

\ 


(50) 


X  ( - 1  to  r9  ifp  - 1  n/r«) 
x  exp  { i(7in>+  nw)(z-z0)  +  Ln9'}> 


where 


for  axial  stations  downstream  or  upstream 
of  the  cascade  .  Here  FP(+j(n,t)  and 
FP(_\(n,t)  denote  pressure  amplitudes  of 
(n,t)  acoustic  mode  at  downstream  and 
upstream  stations  respectively,  and  they 
are  given  by 

,Wr.)  .  (54> 

X  J k(rt)  Ar«(r>A)  *&+*">*•}  Mo  • 

The  subscript  (  +  )  or  (-)  of 
(n) 

an  Yt(±)  implies  the  valuos  for 
sgn(z-z0)  «  +i  or  -1  respectively. 

In  the  case  of  transonic  or  super¬ 
sonic  flows  the  infinite  series  with  res¬ 
pect  to  v  in  Eq.  (53)  is  divergent,  since 
n  j ( n )  for  t  <  t«  becomes  imaginary  for 
large  v  .  Furthermore,  even  in  the  case 
of  subsonic  flow,  the  v-series  is  of  non- 
uniform  convergence,  since  the  kernel 
function  is  singular  at  dipole  locations. 
To  extract  the  singular  parts  we  can  re¬ 
write  Eq.  (52)  into 


K^Cr.^z-Mr,) 

=  -  e^V/V>)«- M  r<  l$V.) 


(55) 


;>o 


■A*o 


y~  ^  >U-'£ol  ggtjppgU j0 


V»-«J 

Noting  that 


1=0 


tF  =  +  -  s}nu-z,)rt?/i  <5i> 


Applying  the  finite  radial  mode  expan¬ 
sion  to  Eq.  (50),  we  obtain 

Kp,/ r, v,  *-/, ir9).-  £-  Z  Z  K\\r)  ein*' 

(52 ) 

x  cxpj  Uff*  n»)Gr-/0))  RjV.)  PB/V, 

#*6 


«  IMI^-  j|«A^3.5^(n)  +  Ocn"), 

BB}?  =  5^  +  Of*-1),  (56) 

PB&’  --{l9jn(rt>ftj"$  tcoS$A(Z-£0)}$|A  +  0(^), 

for  large  f;t|  ,  we  can  write 


(57) 


-  t^Wrcn 

x  ["  fal  ^  + « s§n(7-^,)}  e  *4*  ,z‘^°l 
*  ~  <: 

-  [-iftffp  +  w  sjn(z-z0)}  e~vtA,z"z°' 

K$O’.0',*-*o|/;)  ('■ 

=  ~J1  f  su(e' -2tt n/M) 

l=o  m=-io 

x  exp  { £  ( ynS- -fyX  | 2.K/W./W  1  )} 

X  S(  ?-*„+[ e'-2«m/N]/^)7 


K$i(r,&',z-20\ro') 


=  +±e*m8U-Wn  Z  KT\rt)rf( r)  +  0(0 

l=U 

as  e‘+2nm/N±0 


On  the  other  hand  K 


possesses 


the  delta  funtlon  singularity  along 
characteristic  lines 

z-20  +  Ce/-27r»/N)/4t  =o,  (66) 

(?rt.  =*  0,1,...  ,N-1) . 

(59}  These  characteristic  lines  can  be  inter¬ 
preted  as  Mach  waves  of  the  i-th  radial 
mode  family.  In  fact,  as  Fig.  7  shows, 
l\  they  emanate  from  dipole  points  on  the 

'  ± 
(6,z)  plane,  and  the  Mach  angle  uj 

i.e.,  the  angle  between  the  Mach  line  and 
a  streamline  e  -wz  -  0  ,  is  given  by 


COt  juf  a  ±  M 

r*  (0*-+  K**’2 


Kg\r,lU-i,\r.)  ((.o)  +|^-.,WM»a<«*+Kr)-Xi'-2. 


*  f  eMZ  tBBZ’PBS’ e-WH-H 

v-.-u  ^0U  *; 

+ Stj  SUS1>  SF(7°  Qf’g  * 10  spirt-2,) }  ] 

and 

H(N'%)  =  e'w/(ew-0(  (6D 

/l4  “  «/A?  -  sjn{«(7-z,)}lfi|%  (62> 


n 


y  *  0  and  A  2  /« 
otherwise, 


*  ~  0'f 

If0  -  sqn{n>(n&?-ViM, 


FIG.  7.  MACH  LINES  OF  THE  t-th  RADIAL 
MODE  FAMILY  AND  DEFINITION  OF 
Zt(m) (z, 8  * ) 


vi  -  **»/(*  or  >, 


Thar  components  an(* 


We  easily  see  that 

Cot  fxf  ->  JMj  - 1 

a.  h  ♦  1  ,  Where  MT  -  ^(1+^  i. 

tho  tip  Mach  number.  In  Table  1  the 
modal  Mach  angles  are  compared  with  the 


denote  eingular  part,  of  eub.onlc  and  l0C<l1  M*Ch  a"91* 

supersonic  types  repectively.  We  should  u(r'  defined  by 
note  that  the  special  function  H(n,o)(X) 
defined  by  Eg.  (61)  behaves 

«  JmiUmW) “T  .  (®8) 

-  1/(NX>  +0(0 


i+«*rl)-i . 


as  X  •  0  .  Therefore 
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Tabl 

fami 

dime 

(a) 

e 

e  1 .  Mach 
+ 

iy  u  i 

asional  li 

l'a=  ».0. 

+ 

Wt 

angles  o 
and  u'J 

jo a  1  Mach 

i  =  0.4, 

“t 

F 

J 

each  ra 

and  qi 

angle  p( 

=  2 .474' 

r 

lial  mode 

rasi-two- 

r)  • 

1,  L  =  7. 

u(r) 

0 

28.58“ 

27.94“ 

1.0 

27.93* 

1 

30 .83“ 

27.98“ 

0.9 

30.79“ 

•> 

34.13“ 

28.03“ 

0.8 

34.32* 

3 

39.32“ 

28.11“ 

0.7 

38.68* 

4 

48.20“ 

28.24“ 

0.6 

44.29* 

5 

64.72“ 

28.45* 

0.5 

51.77* 

6 

94.11 “ 

28.87“ 

0.4 

62.66* 

(b)Ma=  0.48,  h  =  0.4,  U 

=  2.4744,  L  =  7. 

4 

+ 

ul 

r 

u(r) 

0 

53.78“ 

51.97“ 

1.0 

51.38* 

1 

63.27“ 

54.60“ 

0.9 

58.57* 

2 

80.86“ 

60.60“ 

0.8 

69.87 

In  general, the  inward  Mach  angle  is 

larger  than  the  outward  one  JA.J 

The  difference  between  and  yj  as 

well  aa  the  deviation  of  or  JLlj 

from  u(r)  at  r  »  increases  as 

l/<t'~'  approaches  r8- 

It  should  bo  emphasized  that  the  sub¬ 
sonic  singular  part  and  the  super- 

(0) 

sonic  singular  part  are  dominant 

at  subsonic  and  supersonic  radial  Btations 
respectively. 

( R ) 

Finally  Kp[  denotes  the  regular 

part,  which  is  composed  of  v  series  of 
uniform  convergence,  as  shown  in  Eq.  (60). 

URWASH  VELOCITY  INDUCED  BY —  LIFTING 

SURFACES 

The  disturbance  velocities  are  ob¬ 
tained  by  integrating  the  equation  of 

motion  ( 2) .  Let  £  -  \{T  Z)eWf 

be  the  disturbance  velocity  associated 
with  the  disturbance  pressure 

pj,(r,  S,  z)elkt  a5(j  q»L^ r '  *’«  *)  b* 

the  component  of  qj,  normal  to  the  heli¬ 
cal  lifting-surfaces.  Then 


%c  /(r.tf*)  = - 1 _ p-M 

/(TwY5  c 


e-e'+wi 


(69) 

dl. 


Substituting  Eq.  (14)  into  Eq.  (69),  we 
obtain 


%.(  r.e',2)  = 

(70) 

where  the  upwash  kernel  function  KtL  is 
obtained  from 

fZ  •  r  (71) 

*  I  [(ra&  Kpiir, 9-o)i, dz. 


Substitution  of  Eq.  (55)  into  (71)  and 
integration  give 


KaOve'.z-zjro)  =- 


4^7  "S?  )?;-(r)Z  R,“U> 

;=0  ft.o 


(72) 


_ei(Miz/fi})(Z-^  £  ei*+  EMm  -n^jr-^i 

is  0  ^ 

where 

-  OS 


The  asymptotic  behavior  of  BM 


large 

40«) 


is  found  to  be 

si  £(*•>!/. 


(n) 


for 


BMijk  =  {tsjnww -s$n(?-ze)p*fym>} 

"  +  Of'’).  ,,4> 

Then  separating  singular  partaf  we 
can  rewrite  Eq.  (72)  into 


Ktb  -  +  ic;t;  +  K&1-KS',  (75, 


(B> 


»<*> 
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when 


K£")(n8Jz-z0  \r0) ' 
Kx%  ir.$;z-2t\r0-) 
KSiir.tf,z-ztjn) 


(76) 


^r/s^sn^nr,) 


t.-f 


kt”(rs',2-?,|r„)  = 


s')] 

[  KQB^U-z^eO 


(77) 


KQ^z-i^e')  =  -  mz-zj  e~Mz~io)  Y.  ein8' 

V='£0 

_  ei(rt*R)(z-it)  J  ein^  g  r  en?\z-ia\ 

y=-#>  (>(  *•  A/^ 

-  5t<tSifcCl- $*>)$ { i  sgu (to Df*w  - 

N  /gfi™  Je 


(81) 


Furthermore,  special  functions  ST(N)(x), 
ER(N,o)(x)  and  k(N,<j)(x)  are  defined  as 
follows : 


_  ^<x<  «p-5 


KQiSW\z-Z0,8') 


STW(> o 


2  +  (78) 

■  2  H(  z  -  Ho)  e'l'A  (2‘W  +  +  «J) 


X  = 


2Trm 

N 


(82) 


.fzw-’A 

N  m— »  w  > 


*1.-0,  ±1,— 

=  -?£§-  f  cos(nHx)  _  ijy  sin(aA/y)  ) 
N*  j*=i  1  /i?-oV/vJ  A/  n(n*~<r*/Ni)  J 


(79) 


KQP/S,(z-Z0,^) 

“  P*a  ^  I  JLS(.z-z0  +  L&'-znn/N]/Al) 

x  ei(wff  A  I  0'“  2rn«/Nl  ) 

*  MlfiTAti  -  Mi.  sgn(w)[  gr st^Vk?-^)  the 

*  evK 

+  £K°°(0'+ (?-*,) /If)  }  ]  f 

KQbfc/-Ie,(/)  =  -e^V#)(?*V 

x  [  £  la  -  tyib-vptfif’} 

- ^ {ew«-  K^arw-M ■ -If) 

♦  c-Vi7|7-zj  ir-1.1  fit)}]  , 


-  o-e 


,-o-x 


J”  g-n^/X 

wtr  n(7!+cr/A0  • 


The  first  component  K 


(sw) 
tL 


(83) 

(84) 

defined 


(80) 


by  Eqa.  (76)  and  (78)  denotes  the  main 
part  of  the  nonacoustic  disturbance 
which  is  not  ■ accompanied  by  pressure 
fluctuation.  The  second  term  on  the 
right-hand  side  of  Eq.  (78)  possesses 
the  delta  function  singularity  at  wake 
r faces.  We  can  omit  this  term,  since 
state  at  a  wake  surface  should  be 
evaluated  by  a  limiting  process  9*  * 

2*m/N  ±  0  . 

The  second  component  defined 

TIjP 

by  Eqs.  (76)  and  (79)  is  the  singular 
part  of  supersonic  type.  We  should  note 
that  the  special  function  ST(N)(X)  qe_ 
fined  by  Eq.  (82)  is  the  so-called  saw¬ 
tooth  function.  Therefore,  we  see  that 
the  supersonic  singular  part 

( s ) 

KTLp  shows  singularities  of  the  delta 

function  and  finite  discontinuity  across 
Mach  lines  given  by  Eq.  (66). 

The  third  component  xj£p  defined 

by  Eqs.  (76)  and  (80)  is  the  singular 
part  of  subsonic  type.  In  fact,  noting 
the  properties  of  the  special  functions 
tl(N,  e)(X)  and  K(N»o)(X)  such  that 
H(N,o)(x)  *  1/X  and  K(N,o)(X)  *  logX  as 
X  ♦  0  ,  we  easily  see  that 


W  £  &')  ^  bT(rt), 
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KQBjVft,  0) 

^  i  a'  f)(K) _ 1 _ 

N  v  A'  ui  z  -  s0 

as  z-zQ  ♦  0 


(85) 


(  R ) 

The  last  component  *\l  defined  by 

Eqs.  (77)  and  (81)  denotes  the  regular 
part.  The  first  and  second  terms  on  the 
right-hand  side  of  Eq.  (81)  give  non¬ 
acoustic  and  acoustic  disturbances 
respectively.  Both  v-series  are  uniformly 
convergent . 


As  the  supersonic  singular  part 

( s ) 

K^Lp  involves  the  delta  function  term, 
we  can  partially  intergrate  with  respect 
to  zQ  in  Eq.  (70),  obtaining 


Vr'e'z) 


i  r1  rkrir,)  * 

•  \  dr,  \  Apg(r„  z.)  KtL O',  A  \  r, ) 

■s  V  rr.^R i-|r,)RT(r)  f  ifVj 

J*.  t-0  Wffi- 


(86) 


where  Ktl*  implies  Ktl  without  the 
delta  function  term  of  Eq.  (79),  i.e., 

ks.  -  K*r  ♦  ♦  Kg 

K^tny.i-W)  -  (on 

",  |  *i»  *"’«>  KOtfOHjn, 

ho  = 

1  (88) 

e*P  +  £cr{©'+ 

-<{  >■  ST(Vt  C/'&lAt)  h  ER(N,(  S't  [7-I.lAf) }  ]  _ 


Further 


(89) 


Tjt  ^  =“5-^al6riexP{KS:M-3iA|e-27Tm//Y|)} 
Zlm,(Z,6')  ~  l  +  W-  Znm./N)/At"\ 

+  $fli(r-i7rw/N)|  flp. 


C  “  *>/$ 


(90) 


As  shown  in  Fig.  7,  the  function 
implies  that  the  Mach  line 
of  the  t-th  mode  family  passing 

through  a  field  point  z-ti  and 
$  m9'*UZ,  ln  th*  (9,*)  plane  starts 

from  a  point  of  e  ■  Z^(zi,fl'i)  on 

the  m-th  blade.  Moreover,  m*  and  m* 
denote,  respectively,  the  upper  and  lower 
limits  of  the  blade  number  m  that 
eatlef les 


(91) 


Other  components  of  the  disturbance 
velocity  are  obtainable  in  the  same 
way  as  qtL  .  The  resulting  expressions 
are  given  by  Namba  (1986). 

INTEGRAL  EQUATION 

Here  we  confine  ourselves  to  the  blade 
vibration  problem.  It  is  required  to 
evaluate  unsteady  loadings  on  blades  whose 
circumferential  displacement  is  given  by 

+  (92) 


Then  the  boundary  condition  on  the  blade 
surfaces  can  be  described  by 

=  b(r, z) f  (93) 

where 


Substituting  Eq.  (86)  into  Eq.  (93), 
we  obtain  an  integral  equation  for  the 
unsteady  loading  function  APB(r0,Zo)  a8 
follows! 

r  I  rbr(h)  .  . 

Wr0\  After.,*.)  K4Cc,0,z-2.|/:)^o 

f.  JbLcr,) 

+\'  rr0  2l' RTcn 

rt=»r 

« t>cr,x 

Analytical  inversion  of  the  integral 
equation  is  generally  impossible,  and 
hence  we  have  to  solve  it  numerically. 
For  convenient  numerical  treatment  let  us 
use  a  locally  normalized  axial  coordinate 
f  defined  by 


I  »  (  f-  CM(r)}/Cfl(r),  (96) 


where  c^fr)  denotes  the  mid-chord  axial 
position  and  ca(r)  denotes  the  axial 
chord  length,  i.e.. 


CH(r)  »  1 

C|i(r>*  brlr)-biV'l  1 


Then  Eq.  (95)  can  be  rewritten  into 

Ca(r,) d.rt C*  Aft(r„ty  K tL(r,o,  9(r,i) 
-|cn,Vln)« 


4 1: 


rt  5.-1 


+  '  rr.  L  R?\"F?(rt) 

l-o  * 


x  £  r/”°u))^(r4,2/^(n  h;)^0 


Mr.  z). 


?U\2)  «  C*(r)F  t  Cn(r), 


zlT''\rll)  =  {zlHXnr,l),o)~ct,(r)  }/Cc.(r)  uoo) 

Furthermore,  APB(r0,20)  and  b(r,z)  are 
replaced  by  ^  (  r  J  >  and  b  (r  >Z  > 
respectively.  0 

Various  numerical  methods  developed 
for  solving  the  integral  equation  for  a 
single  airfoil  will  be  applied  _£o  the 
present  problem.  These  methods  are  clas¬ 
sified  into  three  categories;  the  dis¬ 
crete  element  method,  the  mode  function 
method  and  the  hybrid  method. 

THE  DISCRETE  ELEMENT  METHOD 

The  method  consists  of  determining 
APn(r0,Zg)  at  a  finite  number  of  load 
points  (roi  ,  zQj)  (i  -  1,2,  j  - 

1,2, ...,J)  by  making  Eq.  (98)  satisfied 
at  the  same  number  of  control  points 
( r 2  e )  (a  ■  1,2,. ..,1;  8  m  1,2, .. . , J) • 

We  should  note  here  that  the  load  fui 
tion  Apn(r0,z0)  has  the  singularity  of 
inverse  square  root  at  the  subsonic 
leading  edge.  Thus 


...... - =  .  at  the  subsonic 

O  ('/Jl/2  4-^)  leading  edge,  (101) 

.  Inin- = at  the  subsonic 
|  0  (l'/2  ~Z)  trailing  edge, 

..  at  the  super- 

0(1/  sonic  edges. 


Therefore  it  is  better  to  put 

Ape(.V,f.)  -  P(r0,2o)/y  )/+-£*, 


and  determine  numerical  values  of 

which  is  bounded  everywhere. 
Furthermore  since 


PM) 


„  at  the  subsonic 

0(1)  l.e.  (103) 

00/2-Z.)  “^he  ,ubsonic 

a.Lh%?rr- 

oifiFtv  :Lithcei:rr- 


we  can  assume  the  Kutta  condition 

Hr0,l/2)  -  0  (104) 

over  the  whole  span  irrespective  of 
whether  the  local  flow  velocity  ie_  sub¬ 
sonic  or  supersonic. 


Now  substituting  Eq.  (102)  into  Eq. 
(98)  and  approximating  the  integrals  by 
numerical  integrations,  we  obtain  a  set  of 
algebraic  equations  for  P(r«;,Z»;) 

(i  -  1.2.. ...I,  j  -  1,2 . J)«  *  V 


I  J  _  _  . _ 

Z  *rol  cA(ru)  z  AZoi  PC ot ,  Fm)  /M  - 

i  ■/ 

*  K*LOi, 0,  Bln, ?/»)- 3(r#i,  I ro£) 

+  &  Z  *  lit  ft  Z  ift*> 

1,-1  t30  (105) 

=  bOv,  ty), 

&  a  1 »  2  |3  »  1/2 1  •  •  •  rfj  • 

Here  an  interpolation  function 

such  that 

P(r8i,f)  =  £  Ej (I)  Piroi^X  doe) 

j-i 


and  and  Afii  are  weights  of 

related  numerical  formulae.  The  Kutta 
condition  (104)  should  be  taken  into 
account  in  determination  of  a?  .  . 

The  formulation  of  the  discrete  ele¬ 
ment  method  is  simple,  but  in  order  to 
attain  high  accuracy  in  the  numerical 
evaluation  of  integrals  a  large  number  of 
control  points  is  needed. 

THE  MODE  FUNCTION  METHOD 

In  this  method  is 

expanded  with  appropriate  mode  functions. 
In  the  present  system  the  most  suitable 

radial  mode  functions  will  be  R  i“^(r)  . 

L-l 

Let  us  put  Af>B(r,,I<l)  ■  Z  (r*(*o>Rfc,(r°)( i°7) 

ft*0 

Substitution  of  Eq.  (107)  into  Eq.  (98) 
gives 

.  |/JE  L“l 

JRKVr'3^ *>!?.)  <**» 

+X  f’  2  &k(Zt°(r,7))m^\r,z)  U08) 

lt»0  («0  m*»c 

=  b(r,  ?), 

where 

iRKT^npr, Dli,)  -  j‘  Rf*oi>  ao») 


4*13 


irRflir.x) « 

rRn^S  roKr(r*)Re-(V  oT(  n  *  I  r, )  dr0 ; 


and  if.)  is  defined  by 


a li\r,l)  - 


(110) 


Tt(o)  •  (1U) 

0  :  m-<  wr  or  w  >  m.+. 


£q.  (108)  is  the  integral  equation 

for  (r^(  /,  )  .  We  can  further  expand  the 

unknown  functions  j(j%)  with  suitable 

chordwise  mode  functions.  However, 
special  attention  should  be  paid  to  the 
fact  that  chordwise  pressure  distribu¬ 
tions  at  subsonic  spans  are  of  different 
form  from  those  at  supersonic  spans. 
In  this  regard  we  should  recall  that 

the  radial  mode  function  R)^"^(r)  of  the 
k-th  order  is  dominant  near  the  radial 


station  r~  1/K^  •  Consequently  ^(Jj) 
for  0  <  k  <  t«-l  should  be  of  supersonic 
profile,  while  Q^d)  for  T«  <  k  <  L-l 
should  be  of  subsonic  profile. 


Another  difficulty  with  respect  to 
the  chordwise  mode  function  expansion 
arises  from  the  fact  that  the  chordwise 
variation  of  APB(r0«£o)  is  in  general 
discontinuous  at  supersonic  spans  because 
of  reflection  of  Mach  waves  emanating 
from  leading  and  trailing  edges  of  ad¬ 
jacent  blades.  One  of  the  ways  to  over¬ 
come  this  difficulty  is  to  apply 
Nagashima  and  Whitehead's  technique 
(1977).  Application  of  this  technique  to 
the  case  of  unswept  blades  is  described 
below. 


In  tha  case  of  unswept  blades,  i.e., 
b-r(r)  «  br  *  constant,'' 

(112) 

b[^( r )  -  bj,  -  constant, 

cpi(r)  ”  0,  and  ca(r)  -  ca  ■  constant. 


the  function  g(r,z)  defined  by  Eq.  (99) 
becomes  independent  of  r  ,  i.e., 

£((%?)  -  (113) 

Furthermore  m+  and  m-  which  are  respec¬ 
tively  upper  and  lower  limits  of  integer 
m  that  satisfies 

K  £  Z^’CC,?,  0)  £  bi  (114) 

are  no  longer  dependent  upon  r  and  rQ  . 
Then  Integration  with  respect  to  r0  in 
Eqs.  (109)  and  (110)  Is  easily  carried 
out,  giving 

r.yr.i-v 

"  '  «5’r  1  %Sln 


+  J£V)Kq£w(C*i -Q£,0)  (115) 

IkQB£W-<^,o>:  gwSfcflL-l] 
ITOr'7>  *  t  <  n* > 


Therefore  Eq.  (108)  becomes 

V/Z  I(rfe(^)KT*Cr,z-IJd2,  (in) 

J-i/z  *.0  * 

R^(r)  ff  kCZfV,?)) 

Tn*nt 

=  b(r,f)} 

where 


•'n-$(<r-aj»c«os,M  4'v'-’’,70l 

N  [t*:  ikoJ' 

The  functions  Gfc(E)  of  subsonic  radial 
mode  families  (k  -  t«,...,L-l)  are  expec¬ 

ted  to  be  of  subsonic  profile.  On  the 
other  hand  each  Gj<(s)  of  supersonic  radial 
mode  families  (k  «  0, 1 , . . . , t«-l )  will 

be  of  supersonic  profile  with  discontinu¬ 
ous  variation  at  reflection  points  of  the 
k-th  mode  Mach  waves  coming  from  the  lead¬ 
ing  and  trailing  edges  of  adjacent  blades. 
The  z  coordinates  of  the  reflection  points 
shown  in  Fig.  8  are  given  by 


?#>  =  1/2  -  U19)  ' 

■-1/2  +m5*ih‘-(«-0s?>‘ m"  I*2'.** 

*  -f/2  +  wt  S**’  «Wi-  1,2*..., 


e 


riO.  8.  REFLECTION  PATTERN  OP  MACH  LINES 
OP  THE  k-th  RADIAL  MODE  FAMILY 


[Table  2. Definitions  of  factors  relate 


sr  -  f/(tT|ak"o,  l  11201 

a?'  =  s®*  -  sr,  J 


Their  physical  meanings  are  indicated  in 
Fig.  0. 

Now  applying  Nagashima  and  Whitehead's 
technique  (1977),  we  express  Gk(z)  of 
supersonic  mode  families  as  a  super- 


tor  L-l,  (121) 

G*<7>  (122) 

Ww.  zu?',  +  rf) 

+  f.  GV^DG-.ZVp-.ZVpnzfG  +zi$) 


t  #MC2) 


for  0  <  k<  {.-1  , 


a 

(k) 

ou; 

zu<k> 

2m-l 

m  m-1 

U  D 
k  K 

i2k)‘-(m-l)dik) 

2m 

m  ml 

GkDk 

-(k) 

-m  dz 

a 

(k) 

GDa 

__  (k ) 

ZDa 

2m-l 

m  m-1 

D  U 
k  k 

-00+  ,  .,-(k) 

-sz  -(m-1 )dz 

2m 

m  m 

DkUk 

:(k) 

-m  dz 

a 

(k)- 

ZGa 

(k)+ 

ZU 

a 

-(K) 

2m- 1  -1/2  +  (m-1 )dz 


m  - 


.(V)4-  — (k) 

2m  -1/2+82  +(m-l)dz  1/2 


where  the  special  function  D(z;zi#Z2) 

is  defined  by  .  .  (  . 

1  (»»  •  2°« 

«  <»,)•  „  .,,4'V.i?1  m 

~7* m''' '.Sr'0' - ■  -»/«♦.  tf’  */»-; 

ZDlK\  zu'  '  and  ZDV  '  are  shown  in 
a  a  a 

Table  2.  Furthermore,  integral  numbers 

J1k)  and  a*k)  are  defined  in  Table  3.  Uk-  -  exp(-iik),  -  -  exp(irk  ), 


,  -(k) 

2m  -1/2  +  »  d, 


“(k)" 
1/2  -  #2 


It  is  easy  to  see  that  Eq.  (122) 
leads  to 

£  e‘WT*  SfcCZWr,?))  =  &w(z).  <“«> 


m  «  1,2... 

Table  3.  Definitions  of  ag  and  oq 


Therefore  Eq.  (117)  becomes 
r  ,  «•-.  1 

U  £,»?UlKT**Cr,J-r,)  1 

L-(  (125)  ( 

%JPWKTtO-,Z-Z->}*rt  * 

“  l>(r,z)  ,  (126) 

(n 

where  _ 

K  T*  ( r,  2  -  z.)  *  KTk(  r,  1-  Z»)  _ 

+  ?G tJFD(2,lZd%},~f  ZU£w,t)KT*(r,/-n  +ZU?) 

a-\ 

*  .ZR,'*’")KT,,(  r,I-Z,+ZVp)t 

Ofr( 


CONDITION 


-(k>- 
s,  >1 


1  >  sz  >0  and 


-(k)+ 

8.  >1 


-<k)+  -oo- 

>m  sz  -(m-l)sz  >0  and 
(m+l)sz  -m  sc  >1 


m  *  0,1,2,... 


(k)  (k 
“U  “D 


2m+l  I  2m 


zui**i-zui*>t+zui,\ 

2D'*in  «  +  ZD^ 


4-15 


t'c].  (125)  is  an  integral  equation  for 

and 


continuous  functions  g'N,(5) 

<k)(_4  ,  ° 

9p  U)  •  We  can  further  expand  them  i 

to  chordwise  mode  function  series,  e.g., 

$p-\z)  -  §  ?„  cos itoc.  :  OZkZL- 1 


X  =  0 


PQmcot  £  +  z  F^sin.«x: 

where  L<k£L-\ 

X  ~  Arc cos(-2z)  :  0£x£ir.  (129) 


„  J-|  „  (128) 

X  .  TT 


Then  t’q.  (125)  becomes 

Z  i.  P™1Tl n(r,J)  »  b(r,z) 

h"0  K=0  '  ‘ 


(130) 


(131) 


IT|/W(r,f)  =  KT*(r,  z  +  £ cos*)  cos  slngc/^ 
“  ififl  co snix  :  0£  Ai  U-l , 


iy«)° 

S^KT^r.ft  ;?rt=o 


(132) 


(  f* 

z 


sin  mf;  sink 


:  ?«  =  0  ’ 

J  J, 


$w<  fe<lL-1 


Making  (130)  satisfied  at  Lxl  control 
points  (ra,2fl)  (a-  1,2,. ..,L  ; 

6  »  1,2,. ..,1),  we  can  determine 

(k) 

coefficients  (k  -  0,1,...,L-1; 

m  »  0,1, . . .,1-1)  . 

THE  HYBRID  METHOD 

We  can  determine  Gjt(fg)  (k  ■  0,1,.... 
L  -  1)  of  Eq.  (107)  at  a  finite  number  of 
chord  points  z0  -  z0i  (i  -  l,2,...,I)by 

making  Eq.  (108)  satisfied  at  L  x  I 
control  points  (ra,z8)  (a  -  1,2, ...L;  6  - 
1,2,...,().  This  may  well  be  called  the 
hybrid  method. 

EXAMPLE  CALCULATION  AND  TRENDS  OF  THREE- 
DIMENSIONAL  EFFECTS 

Hero  we  limit  ourselves  to  unswept 
blades  and  two  types  of  vibrations i  pure 
bending  vibration  and  pure  torsional  vib¬ 
ration  about  mid-chord  axis,  for  which 
the  normal  displacement  of  a  blade 

j.(  r,Fje‘*V/l+W*H  !•  specified  by 

Hr,i)/J *  HU  U33> 

Hr.zy/ZiuFP  (13«> 


respectively.  Here  Q?\r)  and  OfP(r ) 

denote  the  spanwise  mode  shapes  of  the 
j-th  order  bending  and  k-th  order  tor¬ 
sional  vibrations  respectively,  and  H 
and  (g)  denote  the  circumferential  dis¬ 
placement  amplitude  and  twist  angle 
amplitude  at  the  tip  respectively.  As  to 

&jHr)  and  flj£\f)  ,  the  natural  mode  shapes 

of  a  uniform  cantilever  beam  are  assumed. 

This  problem  has  been  treated  by 
Namba  and  Ishikawa  (1983)  and  Namba 

(1976),  where  R[°^(r)  are  used  as  basis 
functions  instead*of  R^(*(r).  Further¬ 
more,  Namba  (1976)  employed  the  mode 
function  method  with  L  x  I  »  7  x  6  con¬ 
trol  points  to  treat  the  subsonic  blade 
row,  while  Namba  and  Ishikawa  (1983)  used 
the  hybrid  method  with  L  x  I  *  7  x  8  con¬ 
trol  points  to  treat  transonic  and  super¬ 
sonic  blade  rows. 

Recently,  calculations  using  basis 
(« ) 

functions  R^  (r)  as  described  here  and 

the  mode  function  method  have  been 
performed  by  the  author  and  his  col¬ 
league.  From  the  mathematical  point  of 
view  the  present  method  is  expected  to 
give  more  reliable  results  than  previous 
ones .  It  has  been  revealed  that 
the  numerical  results  of  Namba  and 
Ishikawa  (1983)  and  Namba  (1976)  are  all 
in  good  agreement  with  those  obtained  by 
the  present  method  except  the  local  load 
distributions  APb(t,z)  in  the  case  of 
transonic  flows.  Disagreement  in  this 
case,  however,  has  been  found  to  give  no 
fatal  difference  in  the  integrated  total 
load  on  a  blade.  Therefore,  all  examples 
except  Fig.  11  are  quoted  from  Namba 
and  Ishikawa  (1983)  and  Namba  (1976).  In 
general,  for  the  cascade  geometries  of 
practical  interest,  e.g.,  the  hub/tip 
ratio  h  «  0.4  ,  the  number  of  blades  N 

■  30,  the  axial  chord  to  blade  height 
ratio  ca/(l-h)  ■  0.1  and  the  circum¬ 
ferential  tip  speed  to  axial  flow  velo¬ 
city  ratio  u  ■  2.5  ,  the  mode  function 

method  described  in  the  previous  section 
will  give  results  of  reasonable  accuracy 
with  7x8  control  points  as  long  as  the 
frequency  parameter  XCa  is  at  most  of 
order  1. 

As  a  measure  of  the  three- 
dimensional  effect  we  adopt  the  differ¬ 
ence  between  prediction  by  the  present 
lifting  surface  theory  and  that  by  the 
strip  theory. 

At  this  stage  particular  mention 
should  be  made  of  predominant  acoustic 
modes.  As  shown  by  Eq.  (53),  blade  vi¬ 
brations  give  rise  to  disturbance  pres¬ 
sure  fields  composed  of  an  infinite 
number  of  acoustic  modes  (n,t)  ,  where  n 
and  i  denote  the  circumferential  wave 
number  and  radial  node  number  respec¬ 
tively.  We  should  note  that  allowed  n 
are  such  that  n  ■  vN  +  o  (v  ■  0, 

*1,  *2, . . . )  ,  where  N  denotes  the  nuntber 
of  blades  and  2*o/N  denotes  the  inter¬ 
blade  phase  angle.  In  general,  (o,0)  is 
the  most  dominant  mods  and  (o,l)  is  the 
second  most  for  the  first  order  of 


bending  or  torsional  vibration.  On  the 
other  hand  (o,l)  is  the  most  dominant  and 
(o.O)  is  the  second  most  for  the  second 
second  order  bending  or  torsional  vibra¬ 
tion.  As  shown  below  the  blade  loading 
becomes  very  sensitive  to  change  in  para¬ 
meters  near  the  resonances  of  the  predomi¬ 
nant  acoustic  modes.  Furthermore,  the 
magnitude  of  the  three-dimensional  effect 
largely  depends  upon  whether  the  predomi¬ 
nant  acoustic  modes  are  of  cut-on  state  or 
not. 


Figs.  9,  10,  and  11  show  the  distribu¬ 
tions  of  the  blade  loading  bp&lr,z)  in 
subsonic,  supersonic  and  transonic  flows 
respectively.  For  comparison  the  strip 
theory  predicitons  are  also  shown  by 
dotted  lines.  In  these  figures  Re[  ]  and 
Im[  ]  imply  real  and  imaginary  parts 
respectively.  Furthermore  pQ  and  Q  denote 
the  fluid  density  and  relative  flow  veloc¬ 
ity  at  the  undisturbed  state,  and  hence 
Po  “  1  and  Q  "/l+t)ir*  according  to  the 
present  nondimensionalization. 
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UNSTEADY  BLADE  LOADING  DISTRIBU¬ 
TION  FOR  THE  FIRST  ORDER  BENDING 
VIBRATION  IN  A  SUBSONIC  FLOW* 
h-0.4,  *»2.4744,  Xca-0.2, 
o/N-0.2,  N«30,  Nca-2,  Ma-.3 
M  denotes  the  local  relative 
Mach  number. 

-  lifting  surface  theory, 
- -  strip  theory 


UNSTEADY  BLADE  LOADING  DISTRIBU¬ 
TION  FOR  THE  FIRST  ORDER  BENDING 
VIBRATION  IN  A  SUPERSONIC  FLOW* 
Ma»0 .8. 

Other  conditions  ee  in  FIO.  9. 


-  Re 


APe/t-fAQ'* 

1.0 


First  it  must  be  noted  that  the  dif¬ 
ference  between  the  lifting  surface 
theory  and  strip  theory  predictions  is 
remarkably  small  in  the  case  of  the 
supersonic  flow  (Fig.  10)  except  near  the 
root  r  =  0.4  ,  where  the  strip  theory 
gives  APB(r,z)  =  0  because  of  zero  blade 
displacement. 


In  the  case  of  the  subsonic  flow 
(Fig.  9),  the  three-dimensional  effect 
appears  in  the  same  fashion  as  in  the 
steady  flow,  Namba  (1972).  Thus  the 
three-dimensional  effect  reduces  the  span- 
wise  gradient  of  the  blade  loading  dis¬ 
tribution,  decreasing  the  loadings  near 
the  tip  and  increasing  those  near  the  hub. 

This  phenomenon  can  be  attributed  to 
the  effect  of  upwash  velocity  induced  by 
the  streamwise  component  of  trailing  vor- 
ticities,  as  is  well  known  in  the  steady 
three-dimensional  wing  theory.  Further¬ 
more,  this  effect  generally  decreases  as 
the  frequency  increases.  To  prove  it, 
let  us  consider  a  lifting  line  placed 
along  the  y  axis  in  an  incompressible 
flow  with  velocity  U  as  shown  in  Fig.  12. 
Let  the  circulation  of  the  lifting  line  be 
r(n)ei“t  at  y  <*  n  .  Then  the  streamwise 
component  of  the  trailing  vorticity  at 
(t.n.O)  is  (dr/dn)ei<a(t-e/U)  .  Then  the 
upwash  velocity  d2v  at  (0,y,0)  induced  by 
a  vortex  line  y  ■=  n  is  given  by 


d31T  = 


_  4H 


Giat  <*-*)  A) 


(135) 


-Im 


>p2Zi}AQ*) 

1.0 


where  X  =  u/U  and 


/Ux,A) 


>00  e-‘*S 

i„  (F7iv»»,re- 


(136) 


f-i',.  ti.  UNSTEADY  BLADE  LOADING  DIGTRIBU- 
T I ON  FOR  THE  FIRST  ORDER 
TORSIONAL  VIBRATION  IN  A  TRAN¬ 
SONIC  FLOW i  Nca-2.2,  N-35, 
Mn”0.48. 

Other  conditions  os  In  FIO.  9. 


We  easily  find  that 

e  ^  (137) 

+  o  a’3), 


as  M 

A(x,x) 


whereas 


t  OO5), 
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FIO.  12.  A  LIFTING  LINE  AND  A  TRAILING 
VORTEX  LINE 


1*8? 


as  ,\  ■»  u  .  Thus  d‘v  decreases 

exponentially  as  X  ♦  «  ,  while  it  in¬ 

creases  and  approaches  the  steady  value 
as  X  ♦  0  . 

In  tho  case  of  the  transonic  flow, 
(Fig.  11),  the  local  blade  loadings  pre¬ 
dicted  by  the  lifting  surface  theory 
markedly  deviate  from  those  by  the  strip 
theory  especially  near  the  sonic  span  and 
at  subsonic  spans. 

At  this  stage  it  must  be  pointed  out 
that,  both  of  th?  acoustic  modes  (o,0)  and 
(.til)  are  of  cut-off  state  in  the  case  of 
Klij.  v,  hut  are  of  out -on  state  in  the 
case  of  Kltj.  Id i  on  His  other  linntl • 

t.Hly  (u,o)  Is  of  out- off  stats  In  the 
case  of  Klg.  II.  Must  let  us  make  an 
attempt  to  correlate  the  magnitude  of  the 
three-dimensional  effect  to  the  state  of 
the  predominant  acoustic  modes. 

Figs.  13  -16  show  spanwise  distribu¬ 
tions  of  the  unsteady  aerodynamic  moment 
in  torsional  vibrations,  where  the  momont 

- — *■  ^^(r)  is  defined  by 


coefficient 


c£\r)  =  p After, z)z df/{7r A}J*r)}.  (139) 


KHI,  13,  NPANWIflM  Dldl'Hl HU'I'IONS  OK  TIIN  IIN- 
NTBAUV  MOMKNT  OOKKKIOINNT  KOM  TUB 
FIRST  AND  SECOND  ORDER  TORSIONAL 
VIBRATIONS  IN  AN  INCOMPRESSIBLE 
FLOW. 

Ma“0,  o-5,  Xca-0.5,  h“0 . 4 , 
u-2.4744,  N-40,  Nca-2.2. 

Lifting  surface  theory, 

-  strip  theory. 

sgn(R. P. )  I  sgn(Re[  ]) 


FIG.  14.  SPANWISE  DISTRIBUTIONS  OF  UN¬ 
STEADY  MOMENT  COEFFICIENT  FOR  THE 
FIRST  AND  SECOND  ORDER  TORSIONAL 
VIBRATIONS  IN  A  SUBSONIC  FLOW. 
Ma«0.25,  Xca-2.0,  (o,0)  AND  (o,l) 
MODES  ARE  CUT-ON. 

Other  conditions  as  in  FIG.  13. 


16.  SPANWISE  DISTRIBUTIONS  OP  UN¬ 
STEADY  MOMENT  COEFFICIENT  TOP. 
THE  FIRST  ORDER  TORSIONAL 
VIBRATION  IN  A  TRANSONIC  FLOW. 
Ma«0.48,  Nea«2.2. 

Or  her  conditions  as  in  FIG.  15. 


FIG.  15.  SPANWISE  DISTRIBUTIONS  OF  UN¬ 
STEADY  MOMENT  COEFFICIENT  FOR 
THE  FIRST  ORDER  TORSIONAL 
VIBRATION  IN  A  SUPERSONIC  FLOW. 
Ma»0 .0 ,  Nca»1.8,  Xca* . 2 ,  h-0.4, 
u-2.4744,  fi-35. 

■ . .  . . —  lifting  surface  thaory 

-  atrip  thaory 
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Fig.  13  shows  the  case  of  an  incompres¬ 
sible  flow  whore,  of  course,  all  the 
acoustic  inodes  are  of  cut-off  state,  while 
Fig.  14  is  the  case  of  a  subsonic  flow, 
where  both  of  the  pre-dominant  acoustic 
modes  (o,0)  and  (o,l)  are  of  cut-on  state. 
It  is  evident  that  even  in  the  case  of 
subsonic  flows  the  three-dimensional 
effect  becomes  small  if  the  predominant 
acoustic  modes  are  of  cut-on  state. 

We  can  extend  this  rule  to  the  case  of 
supersonic  flows  as  is  seen  from  Fig.  IS. 
Ir  this  figure  the  differences  between  the 
lifting  surface  theory  and  strip  theory 
predictions  are  generally  small  except  the 
case  of  o  »  0  ,  where  tho  (g,l)  mode  is 
of  cut-off  state. 

In  general,  the  region  of  a  where  both 
of  ( a, 0 )  and  (a,i)  modes  can  be  of  cut-off 
state  is  quite  small  in  the  case  of  super¬ 
sonic  flows,  whereas  the  possibility  of 
(a,0)  and  (a,l)  both  being  of  cut-on  state 
is  confined  to  a  small  region  of  —a  in  the 
case  of  subsonic  flows,  as  seen  from  Figs. 
4  and  5.  Consequently,  the  three- 
dimensional  effect  is  small  in  most  cases 
of  supersonic  flows,  whereas  it  is  large 
in  most  cases  of  subsonic  flows. 


Before  proceeding  to  the  case  of 
transonic  flows,  mention  should  be  made  of 
the  behavior  of  the  unsteady  blade  loading 
near  the  resonance  state  of  the  predomi¬ 
nant  acoustic  modes.  Fig.  17  shows  the 
variation  of  the  local  moment  distribution 
for  the  first  order  torsional  vibration  in 
a  subsonic  flow  with  a  change  in  the  re¬ 
duced  frequency  from  below  to  above  the 
resonance  point  Xca  *  0.683  of  the  (g,0) 
mode.  As  it  shows,  the  aerodynamic  moment 
predicted  by  the  lifting  surface  theory  is 
subject  to  a  large  decrease  over  the  Whole 
span  as  Xca  changes  from  0.65  to  0.693. 
This  behavior,  however,  cannot  be  predic¬ 
ted  by  the  strip* theory . 

According  to  the  strip  theory,  which 
assumes  a  two-dimonsional  flow  at  each 
cylindrical  surface  r  «  constant,  an 
acoustic  mode  of  circumferential  wave 
number  VN  +  o  in  tho  corresponding  quasi- 
two-dinonsional  acoustic  field  at  radius 
r  is  of  resonance  state  if  it  satisfies 


r  ■=  is  jvN  +  o-| /|  vN  +  o-  +  */w!;  U40) 

where  ra  »  ga/(Mau)  denotes  the  sonic 
radius.  Concequently,  the  local  blade 
loading  predicted  by  the  strip  theory 
gives  a  sharp  drop  at  the  'resonance 
radius'  as  seen  in  Fig.  17.  Furthermore, 
a  change  in  Xca  from  0.65  to  0.693  only 
gives  rise  to  a  shift  of  the  resonance 
radius,  resulting  in  no  substantial  change 
in  tho  overall  aerodynamic  force  predicted 
b/  the  strip  theory.  Thus  the  strip 
theory  approximation  is  far  from  reality 
around  the  resonance  state  of  the  predomi¬ 
nant  acoustic  modos. 

It  can  easily  be  found  that  the 
resonance  radii  at  which  any  of.  vN  ♦  a 
mode#  satisfies  Eq.  (140)  ere  concen¬ 
trated  around  the  sonic  radius  r8  .  in 
fact  in  the  case  of  Fig.  16  in  which  r, 
«  0.738,  all  modes  of  v  ♦  o/N  >  0.6  or  v 
♦  a/H  «  -0.4  satisfy  Eq.  (140)  in  the 
rang*  0.7  <  r  <  0.8.  Conssqusntly,  the 


FIG.  17.  SPANWISE  DISTRIBUTIONS  OF  UN¬ 
STEADY  MOMENT  COEFFICIENT  FOR 
THE  FIRST  ORDER  TORSIONAL 
VIBRATION  NEAR  RESONANCE  POINT 
(  ca«0 .683 )  OF  THE  (o.O)  MODE. 
Other  conditions  as  in  FIG.  14. 

unsteady  flow  field  predicted  by  the 
strip  theory  gives  discontinuous  vari¬ 
ations  with  change  in  r  near  the  sonic 
radius.  This  is  the  reason  for  not  plot¬ 
ting  the  strip  theory  results  near  the 
sonic  radius  r  •  0.738  in  Fig.  16.  Con¬ 
trary  to  the  quasi-two-dimensional  aero¬ 
dynamic  moment  predicted  by  the  strip 
theory,  the  aerodynamic  moment  pre¬ 
dicted  by  the  lifting  surface  theory 
shows  a  smooth  variation  across  the  sonic 
radius. 


It  is  noteworthy  that  all  resonance 
radii  which  satisfy  Eq.  (140)  tend  to  r, 
as  X  *  0  .  As  a  result  the  linearised 
quasi-two-dimensional  theory  breaks  down 
at  the  sonic  radius. 

Finally,  let  us  investigate  how  the 
flutter  boundaries  can  be  affected  by  the 
three-dimensional  effect.  In  Figs.  18 
and  19  the  aerodynamic  work  per  cycle 

#.<H  and  ■re  plotted  against  the 

^  **7  (10 

frequency  parameter  Xca  .  Here  Wj 

and  denote  the  dimensionless  aero¬ 

dynamic  work  for  the  j-th  order  bending 
and  k-th  order  torsional  vibrations, 
defined  by 

(141) 

*"a  W f  -  B/Or®').  <>«> 

respectively,  where  W  is  given  by 

g  =  g \' dr  [^Cr,jrJ)-tX+C0»T> 

,  .nUt  d«> 
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Here  Aps(r,s)  and  £(r,a)  denote  the 
complex  conjugates  of  APb(i*,e)  and  f(r,a) 
repsctivsly. 


In  the  case  of  the  supersonic  flow 
shown  in  Fig.  10  the  predominant  acou¬ 
stic  modes  (o,0)  and  (o,l)  are  of  cut— on 
state  for  the  whole  frequency  range. 
Although  the  strip  theory  slightly  under¬ 
estimates  the  aerodynamic  work,  it  turns 
out  to  be  an  excellent  approximation, 
giving  no  substantial  error  in  estimation 
of  the  flutter  boundaries.  It  should  also 
be  pointed  out  that  the  aerodynamic  work 
is  quite  insensitive  to  change  in  the 
state  of  higher  order  acoustic  modes  such 
as  (o#5)  and  (o,6). 

On  the  other  hand,  the  difference 
between  the  strip  theory  and  the  lifting 
surface  theory  predictions  can  become 
fatal  in  the  case  of  transonic  flows  as 
shown  in  Fig.  ID.  The  total  aerodynamic 
work  on  a  blade  shows  a  sharp  variation 
near  the  resonance  state  of  a  predominant 
acoustic  mode.  This  phenomenon  cannot  be 
predicted  by  the  strip  theory. 


It  should  bo  noted  further  that  the 
state  of  the  acoustic  mode  (o,l)  gives  a 
greater  influence  on  the  aerodynamic  work 
for  the  second  order  vibrations  than  that 
for  the  first  order  vibrations.  Especial¬ 
ly  a  sharp  decrease  in  at  the 

resonance  frequency  of  the  (o,l)  mode 
results  in  the  stability  boundary  of 
lca  a  0.35,  whereas  the  strip  theory  pre¬ 
dicts  the  stability  boundary  as  high  as 
Xca,  1.2. 


UNSTEADY  CASCADE  IN  SPANWISE  NONUNIFORM 
MEAN  FLOW 


MODEL  AND  MATHEMATICAL  FORMULATION 

A  linear  cascade  of  thin  blades  ex¬ 
posed  to  incompressible  flow  sheared  along 
the  spanwise  direction  is  considered  in 
this  chapter.  First,  however,  let  us  de¬ 
rive  fundamental  equations  from  a  more 
gonoral  point  of  view. 

In  the  following,  velocities  ,  lengths 
and  time  t  are  made  dimensionless  using 
a  reference  velocity  Up*  ,  the  blade 
chord  c*  and  c*/Uo*  respectively.  The 
fluid  density  and  pressure  also  are  made 
dimensionless  using  a  reference  density 
p0*  and  Po*U0*2  respectively. 

Now  let  the  undisturbed  flow  be  a 
sheared  unidirectional  flow  with  non- 
uniform  velocity  U{x,y)  ,  nonuniform 
density  Po(x.y)  and  uniform  pressure  po« 
Hero  »he  Cartesian  coordinate  system 
(x,y,z)  is  taken  so  that  the  x  and  y 
axes  are  oriented  in  the  undisturbed  flow 
direction  and  the  spanwise  direction 
respectively .  Lot  us  consider  that  the 
disturbance  velocity  $  ■  (u,v,w),  dis¬ 
turbance  pressure  p  and  disturbance 
density  p  are  caused  by  disturbance 
sources  compoaod  of  distributed  body 
forces  f  (x,y,x,t)  and  mass  sources 
Q(x,y,*,t)  .  Assuming  that  the  disturb¬ 
ances  are  small  and  isentroplc,  we  obtain 
linearised  equations  of  continuity,  motion 
and  energy  as  follows 


_(o-.6)Mode 


FIG.  18.  VARIATION  OF  THE  TOTAL  AERO¬ 
DYNAMIC  WORK  WITH  THE  REDUCED 
FREQUENCY  IN  A  SUPERSONIC  FLOW. 
h«0.4,  w“2.4744, 

N-35,  o/N-0.2,  Nca-l .8,  Ma-0.8. 

-  lifting  surface  theory, 

-  strip  theory 
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FIG.  19.  VARIATION  OF  THE  TOTAL  AERO¬ 
DYNAMIC  WORK  WITH  THE  REDUCED 
FREQUENCY  IN  A  TRANSONIC  FLOW. 
Nca-2.2,  M**0 . 48 . 

Other  conditions  as  in  FIG.  18. 


P0v-*  +  U-V)P0  +  Q  U44) 

+  Mt-v)u  »- -j-vp  +  j-F  (u5> 
&£-  a*  -  a!(rv)P0-  0,  <u«) 

p ,t  zu 

where 

Vt/D9t  ~  9/dt  +  U  ,  (147) 
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and  a0(y>z) 
local  speed 
state,  i.e.. 


denotes  tho  dimensionless 
of  sound  at  the  undisturbed 


*•<*.*>“  JkKTwJ).  (148) 


Hero  k-  denotes  the  ratio  of  specific 
heats.  Furthermore  ex  denotes  the  unit 
vector  in  the  x-direction. 

Elimination  of  f  and  %  from  Eqs. 
(144  -  146)  gives  an  equation  for  p  as 
follows: 


-k 


(149) 


I  JL  ( 3_ 

i  p.U*  a* 


JL 

az  az 


where  Fx  ,  Fy  and  Fz  denote  the  x  ,  y 
and  z  components  of  f  . 

Eq.  (149)  is  an  equation  of  acoustic 
waves  propagating  in  a  flowing  nonuniform 
medium.  To  solve  Eq.  (149)  in  this 
general  form  is  a  formidable  task,  and 
until  now  only  some  special  cases  have 
boen  treated  successfully. 

In  the  case  of  steady  flows,  D0/D0t  ■ 
U3/dx  ,  and  hence  Eq.  (149)  degenerates 
to  a  second  order  differential  equation 
as  follows: 

[  (l-Mo>j£+ 

"  di  +  fztaz')]P  <150> 

+  ft- 

where  M0(y,z)  -  U (y, z )/a0(y, z )  denotes 

the  local  Mach  number  of  the  undisturbed 
flow.  As  ono  of  tho  earliest  studies  re¬ 
lated  to  Eq.  (150),  we  should  refer  to 
von  Karman  and  Tsien  (194S)  who  treated  a 
lifting  line  in  an  incompressible  flow 
sheared  in  a  spanwise  direction  with  a 
uniform  fluid  density.  In  this  case  Eq. 
(150)  further  reduces  to 

,,51> 


Honda  (1960,  1961)  solved  problems  of 
three-dimensional  steady  disturbance  flows 
caused  by  a  single  airfoil  and  a  cascade 
of  blades  in  an  incompressible  shear  flow 
in  the  spanwise  direction  with  a  uniform 
density.  Ills  single  airfoil  theory  in¬ 
cludes  the  thickness  effect,  i.e.,  the 
last  term  in  Eq.  (150). 

Extension  to  compressible  shear  flows 
was  made  by  Manba  (1969,  1969)  Who  solved 


(152) 

—  iLS 

M0  ciy  a*  lp 

az  > 

for  a  cascade  of 

blades  and 

a  single 

airfoil.  In  his  theory  the  undiaturbed 
flow  la  allowed  to  be  transonic,  i.e., 
Mo(y)  is  allowed  to  be  unity  at  a  span 
under  the  restriction  of  dM0/dy  #  0  at 
the  sonic  span. 

To  deal  with  unsteady  flow  problems 
is  much  more  difficult,  since  the  dif¬ 
ferential  equation  to  solve  is  of  the 
third  order.  This  difficulty  orginates 
from  the  fact  that  acoustically  propa¬ 
gating  disturbances  and  convected  vorti¬ 
cal  disturbances  are  , locally  coupled  in 
sheared  flows.  Available  papera  dealing 
with  an  unsteady  cascade  in  a  shear  flow 
is  restricted  to  incompressible  fluid. 
Kaji  et.  al.,  (1980)  treated  cascade 
flutter  in  an  incompressible  shear  flow 
with  a  uniform  density  using  a  semi¬ 
actuator  disk  model,  while  Yamasaki  and 
Namba  (1982)  treated  the  same  problem  by 
a  lifting  surface  method.  Hereafter  in 
this  chapter  we  outline  the  theory  de¬ 
veloped  by  Yamasaki  and  Mamba  (1982). 

Let  us  consider  a  cascade  of  thin 
blades  between  two  parallel  rigid  walls 
with  a  wall-to-wall  distance  h  aB  shown 
in  Fig.  20.  Further  let  the  undisturbed 
flow  be  an  incompressible  flew  sheared  in 
the  spanwise  direction  with  velocity  U(y), 
which  is  disturbed  by  blades  vibrating 
with  a  common  reduced  frequency  u  ,  a  con¬ 
stant  interblade  phase  angle  2xo  and  zero 
steady  loading.  In  this  case  Eq.  (149) 
becomes 


Fid.  20.  THE  CASCADE  MODEL  IN  A  SHEAR 
FLOW 


further  the  unsteady  loading  distribution 
on  the  m-th  blade  can  be  denoted  by 
Al>(£.n)eiwt  ♦  i2ttom  ,  where  £  and  n  de¬ 
note  local  chordwise  and  spanwise  coordi¬ 
nates  respectively.  Then  denoting  the 
pitch/ chord  ratio  and  angle  of  stagger  by 
s  and  y  respectively,  we  can  express  the 
body  force  F„  =  .  iut  v... 

z  b^x.y  ,z)e!  by 

F,(x.y,  i)  _■ 

(154) 

«  r  1/2  a  <N, 

-  L  \  \ 

J-J JO  ^0 

>  $(.z-  m s  cos  jr)  et27r(m  d.yl  d *  . 

llero  «(  )  denotes  the  Dirac  delta 

function . 

DISTURBANCE  PRESSURE 

Let  the  disturbance  pressure 

f  a  p  (x,-y  ,Z  )6lC°^  be  represented  by  an 

integral  form  of  ~  _ 

,  p(X,af>  Z/  — 

\2\  A?(t,VKt,(x-i,y,z\ Ddidt  (l55) 

J-l/2  Jo 

Substitution  of  Eqs.  (154)  and  (155)  into 
(153)  yields  a  differential  equation  for 
the  pressure  kernel  function 
Kp(  X.y.Z  |2 )  in  the  form 

L(iutu&) 

aN  —(156) 

09 

x  £S(x-msiRm(?-W(*-wscosr)ei2,t<m 
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In  addition  the 

boundary 

§ 

wall  surface  Is 

givon  by 

dKpix.y.zw/dy- 

=  0  at  y 

In  order  to  make  the  problem  mathe¬ 
matically  tractable,  we  further  assume  a 
uniform  shear  flow  and  put 

UW  -  1  +  (Ui  -  DV/K  .  (158) 

Then  applying  the  Fourier  integral  method 
( Mamba  1986)  wo  obtain  the  solution  to 
Eqs.  (156)  and  (157)  in  the  form 

KpU,yfz  1*) 

„  J_  f-  piivZ  f  yM(V;«w?YM(7:o(vju) 
2sA,v—  ^  {co  +  LfcVxty}1 


1  ( %  cost/ fit  +  -  l  sin/  s^n  x)  e10^*  ^ 

*  £  [  JH  V^:w)  >^.;«)e£crX 


/-/ r.inf  ~  V 

cos1/ 


where  Yu(yra)  and  ku(y  -  0,1,...)  are 
orthogonal  eigenfunctions  and  eigenvalues 
defined  by  Namba  (1986).  In  the  case  of 
Eq.  (158)  they  are  given  by 

Yo<3;o0  =\Z(W+0<)(Wf  Ut<*), 

Yp(r,<x)  =  JF  [{co+U(V)tt)  cos(fyf)  (160) 

-((/,-))«  sin(fe^y)/(^A)] 

(161) 

MB  1,2.-  kfJL"  fk-K/i' 

Furthermore 

My)=u/U( 30,  (162) 

X=x-2t2w.y,  Z  “  Z/CDSp,  (163> 

^  =  2K(V  +  0-)/S,  (164> 

- ; - (165) 

Oty  =  ^ sirty-  +  i  $gnx  +  k*  cosr. 


Note  that  X(y)  denotes  the  local  reduced 
frequency  at  each  span. 

One  of  the  special  characteristics  of 
unsteady  disturbances  in  shear  flows  is 
local  coupling  of  acoustically  propagating 
disturbances  with  convected  vortical  dis¬ 
turbances.  It  is  due  to  this  phenomenon 
that  the  pressure  kernel  function  pos¬ 
sesses  the  second  term  on  the  right-hand 
side  of  Eq.  (159)  in  the  form  of  convected 
disturbances.  In  fact  this  term  is  ab¬ 
sent  in  the  case  of  uniform  flow  (U^  ■  1) 
or  steady  flow  u  ■  0),  as  seen  from  Namba 
(1986) . 

DISTURBANCE  VELOCITIES 


The  disturbance  velocity 
?  “  %  (X,y ,Z)eM^  can  be  obtained  by 
substituting  Eq.  (155)  into  Eq.  (145)  and 
integrating  it.  The  result  is  expressed 
in  the  form 


,  (166) 

v  V  Apt?,*) K*(x-5,y,* | *)**<*$ 

J-l/2  Jo 

where  the  velocity  kernel  function  is 
given  by 

-  e“U(y>x  {  ]x  e  (X'  y,  1 1  * )  dx' 

X  y,  1 1  l)dxrdx'} 

Tho  second  term  in  (  )  of  Eq.  (167) 

stands  for  the  streamwise  acceleration 
of  flow  caused  by  transverse  displace¬ 
ment  of  streamlines. 

Tho  upwash  velocity  1*^  (x»y ,?  )C*W^  , 

l.e.,  the  s-component  of  the  disturbance 
velocity,  which  ie  of  most  interest  in 
this  problem,  Is  given  by 


4-23 


Mx,y,z)  - 
f/2  (A. 

■)-)/£  J0 


\'/2 

J-l/2  >’o 

(172) 

**  (too  4*  )&(X)TO- 


whero 

KiaiX,^,  2|^)  *=■  (169) 

Substituting  Eq.  (159)  into  Eq.  (167)  and 
carrying  out  integration  with  respect  to 
x’,  we  obtain 


Kw(x.y.2 \V=  (l701 

_ I  y  y  cty/A.)  Xu.(^  i 

2sA,u<y) p.,Q  ya.w  {o)+  uc?)^}1 


The  best  method  to  solve  Eq.  (172) 
will  be  the  mode  function  method.  Which 
consists  in  expanding  fip(x,y)  in  terms  of 
appropriate  chordwise  and  apanwise  mode 
functions  like 

Apex,?) -II  (l73> 

m~0  x.»0 


and  determining  coefficients  k^ 
Applying  the  Glauert  series  expansion 
form,  we  set 

t0(X)  =  COt (0/2). 

.  (174) 

-  Sin 7te  (71  ¥0) 

where 

,  v  (175) 

9  °  Arccos  (~2x) . 


*[(• +^x)e"£A(3')xlI^)-^y  femr} 

+  l  i  AjnX-  Iv/(V)  +  fyw}  e  *  M  -  ,XI^+T^  ] 

,  L+d£>X  _J _  y-  i%yZ 

2  *)  yX_me 


On  the  other  hand  there  are  various 
choices  of  spanwise  mode  functions  tm(y), 
A  guide  line  is  that  4m(y)  should  be 
closely  related  to  characters  of  the  flow 
field.  Here  we  adopt  orthogonal  functions 
associated  with  the  eigenfunctions  Yp(y;a) 
and  set 

d76) 


x  y _ .! _ 

fir0  +  +  %<***? 

x  -My)  ~Mry)X}  w 

+  sHe'iw,)<  -  e“a(y)xrfV*  l*> 

+  -e-W} 

+  Cuir  +  ^  }{  A(y))  x  fi~iA(T>X 

+  (e"iAWX  -  e“‘AWX)}  ]s^(y|^)]  f 


which  in  the  case  of  Eq.  (158) 


^tCV>  = 


fW,  :  w  -  0 
JziuWiosCmny/fO 


becomes 


-CU,-l)sin(my/i)/(m) :  m#o 

Substitution  of  Eq.  (173)  into  Eq. 
(168)  gives  an  expression  of  the  upwash 
velocity  in  terms  of  Amn  as  follows! 

vr(x,y,z)  - 

00  00  fi/J  (177) 

si»0  X»0  J-i/2  •*  '  & 

where 

(fi  (178) 

MAn(X,^Z)- Jo  ^WKutU, 3U  r*)el? 


where  lyp(y)  '  1 vy(y )  »  8yy(y/n)  and 

svp(y/n)  are  defined  by  Namba  (1986). 
The  second  term  on  the  right-hand  side  of 
Eq.  (170)  originates  from  the  second  term 
on  the  right-hand  side  of  Eq.  (159).  We 
can  recognize  that  this  term  stands  for 
the  effect  of  nonuniform  convection  velo¬ 
city  of  unsteady  free  vortices. 

INTEGRAL  IXJUATION  TOR  UNSTEADY  LOADINGS 

Let  the  z-wlso  displacement  of  the 
eero-th  blado  bo  denoted  by  a(x,y)ei«t  . 
Then  the  boundary  condition  at  the  blade 
surface  is  given  by 

0)  *=  (ia+Ufx)  &(*>?)•  (171) 

Substitution  of  Eq.  (160)  into  Eq.  (171) 
gives  an  Integral  equation  for  the  un¬ 
steady  loading  function  Ap(C,n)  In  the 
fort? 


The  detailed  expression  of  Wm(x,y,c)  is 
given  by  Namba  (1986). 

As  shown  there,  Wm(x,y,z)  can  be 
divided  into  three  partsi  Wmi(x,y,e), 
wmll(*«y»a)  Wmm(x,y,z)  .  The  first 
part  wmI  gives  the  quasi-two- 
dimensional  disturbance  field  Which 
neglects  interference  between  different 
span  stations.  The  second  part  Wmir 
stands  for  the  'primary'  three-dimensional 
effect.  It  takes  the  form  such  that  the 
throe-dimensional  effect  at  a  spanstation 
y  in  the  shear  flow  U(y)  caused  by 
dipoles  and  free  vortices  at  other  span- 
stations  appears  as  if  the  flow  is  uniform 
with  a  velocity  equal  to  U(y)  over  the 
whole  span.  The  third  part  WmitT  gives  an 
additional  three-dimensional  offset  which 
accounts  for  ths  nonuniformity  in  the  con¬ 
vection  velocity  of  free  vortlcee.  It 
has  been  revealed  that  the  numerical 


contribution  of  W, 


mill  is  generally  small 


compared  with  those  of  Wmi  and  Wmtr  . 


We  should  note  that  Kw(x-f.y,  0 J  n) 
possesses  singularities  due  to  dipoles 
and  free  vortices,  which  can  bo  extracted 
from  the  qua3i-two-dimenaional  part  WmI 
in  the  form  of  (x-£)-l  and  loglx-£|. 
Chordwiso  integration  in  Eq.  (177)  for 
these  parts  can  be  analytically  performed. 
Furthermore  Kw(x-s,y«0  )  n)  possesses  also 
the  horse-shoe  vortex  singularity  in  tho 
form  of  (y-n)“2  which  is  included  in  the 
first  term  on  the  right-hand  side  of  Eq. 
(170).  As  to  this  singularity,  the  ex¬ 
pression  of  WmII  in  the  form  of  Eq.  (A. 15) 
given  by  Namba  (1986)  implies  that  the 
spanwiso  integration  for  this  part  is 
automatically  performed.  It  is  required 
to  numerically  evaluate  the  integrals  in 
the  expression  of  Wmrjj  given  by  Namba's 
(1986)  Eq.  (A. 16)  and  the  chordwlse  inte¬ 
gration  for  the  regular  parts  in  Eq. 
(177). 


NUMERICAL  EXAMPLES  AND  EFFECT  OF  MEAN 
FLOW  SHEAR  UPON  UNSTEADY  BLADE  LOADING 


Numerical  examples  shown  below  have 
been  obtained  by  truncating  the  series  in 
Eq.  (173)  or  (177)  into  a  finite  series 
with  6  spanwise  and  4  chordwise  mode 
functions.  The  coefficients  are  deter¬ 
mined  by  making  Eq.  (173)  satisfied  at  6 
x  4  control  points.  The  control  points 
are  selected  at  the  mid  points  of  six 
equally  divided  spanwise  subsections  and 
at  tho  three-quarter  points  of  four  equal¬ 
ly  divided  chordwiso  sub-sections. 


Wo  conoidor  bonding  and  torsional 
vibrations  for  which  a(x,y)  is  given  by 


and 


(179) 

(180) 


respectively.  Hero  S(B,k)(y)  and 
S(T,k)(y)  denote  tho  k-th  order  bonding 
and  torsional  modoa  of  a  uniform  canti¬ 
lever  beam,  which  are  normalized  by 


I 


(181) 


Furthermore  lot  g(B,0)(y)  ■  1  and 
s(T*0)(y)  o  X  mean  translational  and 
pitching  motions  respectively. 


Fig.  21  shows  spanwise  distributions 
of  the  local  lift  coefficient  for  trans¬ 
lational  motions  (k  «  0)  ,  where 
C((B*k)(y)  Is  defined  by 

The  results  are  compared  with  those  of 
the  strip  theory  prediction  which  are 
shown  with  broken  linos.  Tho  effect  of 
nonuni  fortuity  of  tho  mean  flow  upon  tho 
magnitude  of  tho  unsteady  local  lift  force 
appears  essentially  in  tho  same  manner  as 
in  the  case  of  steady  flows,  l.o.,  tho 
magnitude  of  tho  local  lift  at  a  higher 
velocity  span  Is  decreased,  while 
that  at  a  lower  velocity  span  Is  In¬ 
creased.  Furthermore,  the  phase  of  the 


local  lift  advances  at  a  higher  velocity 
span,  but  lags  at  a  lower  velocity  span 
compared  with  tho  strip  theory  prediction. 


FIG.  21.  SPANWISE  DISTRIBUTIONS  OF  UN¬ 
STEADY  LIFT  COEFFICIENT  FOR 
TRANSLATIONAL  OSCILLATIONS. 
Ui-2.5,  w-0.5,  h-3,  t»45*, 
s«l .0. 

—  lifting  surface  theory 

-  atrip  theory 

We  should  note  that  thr  u.e  .ect  of 
spanwise  nonuniformity  in  tl  ^  vi  oration 
amplitude  ")f(x,y)  also  appei  •;>  in  the 
same  fashion  as  the  effect  ot  siouuniform 
mean  velocity.  Thua  the  local  Uf:  forces 
at  large  amplitude  spans  art  .‘educed, 
while  those  at  small  amplitude  spans  are 
increased  compared  with  quasi-two  • 
dimensional  values.  Consequently,  quite 
large  deviation  from  the  strip  theory  pre¬ 
dictions  takes  place  in  the  case  of  the 
first  order  bendiiv;  vibration  (k  -  1)  of 
blades  which  fixed  at  the  lower 

velocity  side  wall,  since  effects  of  non- 
uniform  velocity  and  amplitude  are  super¬ 
posed  as  shown  in  Fig.  22. 


FIG.  22.  SPANWISE  DISTRIBUTIONS  OF  UN¬ 
STEADY  LIFT  COEFFICIENT  TOR  THE 
PIRST  ORDER  BENDING  OSCILLATIONS 
WITH  THE  BLADE  ROOT  AT  y-0. 

Other  conditions  as  in  PIQ,  21. 


4-25 


Kig.  23  shows  the  dimensionless  aero¬ 
dynamic  work  per  cycle  on  a  blade  in  tor¬ 
sional  vibrations.  Here  W(T.k)  j,8  given 
by 


W 


iT.k)  -  _JL  (2n/“(l/2  f*- 


(183) 

y  Re[iwxStT^\'y)e£at]o(^  dxdit. 


No  change  in  the  sign  of  w(T,k)  ,  e.g., 
from  negative  to  positive  or  vice  versa 
is  brought  about  by  the  spanwise  nonuni¬ 
formity  of  the  mean  flow  velocity.  How¬ 
ever,  it  can  generally  be  stated  that 
the  spanwise  nonuniformity  in  the  mean 
flow  velocity  reduces  the  absolute  value 
of  the  aerodynamic  work.  Furthermore,  the 
spanwise  nonuniformity  of  the  vibration 
amplitude  adds  a  great  deal  to  this 
effect. 


EFFECT  OF  WALL  LININGS 


MODEL  AND  MATHEMATICAL  FORMULATION 

As  a  model  that  can  clearly  account 
for  the  three-dimensional  effect  due  to 
the  presence  of  oound  absorbing  wall 
liners,  we  consider  a  linear  cascade  of 
blades  spanning  between  parallel  walls. 
The  time  mean  flow  is  uniform  and  blade 
geometries  are  uniform  in  the  spanwise 
direction  too,  but  a  part  of  a  side  wall 
is  lined  with  acoustically  admittive 
materials,  while  the  remaining  part  of 
the  wall  and  another  side  wall  are  rigid 
everywhere.  Hereafter  using  the  undis¬ 
turbed  flow  velocity  U*  ,  the  undis¬ 
turbed  fluid  density  p0*  and  the 
blade  chord  c*  as  reference  quantities, 
we  use  nondimensional  velocity,  density, 
length,  prossure  and  time  which  are 
scaled  with  respect  to  U*,  p0*,  c*, 
p*0U*2  and  c*/U*  respectively. 

We  take  the  Cartesian  coordinate 
system  (x,y,z)  with  x  and  y  axes 
oriented  in  the  undisturbed  flow  and 
span  directions  respectively,  as_ shown  in 
Pig.  24.  Furthermore,  we  use  the 
inclined  coordinate  system  (X,Y,Z)  where 

X  -  X-  l  tan?  ,  2  “  Z/coaf  ,  U84) 


and  y  denotes  the  angle  of  stagger.  We 
assume  that  the  cascade  of  blades  with 
the  angle  of  stagger  y  ,  the  pitch/chord 
ratio  S  and  the  aspect  ratio  h  which  is 
equal  to  the  wall-to-wall  distance  is 
vibrating  with  a  common  reduced  frequency 
it  and  a  constant  interblade  phase  angle 
2*e  .  Consequently,  the  unsteady  blade 
loading  on  the  m-th  blade  can  be  denoted 
by  ap(x',y')l«t  ♦  i2»*n  ,  where  x*  and  y' 
denote  local  chordwise  and  spanwise  co¬ 
ordinates  respectively.  The  wall  at  y  » 
0  is  rigid  everywhere.  On  the  other 
hand,  another  side  wall  at  y  ■  h  is  rigid 
except  a  strip  section  dj  <  x  «  d2  where 
it  is  lined  with  a  locally  reacting  sound 
absorbing  material  of  a  uniform  admit¬ 
tance  fv  .  note  that  the  wall  admittance 
ft*  is  scaled  with  respect  to  l/(pp  »  )  • 


FIG.  23.  VARIATION  OF  AERODYNAMIC  WORK 
COEFFICIENTS  WITH  THE  INTER¬ 
BLADE  PHASE  ANGLE  FOR  PITCHING 
(T,0),  FIRST  (T, 1 )  AND  SECOND 
(T, 2)  ORDER  TORSIONAL  VIBRATIONS 
ABOUT  THE  MID-CHORD.  Ui-4.0, 
id-0.5,  h-3.0,  y-45*,  a-1.0. 

. —  lifting  surface  theory 

-  strip  theory 

We  further  assume  that  the  blade 
thickness  and  the  steady  blade  loading 
are  zero.  Then  the  presence  of  blades  in 
the  flow  field  can  be  represented  by  body 
forces  F(x,y,z,t)  given  by 


Fcx,y,z,  t)  » 

(185) 

-e,elttt£  \  y4<.x',f)su-mssm-xr) 

»•-»  'H/l  Jo 

x  5  (?-?')  $(Z  -  w  s  COS?)  d/y'dx', 

where  e*  denotes  the  unit  vector  in  the 
c-directlon# 
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no.  24.  THE  CASCADE  MODEL  IN  A  CHANNEL 
WITH  A  PARTIALLY  LINED  WALL 


On  the  other  hand,  the  presence  of 
the  lined  wall  surface  at  which  the 
normal  fluid  particle  displacement  is  not 
zero  can  be  represented  by  surface  mass 
sources.  This  concept  has  been  applied 
successfully  to  the  duct  acoustic 
analysis  by  Namba  and  Fukushige  (1980). 
In  the  present  system  the  flow  distur¬ 
bances  originate  from  the  blade  vibra¬ 
tion.  Therefore,  the  mass  sources  re¬ 
acting  to  the  disturbances  are  periodi¬ 
cally  distributed  in  the  blade-to-blade 
direction,  and  we  can  represent  the  mass 
source  strength  in  the  region  d^  <  X  <  d2 
ms  <  Z  <  (m+l)s  by  nT(X,Z  -ms  )eiwt+i2xom  . 
Then  the  mass  source  distribution 
Q(x,y,z,t)  in  the  flow  field  can  be  given 
by 


Q(X,3f,2>t)=  (186) 

eiut  I  \dl  \s  %(x',z')sc/-xO«2-R) 

ws-ooU  Jo 

x  S(Z-PLS-Z')ei2,r<fflldZ'<LX'  . 

Now  we  can  consider  that  the  distur¬ 
bance  sources  in  the  present  flow  field 
consist  of  the  body  force  F  and  the  mass 
source  Q  .  Assuming  disturbances  to  be 
small  and  isentropia,  we  can  express  the 
linearized  acoustic  wave  equation  for  the 
disturbance  pressure  p  by 

C V3-  Mz  D3/Pt2)P  ~  V’F  -VO/Vt,  (187) 


where 

D/Dt  •  a/at  +  a/ax  (188) 


and  M  denotes  the  Mach  number  of  the  un¬ 
disturbed  flow.  The  disturbance  fluid 
velocity  q  is  related  to  p  by  the 
equation  of  motion 

Di/Vt  =  -  Vf  +f.  (189) 


Furthermore,  the  disturbance  fluid  par¬ 
ticle  displacement  %  is  related  to  q  by 


VX/Vt  *  %. 


(190) 


The  above  differential  equations 
should  be  solved  under  the  boundary  con¬ 
ditions  at  the  blade  and  wall  surfaces, 
bet  the  z-vise  displacement  of  the — zeroth 
blade  be  denoted  by  Tf(x,y)elwt  •  Then 
the  boundary  condition  at  the  blade  sur¬ 
face  is  expressed  as 


w(x,y,0,t)  -  (D/Dt)  (aT(x,y,  )ei«t),  (191) 


where  w(x,y,*,t)  denotes  the  z-component 
of  the  disturbance  velocity  q  . 

On  the  other  hand,  the  boundary  con¬ 
dition  at  the  wall  surfaces  is  described 

as 

ij(x,0,*,l>  -  0, 

c,JL,/,e>  -  o  ***  x<d,  and  x>dt 
-falUXfk'l, t) 
for  d,  <  X  <  dt 


where  n(x,y,x,t)  denotes  the  y-component 
of  X  •  Special  attention  should  be  paid 
to  the  parametric  dependence  of  the  wall 
admittance  8w  *  Here  we  neglect  the  non¬ 
linear  effect  and  hence  8W  is  independent 
of  the  sound  pressure  level.  However,  Sw 
is  generally  a  function  of  the  sound  fre¬ 
quency.  Therefore  it  is  necessary  to 
decompose  Eq.  (193)  into  frequency  com¬ 
ponents.  In  this  regard  discrimination 
between  stator  and  rotor  cascades  is 
needed. 


In  the  (x,y,z)  coordinate  system  which 
is  relatively  fixed  to  the  time  mean 
position  of  the  cascade,  the  disturbance 
quantities  induced  by  a  simple  harmonic 
oscillation  of  blades  can  be  expressed  as 
p ( x , y , z , t )  ■>  ‘p(x,y,z)eiiot  and  n(x,y,z,t)  - 
rf(x,y,  z)eiut  .  Furthermore,  because  of 
of  the  z-wise  periodical  variation,  the 
disturbance  flow  field  can  be  expressed  in 
the  (x,y,z)  system  as 


?CX,?,Z)J 

giwt  y- gi?vZ 

Ir’cx,'*). 

where 

qv  “  2»( v  +  a)/ b. 


(194) 


(195) 


Therefore,  in  the  case  of  the  stator  cas¬ 
cade  where  the  lined  wall  is  stationary 
with  respect  to  the  (x,y,z)  coordinate 
system,  Eq.  (193)  is  rewritten  as 


>8W(W)  pW(.X,k)  *  ?<V>(X;A) 


dt,  <  X  <  dj , 


V  -  0,±1, . . . 


(196) 


On  the  other  hand,  in  the  case  of  the 
rotor  cascade  where  the  lined  wall  is 
relatively  moving  in  the  (x,y,z)  system, 
disturbances  sensed  by  an  observer  sta¬ 
tionary  with  repespect  to  the  lined  wall 
are  no  longer  of  a  simple  harmonic  time 
variation,  but  are  generally  composed  of 
an  infinite  number  of  frequency  compo¬ 
nents.  In  fact,  let  the  lined  wall  be 
moving  in  the  negative  z  direction  with  a 
constant  speed  V  ,  and  define  a  coordinate 
system  (x8,ye,zs)  which  is  stationary  with 
respect  to  the  moving  wall  by 


x5  -  x  ,  %  -  y  .  z,-  2  -  vt.  d97) 

Then  we  can  write 

.  ~  (198) 


£  eihtUfvZt 

V«-s> 


where 


Ay  *  to  +  lyV. 


(199) 


(193) 
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Therefore  Eq.  (193)  should  bo  rewritten  as 

js„u,)  P'cxs, d  =  a,  (200) 

Xs  <.  t(j>  ,  "V  “  0 ,  + 1 ,  .  .  . 

Our  ultimate  purpose  is  to  determine 
the  blade  loading  at>(x,y)  for  specified 
blade  vibration  mode  7f(x,y)  and  wall  ad¬ 
mittance  0W  ,  For  this  purpose  we  first 
solve  Eqs.  (107),  (189)  and  (190)  to  ex¬ 
press  p  ,  w  and  n  in  terms  of  Ap(x,y)  and 
m(x,z)  ,  which  then  are  determined  by 
Eqs.  (191)  and  (196)  or  (200).  Hereafter 
we  confine  ourselves  to  subsonic — flows  0 
<  M  <  1  . 

DISTURBANCE  PRESSURE 

Expressions  of  f  and  Q  given  by 
Eqs.  (185)  and  (187)  suggest  to  represent 
the  disturbance  pressure  p(x,y,z)  in  the 
integral  form 


(201) 

\,/2  Kf,dU-x',  %  z |  dx ' 

J-l/2)0 

+  \*‘  f  *«',  V)  z-z')dM 

Jd,  J0 

Substitution  of  Eq.  (201)  into  Eq.  (187) 
gives  equations  for  the  kernel  functions 
Kpd  and  Kpm  as  follows t 


Trt^-CS 

y  8?(Z-mSt03j)el'2J,<*’,L/ 


(202) 


Kp^ix-y.' , y,  z~V)  (203) 


**■'  m=-» 


x  S(z-ms-z')el 


Applying  the  Fourier  integral  method 
employed  in  "UNSTEADY  CASCADE  IN  SPANWISE 
NOMUNI  FORM  MEAN  FLOW",  ve  can  derive  the 
solutions  in  the  form  of  Fourier  double 
series  as  followsi  — 


Kpd(x~x,y,z\Y)  c 

f_  elhZ  £ 

y-.-V  f>-~  6 

Y.p*  (X  X  ,  *} i  Z'Z  )  * 
f  eiuz  z')  £■ 


(204) 


(205) 


where  =  1,  cos(^),  ( ^ .  1,2,...) 

V  .  (jti  =  0,1,...),  (206) 

and  expressions  of  K^' (X-X* )  and 
Kpm* (X-X1 )  are  given  by  Namba  (1986). 

From  the  standpoint  of  numerical  work 
it  is  convenient  to  expand  the  loading 
^function  fip(x,y)  and  mass  source  function 
m(x,Z)  into  the  double  series  forms 

=£.  I,  V 

a;  .  CO  00  ,  .  _ 

?n.(x,2)  »  21  z  BVN 

N<~  1  y«-» 


(207) 

(208) 


In  the  case  of  subsonic  flowB  the  chord- 
wise  mode  functions  <>n(x)  defined  by 

-V;0c)  =  cot  (8/2)  , 

(209) 

y„(X)=  sin  n$  (  71  *»  1,2,...), 

X  *>  -  (1/2)  cos  8  ,  0  <6^7T, 

are  recommended.  On  the  other  hand,  the 
suitable  form  of  the  streamwise  mode 
functions  Qfj(X)  for  the  mass  source  is 
still  the  subject  of  controversy,  see 
Koch  and  Mohring  (1983).  The  point  at 
issue  is  singularities  at  edges  X  «  d^ 
and  d2  .  Here  we  assume  the  fluid  par¬ 
ticle  displacement  to  be  continuous  across 
the  edge  lines  X  ■  dj  and  d2  ,  and  put 

Q„00~  (i«  +  ^)YW(X),  (2io) 

Yl/M  =  sin/Vfi), 

X  -  (d,+d2)/2  -  [(dz~c(,)/2)cos(g),  (211) 
0  .<  0  £.  IT, 

as  adopted  by  Namba  and  Fukushige  (1980). 

Substitution  of  Eqs.  (204),  (205), 

(207,  and  (208)  into  (201)  gives 


K  £  %<■*■’) x$( x-x', x)dx' 

r  j-vz 

+  S  Z  1  8»n  ei?yZ  kJSo <-x/,'y)dx; 

Vs*** 

whore 

k^(x-x’z)  -  i  elhZ Kpf^-r),  (2i3) 

KpHix-w)  -  £.  k5ST,(x-x')  to)  titom*) 

pL*0  r 
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DISTURBANCE  VELOCITIES  AND  FLUID  PARTICLE 
DISPLACEMENT 


Onoo  tho  disturbance  pressures  is  given 
i>>  the  form  of  Eg.  (201),  we  can  formally 
integrate  Eg.  (189)  and  further  Eq. 
(190),  obtaining  explicit  expressions 


*  SvfL|,By”el*yZL  Qw°°0 X-X',30dX' 


of  y  and  X  .  Here  we  limit  ourselves 
to  showing  expressions  of  Hi  =  3f(JC,y  ,1  )G1^ 


and  -  ri(x,y  ,1  )elUC  which  are  given  as 


fol lows : 


uNx.-y  ,i)~ 

\,/z  \k  *$<.*■', y)Kuiix~x'> y>z\y'> w'dx' 

J-V'2  Jo 


* jn  ^  ^  2)d*' 

+  sv£  £Bwet?y2j^QN(xOK^(y-x; 


K$ttu-x',z)  =  £  e^z  KZjftx-x'),  (223) 


](1(  S  ^X^OK^CX-X^^Z-Z  )dZc(X,  Kim(X-X',p  -  £  K^tX-Xf)  ^(£)(224> 


rl/2  _ 


S; \  a?(x', p KH(X-X’,y,z  |  f) dfdx' 

+  ^  Js  7K  (x;  zo  k?k(x-x;  7,  z-z';  dz'ctx; 


Here  kernel  functions  can  be  expressed  in 
Fourier  double  series  form  as  follows) 


«U(1(x-x' -y,Kir)  = 

fv?,z 

y=-»>  4>.»C 


wx-x;^z-r)- 

£  elUZ-Z')^  K^fiX-XOppfuiL), 

V--o°  /i.-O 


Kldu-x',  y,z\f)  = 


I  eaz  I  r{T(x-x')  famum 

y  =  -0O  ^=1 


y--oo  /t-l 


F.xpreoolono  of  '  u ^  (X-X 1  ) , 


K^'U,(X-n,  K<fJ'W,(X-X')  and 


K^'  (X-X  ’ ) ,  are  given  by  Ntmba 


(1986), 


Substitution  of  Eqs.  (207TT  (208), 

(217)  -(220)  Into  (215)  and  (216)  leads 
us  to 


W( '//,/') 


<vv  iy*  ,  f/2 

*  I  >_ Ar+/V\  %(*■) K$(X  xU)dx' 

H*0  n*Q  J-V2 


-  2  ei!,z  x'ru-r),  ns!) 


ft* 

KjxiX-X',?)’*  Y  K^iX-X') tu.(Vtu(K)  (226) 

/-l  " 


DETERMINATION  OF  UNSTEADY  BLADE  LOADING 
AND  MASS  SOURCE 


^  Now  we  are  in  a  position  to  determine 
Ap(x,y)  and  Tn(X,Z)  ,  or  in  other  words, 


the  coefficients  A  n  and  ByN  so  that  the 
boundary  conditions  (191;,  (192),  and 
(193)  should  be  satisfied. 


First  it  is  easy  to  see  that  the 
first  term  on  the  right-hand  side  of  Eq. 
(222)  vanishes  at  y  -  0  and  h  .  In 
other  words,  the  transverse  component  of 
the  fluid  particle  displacement  induced 
by  pressure  dipoles  representing  blades 
becomes  zero  at  both  side  walls  including 
the  lined  section.  On  the  other  hand,  as 
shown  by  Namba  (1986) 


KfL(.X~X',  0)  =  0,  (227) 

K$I(X-X,,A)-  -  (l  -V  Sp(X-X')} 


Consequently,  it  holds  that 


f  0  :  X<  d., 


f_  f_  ByNel?yZ[  ywoo  -  ciu(drX)YN(d,)] 

V“-f«  W-l 

d^X<,(k, 


eiM  £  £^eazL Yw(dl)ef‘,rf,-yw((i1)etoAJ 

dt<X, 


^  VSMiAa^ifclMiLrie -i 


fes^^aiaaaiiite 
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i 

a 


Then  it  i9  evident  that  tho  boundary  con¬ 
dition  (192)  is  satisfied,  since  Y«(x) 
defined  by  Eq.  (211)  satisfies 

W<U  =  -  0  <229> 

Next,  substitution  of  Eq.  (221)  into 
Eq.  (191)  gives 

N  M  fl/2 

k  X.  X  K$(x-x',  o)  dx' 

/*=o  n-o  J-i/i 

«»  w  rdi  /mi  , 

+  S  >;:  x  Bw  \  QN(xOK^(x-X',30d* 

fj-l 

(230) 

-  (tw+  a/ax)  a(x,  ?). 

With  regard  to  functions  0) 

and  KyliX-/,!/)  involved  in  Eq.  (230), 

wo  should  note  that  the  Fourier  series 
given  by  Eqs.  (223)  and  (224)  are  nonuni- 

formly  convergent,  since  Kwi(x=X?i  0) 

and  KZo,y)  are  singular  at  x-x'  *»  0 

and  y  <=  h  respectively.  Therefore,  in 
numerical  work  it  is  necessary  to  separate 
singular  parts  as  shown  by  Namba  (1986). 

Finally,  inspection  of  Eqs.  (212)  and 
(222)  enables  us  to  find  that  p( v) (x,y) 
and  'n( v) (x,y)  defined  by  Eq.  (194)  are 
expressed  as 

(231) 

Gi  On  *  1/2 

&  £  I V  \  %(X')  KpY\x  - X ’)  dx' 

/<=a  J-i/2  r 

+  s  XX  ld2  QN(K')  C(x-x;  V)  dx', 

N*  i  J  d,  ’ 

%W(Xtf)  “  (232) 

A  X  XV^P  tr (XlKpAx-*)**' 

fl~0  X=0  3  “1/2 

+  s  X  B,w  \dz  Qm(xO  K$n(X'X',  y)dx'. 

W=t  JA, 

Further,  Eqs.  (228)  and  (229)  give 

w  (233) 

7<y)(x,  k)  =  £  By"  yN(x)  : 

W3 1 

men  the  boundary  condition  at  the  lined 
wall  surface  for  tho  stator  cascade  given 
by  Bq.  (196)  becomes 


On  the  other  hand,  in  the  case  of  the 
rotor  cascade,  we  should  use  Eq.  (200), 
which  becomes 

X  [  %(JC0  Kp^CX'X')  dX' 

M-'O  n»o  ''-i/a  f 

+  s  f;  8V„  J*  Qw(X0  KpnW-X',  A)dOf'}  (235) 


^ X-  ~  0  »  V  =  0,  ±l,±2,-** 

W=l 

Again  we  note  that  the  series  expres¬ 
sion  of  Kpm^x"x,,y)  given  by  Eq.  (214) 
is  of  nonuniform  convergence,  and  hence  we 
should  separate  the  singular  part, as  shown 
by  Namba  (1986),  before  performing  the  in¬ 
tegration  involved  in  Eqs.  (234)  and 
(235). 

Eqs.  (230)  and  (234)  or  (235)  give  a 
set  of  linear  algebraic  equations  for  an 
infinite  number  of  unknowns  A„n  and  Bvn  • 
Actually,  we  should  truncate  the  series 
into  finite  ones  by  taking  up  to  u  ■  L-l, 
n  «  I  -1,  v  *■  t  (K  -l)/2  and  N  -  J  ,  say, 
where  K  is  an  odd  number,  and  determine  a 
finite  number  of  Aun  and  Bvn  by  making 
Eqs.  (230)  and  (234)  or  (235)  satisfied 
at  a  finite  number  of  control  points 
(*i,yt)  (i  -  1,2,...,!;  t  -  1,2,. ...L) 
and  Xj(j  -  1,2, ...,J)  . 


NUMERICAL  EXAMPLES  AND  EFFECT  OF  WALL 
LININGS  UPON  UNSTEADY  BLADE  LOADING 

Here  we  limit  ourselves  to  the  case  of 
the  stator  cascade,  i.e.,  Eq.  (234),  with 
the  lined  section  confined  to  the  cascade 
region,  i.e.,  dj  .  _i/2  and  d2  -  1/2  . 
All  examples  are  quoted  from  Yamasaki 
and  Namba  (1982). 

The  dependence  of  the  admittance  Bw  of 
currently  used  lining  materials  upon  the 
sound  frequency  is  well  investigated. 
Howover.in  the  present  study  we  specify  Bw 
independently  of  u  •  We  should  note  that 
Bw  io  a  complex  number  in  the  possible 
range  0  <|Bwl<  ■  and  -*/2  <  arg(Bw)  «  »/2. 

Fig.  25  shows  how  the  spanwise  dis¬ 
tribution  of  the  local  lift  force  for  the 
translational  vibration  a’(x,y)  ■  -1  can  be 
modified  by  the  presence  of  the  wall 
liner,  where  the  local  lift 

coeffcient  CjB'°^(y)  is  defined  by 

Cj>  -  Tito),  <236> 

Note  that  Bw  *  0  implies  a  rigid  wall.  As 
Fig.  25  shows,  the  wall  liner  has  a  large 
influence  on  the  unsteady  local  lift  force 


a  ,,  ,f  j  v~  *  j  ..  ,  ...  in  the  vicinity  of  the  lined  wall,  but  the 

|  k  /  /  Ayn  4’u(h)  \  "fjitX'jKpd  (X-X')dX  influonco  upon  tho  overall  lift  force 
L  y-t)  r-o  /?  seems  rather  small.  Attention  should  be 

(234)  paid  to  the  scale  of  the  ordinate. 

+  '>  /  T^vil\  0./X )  Kbpt  (X~  X',  A)diX'~\  Next,  In  order  to  see  whether  the 

fj-.<  J  j  ’  '  J  presence  of  the  wall  liner  can  be  bene- 


+ ->  /  Otfi  \  Q.,(X  )  K[,rri(X ~  X ,  n.)  dX  Next,  In  order  to  see  whether  the 

}j-<  J,  '  J  presence  of  the  wall  liner  can  be  bene- 

'  —  ficial  for  suppressing  the  cascade  flut- 

»  ter,  let  us  Investigate  how  the  aero- 

ifn  /  g  -  0  ;  /  iw  0,  4  I ,  f  2  dynamic  work  on  a  vibrating  blade  given  by 

w«i 


L  \  \  Re[ 

jc  3-i/j  j0 


Re  [iw  a(x,y)eiat  ]dyc*x<tt, 


depends  upon  iiw  .  Here  wo  define  the 
dimensionless  work  for  translational 
oscillation  Ja(x.y)  =  -1  and  pitching 

oscillation  a(x,y)  =  •[  by 


c0)  =  W/Crr'coA)  (238) 


C^T'0)  =  1A//(ttH) 


respectively 
|ci°'°’l  or 


„  (T.o) 


26  and  27  show  that 


|  Cw  I  or  |  C  w  j  monotonously  de¬ 
crease  as  J^l  increases  if  arg(0w) 
is  negative.  For  positive  arg(0w)  , 

however,  |  C^B,°*j  or  lc^T,0^j  increase, 
decrease  and  again  increase  with  increase 
of  I^J ,  asymptotically  tending  to  the 
values  for/ew|>=  «  .  Increasing  I  0^1  over  1 
no  longer  give  significant  changes  in 
the  aerodynamic  work,  at  least  for  small 
reduced  frequencies  relevant  to  flutter. 


0  5  y/h  ' 


FIG.  25. 


Generally  speaking,  the  effect  of  the 
wall  liners  on  the  aerodynamic  work  is 
small,  and  we  can  hardly  expect  the  wall 
liner  to  play  a  decisive  role  in  suppres¬ 
sing  the  cascade  flutter,  at  least  if  the 
wall  liner  is  confined  to  a  short  section 
as  in  the  present  examples. 


EFFECT  OF  THE  WALL  LINER 
ADMITTANCE  0W  ON  THE  SPANWISE 
DISTRIBUTION  OF  THE  UNSTEADY 
LIFT  COEFFICIENT  FOR  THE 
TRANSLATIONAL  VIBRATION. 

M  <=  0.6,  w  “0.2,  h  “  2.0, 

S  “  1.0,  y  “  45°,  2ito  “  60°, 
arg  (B„)  “  30». 


FIG.  26. 


DEPENDENCE  OF  THE 
TOTAL  AERODYNAMIC 
WORK  FOR  THE  TRANS¬ 
LATIONAL  VIBRATION 
UPON  THE  WALL  LINER 
ADMITTANCE  0W. 

M  ■  0.6,  «  »  0.2, 
h  “  2.0,  S  «■  1.0, 
y  -  45°,  2no  “  60°. 


FIG.  27. 


UitttMiiiiliNi 


DEPENDENCE  OF  THE 
TOTAL  AERODYNAMIC 
WORK  FOR  THE  PITCHING 
VIBRATION  ABOUT  MID¬ 
CHORD  UPON  THE  WALL 
LINER  ADMITTANCE  6*. 
OTHER  CONDITIONS  ARE 
SAME  AS  IN  FIG.  26. 
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SUBSONIC  AND  SUPERSONIC  UNSTEADY  ANNULAR  CASCADE  THEORY 


EO EMULATION  OE  THE  PROBLEM 

Consider  a  single  annular  blade  row  with  a  finite  number  N  of  vibrating  blades 
which  are  rotating  at  a  constant  angular  velocity  n  in  an  infinitely  long  cylindrical 
duct  of  radii  rj  and  r2  (ri  <  r2) 

The  fluid  inside  the  duct  is  an  inviscid  perfect  gas. 

The  undisturbed  flow  is  a  uniform  axial  flow  with  a  subsonic  velocity  V«,  and 
density  p„  .  This  means  that  the  blades  are  parts  of  helicoids  whose  equations  are, 
in  cylindrical  coordinates  (r,  0,  z)  fixed  to  the  rotor,  a'  being  a  constant  (Figure  1). 

6  +  ~~  z  =  a 1  +  2  w  (j°*l,2,...,N) 

ri  <  r  <  r2  zi  <  z  <  Z2 

Zl  and  Z2  denote  the  axial  positions  of  leading  and  trailing  edges. 


Fig.  1  Geometry  of  Blades 


of 


The  arc  s  on  a  helix  defined  by  a  constant  value  of 
s  corresponding  to  Z| 


1  ♦ 


Oiill • 
vi 


(Z -2 | ) 


r  is. 


si  being  the  value 

(2) 


The  blade  spacing  b  and  the  stagger  angle  i  ,  which  is  the  angle  between  the 
tangent  to  the  helix  and  the  z-axis,  are  defined  as  followsi 


"  tJ 

tP,(7)  -  ^ 

«r< 

(3) 

The 

axial 

chord 

length  2t 

of  tho  blade 

is  1 

2t  -  *2  “ 

*1 

tho 

blade 

chord 

2c  Is 

2c  -  21  [l 

,  Uixl  l*  .  JLL . . 

VJ,  |  cos(t) 

(4) 

The  relative  Mach  number  M  is  expressed  In  term  of  tho  axial  Mach  number  M,  as 

H 

M  (5) 

The  only  cases  considered  her#  are  those  where  the  relative  velocity  is  either  sub¬ 
sonic  or  supersonic  all  over  the  blades. 


The  equations  of  the  vibrating  blades  are  taken  in  the  form: 

«  '  Vj=  “  'If  2*  4  °  j  ^ 1  ’ 2  ’ c '  (J-1.2 . N)  (6> 

where  (r,  z,  t)  is  a  function  of  the  normal  deflection  fj  (r,  z,  t)  of  the  jth 

blade;  tj  (r,  Z(  t)  is  supposed  to  be  so  small  that  the  theory  can  be  linearized 
about  the  undisturbed  flow  previously  defined;  in  this  case,  fj(r,  z,  t)  is  related 
to  °j  (r,  z,  t)  by  the  approximate  expression 


tjU- 


hW 
*■  00  J 


(J-1.2 . N) 


A  perturbation  velocity  potential  ip(r,e,z,t)  is  supposed  to  exist;  if  a„  de¬ 
notes  the  velocity  of  sound  in  undisturbed  flow,  p  satisfies  the  wave  equation,  where 

II  -  ~  P~  -  1  “  M3 


I JL  _  Oil  die  +  2  ~  ^  +  a*  *2se  +  2  %  ~  2  -  0 

dr*  r  dr  r3  a3  09*  1  a3  ae3z  ^  3za  a*  aeat  a 3  dzdt  a*  at3 

U  u)i  cO  (O  oo  w 


The  perturbation  pressure  p  is 


The  boundary  condition  on  the  blades  is: 


do.  do. 

1—  2m  .  Q  fisc  _  —  +  v  — 

r3  ae  v  3z  at  ®  az 
00 

Furthermore,  tho  normal  derivatives  of  p  must  vanish  on  the  two  cylinders: 


3r’<‘Ve’Z(t)  "  0 


(1-1.2) 


It  should  be  noted  that  p  satisfies  the  same  equation  as  v>  ,  and  the  same 
boundary  conditions  on  tho  cylinders.  The  new  variable  defined  by 

“  -  e  +  v  Z  (12) 

■  SO 

allows  tho  boundary  condition  on  tho  blades  to  be  written  for  constant  values  of  a  i 
the  equations  of  tho  problem  are  now: 

21m  .  1  2m  .  |1_  .  Oil  21m  .  7  Q  dim-  .  n  „jx  Hie  _  ?  i!sc_  „  1_  2lm  _  n 

8r3  r  3r  [r3  V3  da*  V  Oadz  ' 1  n  ’  dz 1  1  a3  8z3t  a3  at3 

*■  CO'  SO  CO  CO 

p  -  ~  [a?  +  V-  a?]  ^(rj.a.z.t)  -  0  (1-1.2)  (13) 


5»(ri..;«.t)  -  0 


(1-1.2) 


do,  do, 

a?'5TtV.jr  on  th0  J‘th  blfld0 


The  motion  of  the  blades  is  supposed  to  bo  time  harmonic  dependent,  with 

2k* 

frequency  j-jj  and  constant  intorblade  phase  angle  — jj-(K  ■  1,2,...,N).  oj(r,z,t)  is 
then  written  as  f  .... 


</j(r,z,t)  -  o(r,z)  Rejcxp(lu>t  -  KJ-D^jJ 


(J-1,2 . N) 


<c  and  p  are  then  of  the  form  Ret^Qelwt)  and  Re(p0elut)  and,  omitting  the  sub¬ 
script  0  ,  the  formulation  of  the  problem  is  now: 

ill*  ,  l  2m  ,  [L.  t  0§1  21m  „  2  0  ,  p*  ge  _  21  _2  te  +  £  v  _  0 

dr4  x  dr  [r3  V^J  da 4  dad z  dz 

p  "  “  p  [  luv»  ♦  V  ^1 

m  l  *  (15) 


^(rro.z)  -  0 


(1-1,2) 


f  r  3  4  V»|  ft  4  fj  -  [,w"  4  v„  fj]  «KPl-l(J-l)2|j4)  on  tho  J-th  blade 

The  blades  are  equivalent  to  N  shoots  of  pressure  dipolos  satisfying  tho  boundary 
conditions  on  the  cylinders.  Tho  velocity  potential  is  then  computed  in  terms  of  an 
Integral  over  the  blade  number  one,  and  tho  boundary  conditions  on  tho  blades  give  an 
integral  equation  whore  tho  unknown  function  is  tho  pressure  difference  «p  between  the 
two  sides  of  the  blade  number  one,  the  right  hand  side  being  a  known  function  of  o  . 
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pressure  nut:  'iv>  n  monopoles  or  n  dipoles 

If  L  denotes  the  partial  differential  operator  of  the  problem,  the  pressure  p 

2Kn 

due  to  N  monopoles  vibrating  with  a  phase  shift  — jj—  ,  whose  coordinates  are 

2  n 

r’.z'.a*  +  — jj(j-l)  (j  =  l,2 . N)  satisfies  the  equation 

N 

“  v  •SU-V)  )  exp [  l  ^  (j-l)|  M*  -  a-  -  ^(j-1)) 


J-l 

if(rl-“-z)  "  0 


(16) 


(1-1.2) 


(17) 


The  right  hand  side  being  periodic  in  a  with  period  2w  ,  is  expanded  in  a 
Fourier  series: 

12 

MPS1  “  r  *(r-r’)  S(Z-Z')  ^  ^  exp[  -in'  (a-a*  )  ] 

n-.oi 

whero  n'  -  nN  +  K 

This  form  shows  that  p  can  be  represented  by  a  Fourier  series  whose  co-efficients 
are  Fourier-Bessel  series  of  the  radial  eigenfunctions  Rn'mdn’m  r)  (m=l , 2, . . . . )  assoc¬ 
iated  with  eigenvalues  Xn'm(m=l , 2, . . . . )  defined  by: 


Rn’m  +  r  Rn'm  +  "  ?T)  V*  “  0 

Rn'n/An'mrl^  “  0 

These  eigenfunctions  are  normalized  as  follows  (Salaun  1986) 

I  r  Rn'm1  dn'm, r)  Rn'ra2  ( Vm2r)  <lr  "  r2  4„ 
so  that  Rn<m  (Xn'mt)  la  given  by 

Vm  "  Vm  VW>  “  V >  V<W>] 


whore 


A  ,  - 

«  in 


J1  V.  -> 


Csl) 


([( An'mr^  n'  3  1  V W*>  “  V W*’  V<W>l]r|) 

The  coefficients  Zn'm(*)  In  Ps 

4*  4<o 

pBmY.  T.  Zn'm(z)  Rn'm<Vr»r)  *«Pl -In- (•-••)] 

n-.®  ra-i 

are  solutions  to  the  ordinary  differential  equation 

[ui  -  Aj  -  din. 

Vo  V’ 


v.  _  a 

n'a  07 


r,  .  <->V 

OnL  , _ s 

V  f  aJ 


■r  +  *- 

n’n  +  p7 


*(«•«*)  Rn-m<W> 


(18) 


(19) 


(20) 


(21) 


(22) 


(23) 


It  is  equivalent  to  find  the  solutions  and  Z^  to  the  homogeneous  equation 

for  z<z*  and  z»z’  respectively,  with  the  two  conditions 


(24) 


Zn'ra  (/,)  Zn’n  (r' )  ~  2^J»rj  Rn,m(V«,‘,) 
The  nature  of  theso  solution-!  depends  on  02  defined  as 


t>  7  -  ^  - 
D  0* 


*’K'n  ~  M 


(25) 


If  }>2  is  positive,  the  solutions  which  increase  infinitely  with  |s|  do  not 


occur . 
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If  D2  is  negative,  z(}^  and  z(?)  are  both  linear  combinationa  of  two  waves 

n  m  —  n  m 

which  remain  undamped  at  infinity,  and  a  choice  must  be  made  such  that  one  wave  only 
occurs  both  upstream  and  downstream.  The  complexity  of  the  waves  makes  it  difficult  to 
select  them  by  the  Nommerfeld  condition.  It  is  better  to  use  an  alternative  approachi 
the  time  dependence  in  eiiut  is  replaced  by  e(a+iw)t(a>o) *  all  the  functions  of  time 
are  zero  for  t«-«  and  increase  in  absolute  value,  when  t  increases  and  the  condition 
to  apply  to  the  new  waves  is  that  they  remain  zero  at  infinity  both  upstream  and  down¬ 
stream.  Afer  that,  a  is  made  equal  to  zero. 

The  case  where  d2  is  equal  to  zero  is  not  examined  here. 

Finally,  after  some  developments  given  by  Salaiin  (1974),  ps  is  given  by* 


!’(»•. r‘  .a0.-o> 


exp(-  ln*o0  tlbi, 


|z0l) 


a  -  a'  and  z0  -  z  -  z’ 
ln  “V 

r  .  n-fl  +  _= 


a  -  pix*, 
n’m 


a  -  1  SEn<u>+n'f»  [^n]’  “  /95^,m 


n  “  L  a,.  J 

•  ^ 

0*A«,  < 

m  n  m  L  J 


The  possible  existence  of  undamped  waves  at  infinity  both  upstream  and  downstream  is 
one  of  the  features  of  the  problem. 

2K  it 

The  pressure  due  to  N  dipoles  vibrating  with  a  phase  shift  jj™  located  at  the 
the  same  points  as  the  preceding  monopoles,  and  having  their  axes  normal  to  the  blades, 


I'D(r.r’ , a0  , z0 ) 


f_L.  +  oil- 


that  is  to  say i 


PD(r.r-.a0,z0)  -  “  ^7?  I  I  Rn’m(Vmr>  WW*  exP(-ln'a°)  * 


n--«  m-1 


In’ [^7  ♦  +  ^7  (-tr  +  a  sgn(z„)) 


PRESSURE  AND  VELOCITY  POTENTIAL  DUE  TO  N  SHEETS  OP  PRESSURE  DIPOLES 

The  pressure  discontinuities  across  the  blades  are  taken  into  account  by  distribu¬ 
ting  over  the  blades  N  sheets  of  pressure  dipoles  having  an  intensity  proportional  to 
H(r  ,z)  on  blade  number  one.  The  pressure  obtained  is  expressed  as 

r?  z  2 

p(r  ,a0  ,z)  ”  |  |  H(r'.z’)  PD(r,r’  ,o0  ,z0)  [jb  +  *’  dr’dz'  (29) 


and  it  can  be  shown  that  H(r.z)  is  equal  to  the  pressure  difference  between  the  two 
sides  of  the  blade  number  one. 

The  method  used  for  this  is  useful  in  the  next  paragraph*  it  consists  of  analyzing 
the  Fourier  sorios  in  the  neighbourhood  of  the  blades  ( ao  ■  2»,  j«l , 2 , . . . . ,N)  ,  by 
the  knowledge  of  the  first  term  of  the  asymptotic  expansion  of  its  coefficients  for 
large  values  of  n’.  This  torm  can  bo  obtained  when  summations  and  integrations  are 
made  in  the  following  ordori  z'-integration,  m-summation,  r'-integration,  n'-summation. 
n'  being  fixed,  the  first  term  of  tho  asymptotic  expansion  of  the  z'-integral  for  large 
values  of  m  Is  first  computed.  Thereafter,  the  first  term  of  tho  asymptotic  expansion 
of  tho  m-integral  for  large  values  of  n'  is  computed*  then,  the  first  term  of  the 
asymptotic  expansion  of  tho  r'  -integral  for  large  values  of  n’  is  computed. 
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It  cun  bo  shown#  Salatin  (1986)#  that 

4  Ji  |-il'  <  A  s6n(20)  ]  j} 


Hu'.;') 


exp(l  z0  -  P  |z0|>  dz'  «. 


„  |  _L.  +  U:.,  - . 

L*’*  vil  *.  +Q2a 

•'n‘m  +  111 


J77  H(r\z) 

n'm  V2 
00 

in  both  subsonic  and  supersonic  relative  velocity. 

Also,  it  can  be  shown,  Salaun  (1986),  that 


(30) 


l'  H(v* 


•.«)  [&  *  $}  ««•  )  dr*  -  ^  H(r,» 

S  An'm  +  V2 
i  m-1  « 


(31) 


Therefore,  ptr.ao.z)  can  be  written 

,N  —  exp(-in'a0> 
p(r,o0 ,z)  -  -  H(r,z)  ^  - JJT- 


+  regular  terms  - 


(32) 


2^  ll'r.z)  exp(-ixa0) 


21* 

— W 


exp(21^s)  -  1 


exp(lKa0)  +  regular  terms 


2* 


whore  the  notation  {F )  means  the  periodic  function  of  period  -jj  whose  value  between 


2n 


0  and  jj—  is  F.  This  expression  has  a  jump  equal  to  the  pressure  difference  6p  between 
the  two  sides  of  the  blade  number  onei 

H(r,z)  -  «p  -  p(r, 2k, s)  -  p(r,0,z) 

The  pressure  p  duo  to  the  N  sheets  of  pressure  dipoles  is  them 
r3  z 


p(r.<vz)  -  J  J  fp(r’  ,z')  p0(r,r'  ,o0,z0)  [l  +  dr'dz 

«•  „  *•  «0  J 


(33) 


r,  z 


It  is  to  be  noted  that,  due  to  the  possible  existence  of  undamped  waves,  p  may 
not  vanish  at  infinity  (z  -  ±  »)  ;  so,  the  velocity  potential  which  is  a  solution  to 


the  equation 

lLV  +  V.  fz  -  "  }  P  (34) 

cannot  be  expressed  as  an  integral  taken  from  -•»  to  z  ,  as  it  can  be  done  in  the  classi¬ 
cal  wing  theory.  The  z-integration  constant  C(r,o)  is  determined  so  that  p  is  a 
solution  to  the  partial  differential  equation  of  the  problem,  p  can  be  written  as 


l  1  Z; 

i±J  J 


dr'dz ' 


1  ♦ 


Qlxi. 


1/2 


ip(r\z<)  exp(-l«  z0) 


r° 

J  «xp(lS  i 


z,-z’ 


M)  pD(r,r' ,a0,»)  d n  + 


+  C(r,o)  axp(-l“  z) 


(35) 


The  term  arising  from  the  lower  limit  in  the  u-integral  provides  in  p  a  term  pro¬ 
portional  to  exp(-iuz/V,.) ,  which  is  not  a  solution  to  the  partial  differential  equation, 
but  is  it  possible  to  choose  C(r,a)  such  that  thia  term  disappears. 
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Then,  denoting  by  pi  (r,  r ' ,  a0.  ft  )  an  indefinite  integral  in  p  of 
exp( iuu/V„ )pd( r, r ' ,  a0,  u)  for  u<o  and  F2  (r,  r ' ,  a0.  u  )  an  indefinite  integral  of  the  same 
expression  for  v>  o  *  <p  can  be  expressed  as 


1  a 

“v"  [  [  «P(r'.z')  exp(-l“  z0)  G(r.r\a0,z0) 

»  an  *  “  v  en 


1  + 


Qiril 


1/2 


whore: 


«(r,v* ,o0,p) 


F,(r,r'  ,a0,*i) 


dr'dz’ 


(zo<0) 


(36) 


(37) 


F,(r,r’ ,a0,0)  ♦  F3(r, r' .a0 ,z0)  -  F3(r ,r* ,o0 ,0)  (z0>0) 

Those  long  but  easy  calculations  give,  denoting  by  E  the  unit  step  function: 

+CO  +00 

r*  r 
JL 


v’  “  Acr 


r,  z. 

«p(f.z') 

r,  zt  n--«>  m-1 


i  ^  c-2 

foC  J  I  ^  I 


R  ,  (A  ,  r)  R  ,  (1  ,  r’)  exp(-ln’a0)  x 
n'm  n'm  n’m  n'm  r  0 


^  “T1  *  f1  *;•.  *  *  «»(«.> » *  511 

(T>  00  *■  00  00  J 


*  [»;•.  * 


+  21 


[r-  +  r'1  +  ^  r' 

L  on  J  03 


A* ,_  + 
n  m  v 


r— 5 -  exp(-l“  z0)  E(z0) 

All  ra 


E_  .  -  4_ 

02  Z0  /)» 


dr'dz* 


(38) 


ANALYSIS  OF  V  AND  ITS  DERIVATIVES 
INTEGRAL  EQUATION  OF  THE  PROBLEM. 

The  application  of  the  boundary  condition  on  the  blade  number  one  implies  that  tt0 

is  given  the  value  of  zero  in  i#  and  Ac  .  It  is  then  necessary  to  know  the  nature 
J  uo  oz 

of  the  Fourier  series  Which  appears  in  v  .  The  method  of  analysis  is  the  same  as  in 
the  preceding  paragraph. 

The  z’-  integral  in  the  first  term  in  the  parenthesis  in  <p  gives 


-  jip(r'.z') 
Z) 


00  DO  _ ■ _ 00 _ 00  ^ 

A  Ta  4.  /  Win  1th  *1 

l  n'm  (  V.  >  J 


exp(l  z„-  £3 ~  | z0  |  )dz' 


(39) 


n'm  V*  n'm  V* 


Furthermore,  it  can  bo  shown,  Salaiin  (1986),  that 

r> 


n 

r,  m-1 


ft  ,  (A  ,  r)  ft  ,  (A  ,  r')  2Sp(r',z)  ^ — oVTT?  + 

n'm'  n'm  n'm  n'm  1  r  V  .  *  On  • 

l  “  Vm  +  V* 


►  6Sp(r'  ,z)  ~ 


L  ♦ 


0... r..  tL.  .n-M.-.  i  .1  .iv  .,,.-.^—4 L  ,i») 

51 1  v- *  “sf F ' 


nar° 

v»  1 

-  2  rjj  sp(r.z)  —-jgjy  Jt?  ♦ 
1  *  ya 


(40) 


The  series  containing  E(z0)  in  v>  gives! 


{  *  %']  ^  r’  }  * 


r.-l 


,  (A  ,  r! 
■JiIclL  n  m 

1  R  ,  (A  ,  r*) 
n’m'  n'm  ' 

J 

V  .  f 
n  in 

[iiinlfll  3 

V  1 

« 

f 


S p(i'.z’)  exp(~i“  2q )  E(z0)  dz'dr' 


(41) 


cHr3rj[ 


i’i 


rj  V2  ,  ]  f 

^  ‘  ^ +  }  J  *p(r-z,)  exp<_1v(oz 


0)  E(z0)  dz' 


Keeping  the  term  in  -fr  in  <f>  ,  in  view  of  the  analysis  of  ,  the  follow- 

n  *  act 


ing  result  is  obtained! 


IN 

2  it  l d  V 


Or2  +m 

,  .  .  v„  V  exP('in‘e0) 

v~  2 t,Pv  Sp(r-Z) : — q?z 

1  +  1LX_ 

■>  n--« 


+®  wOr3 


(42) 


5p(r,z')  exp(~l^  z0)  dz^'  ^  -  nar3  Jjfj  •  d  cp(-in'o0)  +  regular  terms 


Incidentally,  this  shows  that  the  discontinuity  s<p  across  the  blade  number 
one  is  given  by 


t* 

Slfi  -  v(r.2»,z)  -  <p<r.0,a)  -  -  f  fp(r,z')  exP(-l“  z  '  rtz' 


(43) 


The  term  in  1 —  makes  impossible  the  term-by-term  derivation  with  respect  to 
r»' 

a  in  <fi  ;  to  avoid  this  trouble,  this  term,  whose  sum  is  known,  is  written  in  the 
form  of  a  double  m,n  -series  which  is  subtracted  term-by-term  from  the  series 
in  tp  i 

exp(-in’o0) 


|  «P(r,z')  exP(-l«  z0)  E(z0)  dz'  f 

«  «  J  to  n 


.  i N  f  f  w  t —  exp(-ln'oo) 

“  -litf,  V  I  *P(r  >z  >  exP(“iv  z»>  E(zo)  «(r’-r)  dr’dz’  )  - ; - 

an  to  •  J  vm  /  n 


(44) 


_  _ CL 


2»/>  V  r 


iJJ  Sp(l"'z’>  «xP(-l“  z0)  x 


f  -f  (1/ 

)  )_.  Rn'm(V,,r>  WV.r'> 


«xp(-ln'o„) 

jp -  K(z0)  r’dr'dz* 


This  is  obtained  by  applying  the  relation  (100)  of  Salaun  (1986).  <p  then  is 
written  in  the  following  formi 


i  i  r.3  -hu 


£  ^  *  Sf  ♦  1  °Sn<Zo>  A  [*  ♦  *’  *“*] 


»  k  ♦  (^)a| 

I  n'ra  '  V_  ' 


oxp(l  £3  Z0  ~  |z0|)  + 


(Jr  +  $7  r’)n’  +  ^  r* 

+  21  I  "ian-V*"-  -  5-  exp<_1v/o>  E<*°> 

L  n'ra  1  V  ' 


^  dr’dz' 


oxp(-lKa0)  (oxp(lKt>0) )  f3 


^»v»  l  -  exp  (  l^1) 


ip(r,z')  exp(-i“  z0)  E(z0)  dz’ 


2a  is  calculated  starting  from  the  expression  (38)  of  <p  ,  and  it  is  easy  to 

d  z 


see  that  the  terms  arising  from  the  derivatives  of  sgn(z0)  and  E(z0)  cancel  each 


other;  2iC  thus  takes  the  following  formt 

dz 


&2  _  _J 

3z  4* 


r2  za  ho  +«> 

f  j4P<r'-z'>^  ^  Vn(V»r>  Vm<Vmr'>  exP(-ln’‘‘») 


n--«  m-1 


-  ?•  “5“  *  r  • 1  •«"<*.>  *[?♦?'  ■if] 


A  Xz  +  (KtOUQ)3 

*  n'ra  +  '  V  ‘ 


a_i  r,  L 


[l  jja  -  *gn(z0)  £?]  * 


exp(l  «  z0  “  «J  lziD  +  2  V 


[r'  +  v?  r'l  n'  +  V3  r’  1 

- —= -  tm  -  exP(-l“  z0)  E(z0)  dr-dz- 


n'm  '  V_  ' 


An  analysis  similar  to  that  of  v  shows,  after  some  calculations,  that 


ill  r  lu  f  u  IV"  e*P(*ln’<»o> 

uZjT  [*p<r'z>  ~  r  J  ip<r-z')  •xp(-iv  zo>  jz'J  — n1 - + 


+  regular  ternia 


2«  is  calculated  from  the  expression  (45)  of  *>  ,  which  givest 

da 


r,  Zj  HO  -HO 

]i  -  u7rl7JK  J  {  *P(r'-z'>  ^  Y  Rn'»(Xn’“r>  Rn’»(An'»r,)  •Xp('ln’°°) 


“  ^7  ^  *3.a  ♦  l  «en(*o>  *  fe-  ♦  v1’  fcynlD] 

m  a _ * _ w  m  -* 


n'e  '  V  'I 


exp(l  £7  z0  “  lzol)  ♦ 


[J,  ♦{£«■']  n'  ♦  *J?  r' 


n'a  V 


*,  exp(~ly  z„)  E(z„)  l  dr’dz’ 


The  nature  of  the  n-serle*  In  **  is  Immediately  deduced  from  the  analysis 

OQ 


,t  *  «rk4  it  I*  *e«*r>  that  the  aeries 
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-to) 

--  exp(-in'o0) 


l 


n' 


ln  [h  *  vD  aS  and  ln  v;  fS 


cancel  each  other.  Tho  normal  derivative  is  continuous  on  the  blades  and  a0  can 
bo  given  the  value  zero  to  apply  the  boundary  condition  on  the  blade  number  one; 
this  gives  the  integral  equation  of  the  problem  which  takes  the  following  form 
after  some  manipulation  and  rearrangement  of  terms: 


ra  za  +«>  +■> 

[  [  fp(r'  z*)  Y  Y  ^h'"'(An,inr)  Rn,m^n,mr  j 

J  J  L  L  *»..  ♦ 


n-.ao  tt-1 


x  ^  oxp(l  jj?  Z0  ~  |z0|) 


«  St  *  [*-f>  .  i  .««(..>  «**<>]  -  Sf  S’  [-  l  •  •:.(».)  “f>]  . 

*  ?  V5  (  [‘S'-  *  '“vf”’’]  "  1  "vf11  J  )  1 

nl  w+n'Q  _  r’  |\»  .  a  httnlQl 

r'  V  r  I  n’m  +  V  V 

•  L  so  co  J 


{ 


- 1 S'  [i  - 1  •*■<*•>] 


+  2  exp(-i“  z0 )  E(z„) 


Dr 

V 


’  ?  AS’«  +  ?’  ^dr'dZ' 


..  ..  So. 

— s —  r  <lw*  +  v.  “> 


(48) 


USE  OF  NONDIMENSIONAL  QUANTITI ES-^- METHOD  OF  SOLUTION  OF  THE  INTEGRAL  EQUATION 


Nondimensional  quantities  are  defined  by  the  equations: 


Zj-Zj  ^  Zt+Z3 
T.  -  — : —  z  +  — 


•lit  S  +1 


*  * 
r,  s  r  si 


r,  -  rtr* 


„  .  i tl  „  _  01 

JR  V  °R  V 

m  so 

p  V9 

.  F*>  rn  „  ,  * 

«p  -  ~y~  Cp(r  ,z  ) 


Var*  “  Vr* 


r  **  ii/2  •  j, 

It.  -  [0*r*ln((l  -  M*(uR*n'nR)*j  -  A  (A*  real) 

ft.  -  I  *p,r.(wRon’nR>  [H>(wR4n'fl^)*  -  -  A#  (A*  Imaginary) 
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Then  the  integral  equation  takes  the  following  forts: 
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whose  unknowns  are  the  coefficients  in  Cp  . 

In  the  subsonic  case,  Cp  is  expanded  in  series  of  Rok(i*okf*)  and  polynomials 
Gy(z*)  defined  by 
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The  expansion  of  the  right  hand  aide  uses  Gy(-z*)  (y»l,2 . ).  It  is  known  that 

these  polynomials  are  well  suited  for  an  isolated  airfoil  and  therefore  they  are  used 
here. 

In  the  supersonic  case,  the  Mach  waves  emanating  from  the  leading  and  trailing  edge 
of  a  blade  reflect  on  adjacent  blades,  such  that  CP  has  simple  discontinuities.  To 
take  into  account  these  discontinuities  in  the  pressure  representation  is  a  difficult 
task  in  a  three-dimensional  analysis  (see  Namba's  analysis  in  the  present  volume). 
Here  Cp  is  approximated  by  continuous  functions.  Comparisons  between  the  results 
obtained  with  these  two  Cp  -representations  have  been  made  by  Salaun  (1978)  in  the  two- 
dimensional  analysis,  and  it  is  shown  that  the  generalized  forces  are  in  good  agreement. 

In  the  supersonic  case,  Cp  and  the  right  hand  side  are  thus  expanded  in  a  series 
of  Legendre  polynomials  Pp  defined  by 
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Let  (*'“1.2, . . . ;  1-1,2,...)  be  the  coefficents  of  the  right  hand  side 

expansion : 
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The  Fourier  and  Fourier-Bessel  series  are  integrated  term  by  term,  in  order  to 
avoid  the  treatment  of  the  kernel  singularities. 
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The  linear  system  of  equations  takes  then  the  following  form: 
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GENERALIZED  FORCES 

The  flutter  mode  which  is  examined  is  only  one  degree  of  freedom  flutter, 
the  generalized  force  on  blade  number  one  la 
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that  is  to  say,  When  «p  is  replaced  by  its  expression, 
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where  Ay^  are  the  components  of  the  expansion  of  o  in  the  orthogonal 
Rok(lokf*)<  GM(z*)  in  subsonic  flow,  PM(z*)  in  supersonic  flow. 


Apk  ”  | 


+1 

* 

[  dz* 

* 

J 

-1 

Uz 

1/2 


+  1 


*  f  *  .  *  *.  .  ■* 

VZ  5  J#r  Rok(*okr  >  0  dr 


(subsonic) 


+1  +1  — 

A,,k  ”  f  az*  P//z*)  f  r*  Rok(Xokr*)  °  dr*  (supersonic) 

-l  r * 

Details  of  the  numerical  evaluation  aro  given  by  Salaun  (1906). 


HOMER I CAL  RESULTS 
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The  motions  examined  here  are  bending  and  torsion,  with  the  nodal  lino  defined 
by  constant  value  of  e  .  Let  »h*(r*)  be  the  normal  deflection  of  the  mid-chord 
point  and  4(r#)  the  angle  of  rotation  of  the  chord:  f(r,e)  is  taken  in  the  form 


o  is  given  by 
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It  is  easily  shown  that  Xvl  and  have  the  following  expressions  in  the  subsonic 

ease : 
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In  the  supersonic  case,  they  take  the  following  form: 
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In  the  case  of  a  bonding  motion,  th*(l)  is  taken  equal  to  c(rj)  and  in  the  case  of 
a  torsional  motion  Ml)  1«  t oken  equal  to  1.  B  being  the  area  of  the  blade,  the  non- 
id  Itnens  Iona  L  l  zed  generalized  force  0*  is  defined  by 
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There  is  flutter  when  Im(G*)  is  positive. 

The  numerical  results  presented  here  refer  to  a  cascade  having  a  hub  to  tip  ratio 
equal  to  0.398. 

No  flutter  has  been  found  in  the  pure  bending  motion  in  both  subsonic  and  jupersonic 
relative  velocity. 

In  tho  pure  torsional  motion  about  the  mid-chord  axis,  it  is  difficult  to  find 
flutter  in  tho  subsonic  case.  However,  Figures  2  and  3  give  two  examples  of  torsional 
flutter,  for  reasonable  values  of  the  parameters.  The  cascade  has  21  blades;  the 
Figures  2  and  3  differ  by  the  values  of  y(r2 ),  respectively  equal  to  50*  and  55*,  but 
tho  value  of  the  axial  Mach  number  is  kept  constant,  equal  to  0.459. 

The  reduced  blade  spacing,  defined  by 

*  2wTJ 

b  <ri)  "  Nc(r,)  (73) 

is  equal  to  1.728  .  The  other  parameters  are  indicated  on  the  figures.  The  points  are 
joined  by  solid  lines,  which  is  meaningless,  but  gives  more  clarity.  The  flutter  occurs 
occurs  for  values  of  the  interblade  phase  angle  such  that  there  is  no  undamped  wave  at 
infinity.  In  each  case,  one  interblade  phase  angle  only  gives  instability. 
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Fig.  2  Dimensionless  Ganoralized  Force  as  Function  of  Interblade  Phase  Angle 

(Torsional  Motion) 
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Fig.  3.  Dimensionless  Generalized  Force  as  Function  of  Interblade  Phase  Angle 

(Torsional  Motion) 

ri=0.398  t=0 .099  Y(r2)E55*  N-21  f*(r2)-1.728  ur-1.227  Mw-0.459  M(r2)-0.8 

This  flutter  disappears  when  y(r2)  increases  to  60*.  as  shown  in  Fig.  4  . 

In  the  case  where  r(r2)  is  equal  to  55*,  the  flutter  disappears  also  when  the  number 
of  blades  decreases  to  20  or  increases  to  22,  the  reduced  blade  spacing  and  the  reduced 
thickness  being  kept  constant,  this  latter  constraint  is  obtained  giving  a  convenient 
thickness  to  the  blade  and  using  a  finite  element  program  for  the  determination  of  the 
new  frequency  (Fig.  5  and  6). 

It  should  be  noted  that  the  strip  theory  gives  no  flutter  in  this  case,  and  this 
fact  shows  the  importance  of  the  three-dimensional  effects  (Fig.  2). 

Similar  results  have  been  found  by  Salaun  (1974),  in  a  case  which  was  not  so  close 
to  the  actual  fans. 


Dimensionless  Generalized  Force  as  Function  of  Interblade  Phase  Angle 

(Torsional  Motion) 

r*-0.398  t-0.086  N-21  f * ( r2 )«1 . 728  wr-1.070  M.-0.459  M(r2>-.918 
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A  quite  different  situation  is  encountered  in  the  supersonic  case  where  torsional 
flutter  is  easily  found  for  many  interblade  phase  angles.  as  shown  by  Salaiin  (1979). 

ihe  difficulty  seems  to  make  it  disappear  and  this  can  be  achieved,  in  the  particular 

example  of  Fig.  7,  by  shortening  the  number  of  blades,  the  reduced  blade  spacing  and  the 

reduced  blade  thickness  being  kept  constant.  It  is  seen  that  this  gives  a  spectacular 

effect. 

The  number  of  blades  seems  thus  to  be  a  very  important  parameter  in  the  study  of 
supersonic  instabilities. 

H»  tg'l 

t  t  im  ig't 


Fig.  5.  Dimensionless  Generalized  Force  as  Function  of  Interblade  Phase  Angle 

(Toroional  Motion) 

r*»0 . 398  t»0 . 104  y(r2)-55*  N-20  f*(r2)-1.728  wr-1.305  M.-0.459  M(r2)«0.8 


Fig.  Oimer.sibnleas  Genorallzod  Forco  as  Function  of  Interblado  Phase  Angle 

(Torsional  Motion) 

(1*0.095  y(  r2)“55*  N-22  f* ( r 2 )-l . 728  wr-1.152  M.-0.459  M(r2)-0.8 


Fig.  7.  Dimensionless  Generalized  Force  as 
Function  of  Interblade  Phase  Angle 
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INTRODUCTION 

In  this  chapter,  wo  review  some  of  the 
numerical  methods  used  in  aeroelastic 
problems  to  calculate  unsteady  transonic 
flow.  We  have  restricted  our  attention  to 
two  major  aeroelastic  problems  -  blade 
flutter  and  what  is  known  as  forced 
response.  In  both  problems,  the  purpose 
of  the  calculation  is  the  prediction  of 
unsteady  loading  on  the  blades  so  that  the 
unsteady  lift  and  moments  may  farm  the 
forcing  terms  of  a  separate  analysis  of 
structural  vibration.  It  is  usual  in 
turbomachine  calculations  to  assume  that 
structural  and  aerodynamic  behaviour  can 
be  decoupled;  that  is  the  unsteady  aero¬ 
dynamic  forces  have  an  insignificant  effect 
on  the  blade  vibration  characteristics. 
Although  this  is  certainly  justified  for 
conventional  turbomachinery  designs  it 
could  possibly  be  less  well  satisfied  by 
future  propeller  blading. 

In  forced  response,  the  unsteady  loading 
arises  from  Incoming  unsteadiness  in  the 
flow,  usually  due  to  the  wakes  of  upstream 
blade  rows.  Some  engine  vibration  is  then 
observed  at  frequencies  corresponding  to 
each  engine  order.  In  response  to  a  given 
periodic  forcing  of  this  type,  away  from 
resonance  the  blade  amplitude  will  be 
fairly  small  and  depend  little  on  the 
aerodynamic  and  mechanical  damping. 
Flutter,  on  the  other  hand,  is  an  instabil¬ 
ity  arising  when  the  aerodynamic  response 
to  blado  motion  causes  resonant  self-ex- 
citatlon,  so  that  the  amplitude  of  the 
motion  increases.  This  is  illustrated  in 
Figure  1  which  shows  a  Campbell  diagram 
for  a  model  rotor.  Tho  intensity  of 
shading  on  the  diagram  corresponds  to 
vibration  of  the  rotor.  The  odd  engine 
orders  are  shown  as  dashed  lines  and  at 
the  lower  orders  these  are  accompanied  by 
the  vibration  that  is  termed  forced  res¬ 
ponse.  The  lines  at  nearly  constant 
frequency  which  cross  the  engine  order 
lines  correspond  to  structural  modes 
excited  in  flutter.  Resonances  occur  where 
the  engine  order  linos  and  the  structural 
modes  cross.  Considerably  more  blade 
vibration  can  occur  in  flutter;  this  is 
shown  more  clearly  in  Figure  2. 

The  onset  of  flutter  may  be  determined  by 
evaluating  a  work  integral,  and  flutter  is 
said  to  occur  when  energy  is  being  trans¬ 
ferred  from  tho  flow  to  the  blade  motion 
rather  than  vice  versa.  This  is  often 
referred  to  as  negative  aerodynamic 
damping.  At  resonances,  where  forcing 
frequency  coincides  with  a  blade  natural 
frequency,  the  response  will  also  depend 
on  the  aerodynamic  (and  structural) 
damping.  Thus  to  predict  the  amplitude  at 
resonance  aerodynamic  solutions  of  both 
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Figure  1  Campbell  diagram  for  a  model 
rotor 
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Figure  2  Campbell  diagram  for  a  model 
rotor  showing  strong  flutter 


tho  forced  response  and  flutter  problems 
are  needed. 

Those  physical  differences  between  the  two 
problems  of  forced  response  and  flutter 
givo  rise  to  corresponding  differences  in 
the  model  problem  attempted  in  each  case. 
In  both  problems,  the  flow  through  the 
blade  rows  is  unsteady  and  periodic,  but 
only  in  calculating  aerodynamic  damping  is 
it  necessary  to  allow  for  any  interaction 
botween  the  blade  motion  and  the  flow. 
Away  from  resonance  in  forced  response 
calculations,  aerodynamic  damping  is  un¬ 
important  and  the  blades  may  be  assumed  to 
be  stationary.  The  unsteadiness  in  the 
flow  arising  from  incoming  wakes  may  be 
large,  whereas  for  flutter,  initially  at 
least,  this  will  not  be  so.  During  flutter 
the  blade  amplitude  will  be  limited  event¬ 
ually  by  non-linear  structural  damping, 
but  this  is  not  usually  of  interest: 
flutter  calculation  methods  are  required 
simply  to  predict  the  onset  of  flutter 
(and  so  determine  the  flutter  boundaries 
in  an  engine  operating  map  as  shown  in 
Figure  3)  For  this  reason  the  unsteady 
flow  during  flutter  may  be  assumed  to  be  a 
small,  linear  perturbation  of  the  steady 
flow  through  the  blade  rows.  Consequently, 
the  flutter  problem  in  some  guises  is 
amenable  to  analytical  techniques,  and 
these  have  been  described  in  earlier 
chapters  of  this  volume.  The  analytical 
problem  is  not  easy,  particularly  when 
shocks  are  present,  and  is  only  tractable 
when  further  simplifying  assumptions  are 
made  concerning  the  steady  flow  through 
the  blade  rows,  in  particular  that  the 
flow  is  uniform  and  the  blades  themsolves 
aro  represented  as  flat  plates.  Numerical 
methods  become  necessary  when  these  assump¬ 
tions  are  relaxed.  Similarly  analytical 
calculations  of  forced  response  have  been 
made  by  Nagashima  £  Whitehead  (1978),  and 
Smith  (1971)  but  field  methods  have  been 
developed  for  the  usual  case  where  the 
aerodynamic  fluctuations  are  large.  These 
methods  are  not  usually  applicable  to  the 
resonance  problem  since  for  non^llnear 
incoming  perturbations,  the  blade  motion 
and  forced  response  problems  cannot  be 
decoupled . 

In  this  review  we  shall  describe  attempts 
to  predict  both  flutter  and  forced  res¬ 
ponse,  although  the  majority  of  the  work 
reviewed  is  concerned  with  flutter;  few 
successful  attempts  at  calculating  forced 
response  have  been  made.  As  mentioned 
earlier,  although  numerical  methods  have 
been  used  when  the  steady  flow  is  non- 
uniform,  many  restrictive  assumptions 
remain  necessary.  The  development  of 
numerical  methods  to  calculate  unsteady 
flow  in  turbomachines  has  followed  on  from 
calculation  methods  available  for  steady 
flow,  but  in  both  cases  are  perhaps  less 
developed  than  the  corresponding  methods 
used  in  external  aerodynamics.  A  useful 
account  detailing  many  numerical  methods 
for  computing  steady  and  unsteady  flow  in 
a  wide  range  of  applications  is  given  by 
Peyret  i  Taylor  (1985).  In  turbomachine 
applications  most  methods  to  date  have 
asst need  a  two-dimensional  unsteady  flow 
through  a  linear  cascade,  and  furthermore 


that  the  flow  is  inviscid.  An  important 
aerodynamic  assumption  being  made  is  that 
both  the  steady  and  unsteady  flows  are 
attached.  The  solution  is  usually  obtained 
for  a  two-dimensional  Btrip  of  the  blade 
where  each  section  is  assumed  to  move  aB  a 
rigid  body;  although  it  may  be  reasonable 
to  model  steady  flow  as  two-dimensional 
between  stream  surfaces  there  is  Iobb 
justification  for  assuming  that  the 
unsteady  flow  is  also  two-dimensional. 
The  most  commonly-used  methods  for  unsteady 
flow  assume  potential  flow  through  the 
cascade,  and  these  methods  are  described 
in  detail  in  the  next  section. 


SUPERSONIC 

UNSTALLED 

FLUTTER 


Figure  3  Typical  engine  operating  map 

We  consider  only  field  methods  here  and  do 
not  describe  those  methods  that  produce 
series  or  closed  form  solutions  which  are 
then  computed  numerically  (for  example 
Atassi  &  Akal  (1978),  Goldstein,  Braun  £ 
Adamcyzk  (1977),  et  alia).  The  two  major 
contributions  to  field  methods  for  potent¬ 
ial  flow  are  due  to  Whitehead  (1982)  and 
Caspar  £  Verdon  (1981,1982).  Both  these 
methods  solve  the  potential  flow  equations 
and  yet  are  capable  of  treating  transonic 
flow.  An  outline  of  the  two  methods  is 
given  in  the  next  section  where  their 
differences  and  similarities  are  ident¬ 
ified  and  discussed.  Both  methods  adopt  a 
linearized  approach  in  which  the  flow  is 
decomposed  into  a  steady  component  and  a 
small  unsteady  perturbation  which  is  linear 
in  the  blade  motion  amplitude.  This  allows 
a  simple  harmonic  time  dependence  to  be 
assumed  for  the  unsteady  flow  and  the  time 
derivatives  to  be  eliminated  from  the 
governing  equations. 

If  wake  vortlcity  and  unsteady  shock  waves 
are  to  be  treated,  then  the  Inclusion  of 
rotationallty  even  in  an  otherwise  inviscid 
flow  is  necessary.  In  this  case  numerical 
solutions  of  the  Euler  equations  are 
required.  Methods  for  solving  these 
equations  have  now  been  developed  for 
steady  flow  and  have  been  extended  to 
include  unsteady  flow.  These  methods  are 
described  in  the  third  section  of  this 
chapter.  With  time  dependent  terms 
included,  the  Euler  equations  are  hyper¬ 
bolic  and  provided  that  the  equations  are 
written  in  terms  of  conserved  quantities 
(mass,  momentum  and  energy)  shock  waves 
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may  be  found  in  the  numerical  solution. 
These  appear  in  the  flow  solution  and  are 
said  to  be  'captured'.  The  presence  of  a 
shock  wave  does  however  require  some 
viscous  dissipation  and  so  it  is  necessary 
either  that  the  difference  scheme  is 
constructed  so  that  the  truncation  error 
is  predominantly  dissipative  or  some  form 
of  artificial  dissipation  must  be  added  to 
the  scheme.  (In  calculations  where  the 
conservation  form  of  the  equations  is  not 
used,  it  is  necessary  to  treat  the  shocks 
as  internal  boundaries  across  which  the 
Rankine-Hugoniot  conditions  hold:  this  is 
known  as  shock  'fitting'  (de  Neef  £ 
Moretti,  1980)). 

Time  marching  solutions  of  the  Euler 
equations  by  finite  difference  methods 
have  followed  two  computationally  distinct 
approaches.  The  first  is  a  differential 
approach  where  the  physical  region  in  which 
the  equations  are  to  be  solved  is  mapped 
into  a  rectangular  region  in  the  computa¬ 
tional  domain  using  a  suitable  transforma¬ 
tion.  Both  steady  and  unsteady  solutions 
have  been  obtained,  using  explicit  differ¬ 
encing  schemes  such  as  MacCormack  (1976) 
or  Lax  Wendroff,  or  Implicit  schemes  such 
as  the  factored  algorithm  methods  described 
by  Warming  £  Beam  (1978).  Alternatively 
the  Euler  equations  are  solved  in  integral 
form  in  the  physical  domain  on  a  grid  of 
elementary  control  volumes.  These  'finite 
volume’  schemes  for  steady  flow  have  been 
the  subject  of  considerable  development  in 
recent  years;  in  external  aerodynamics 
moat  notably  by  Jameson  and  co-workers 
(for  example  Jameson,  Schmidt  £  Turkel 
(1981))  and  in  turbomachine  applications 
by  Denton  (1975,  1983).  The  method  is 
such  that  there  is  no  difficulty  in 
principle  in  treating  unsteady  problems, 
and  these  methods  are  under  active  develop¬ 
ment.  With  the  Euler  equations  written  in 
conservation  form  both  the  differential 
and  integral  approaches  should  produce  the 
same  f lux-consorvlng  steady  state 
solutions;  a  detailed  comparison  of  the 
methods  and  the  relevant  spatial  differ¬ 
encing  for  steady  flows  in  turbomachine 
cascades  is  given  by  Thompkins,  Tong,  Bush, 
Uaab  £  Norton  (1983). 

The  boundary  conditions  necessary  for  the 
computation  of  unsteady  flows  are  discussed 
in  detail  in  this  chapter.  It  is  necessary 
to  apply  boundary  conditions  to  prevent 
spurious  wave  reflections  at  the  inlet  and 
exit  planes  of  the  computational  domain. 
These  unsteady  boundary  conditions  are 
necessary  in  tim'  marching  methods  even  in 
calculating  steady  flow,  but  may  require 
more  careful  implementation  in  the  genuine¬ 
ly  unsteady  case.  In  cascade  aerodynamics 
it  is  necessary  to  apply  conditions  on  the 
repeating  boundaries  of  the  flow  upstream 
and  downstream  of  the  leading  and  trailing 
edges.  Tot  steady  flow  the  flow  conditions 
are  identical  from  blade  to  blade  but  this 
is  modified  in  the  unsteady  flows  to 
include  the  changes  in  phase  from  blade  to 
blade.  These  are  usually  formulated  in  a 
way  that  is  particularly  convenient  for 
the  application  to  tuned  rotors,  but  is 
not  limited  to  this  and  combinations  of 
the  resulting  unsteady  aerodynamic  coef¬ 


ficients  can  be  applied  to  mistuned  assemb¬ 
lies  . 

Finally,  there  are  boundary  conditions  on 
the  blade  surfaces;  these  conditions  must 
be  modified  in  the  flutter  problem  to  take 
account  of  the  blade  motion.  In  a  linear¬ 
ized  approach,  the  perturbed  conditions 
are  applied  about  the  mean  position  of  the 
blade  and  although  this  is  not  without  its 
problems  as  will  be  discussed  later,  it 
has  the  advantage  that  it  is  not  then 
necessary  to  incorporate  moving  grids. 

In  the  final  section  we  show  some  examples 
of  the  solutions  obtained  for  unsteady 
flows  using  numerical  methods.  These 
results  are  unfortunately  restricted  to 
the  potential  methods  readily  available  to 
us,  and  where  applicable  the  results  are 
compared  with  analytic  solutions  obtained 
for  flat  plate  cascades.  Some  comparisons 
are  also  made  with  experimental  measure¬ 
ments  . 


SOLUTIONS  OF  THE  POTENTIAL  FLOW  EQUATIONS 

In  thiB  section,  we  first  review  some  of 
the  methods  for  calculating  flutter  thresh¬ 
olds  by  numerical  solution  of  the  equations 
for  potential  flow.  We  concentrate  on  the 
methods  developed  by  Caspar  (1983),  Caspar 
&  Verdon  (1981),  Verdon  £  Caspar  (1982, 
1984)  and  the  finite  element  method  of 
Whitehead  and  co-workers  (Whitehead  £  Grant 
(1980),  Whitehead  (1982),  Whitehead  £ 
Newton  (1985));  both  approaches  have  led 
to  programs  that  are  now  mature  and  have 
been  well  tested  in  different  configura¬ 
tions.  For  this  reason  we  discuss  them  in 
some  detail.  In  common  with  most  numerical 
methods  described  here,  both  methods  are 
applicable  to  flows  that  are  subsonic 
relative  to  the  blades  at  inlet.  Whitehead 
however  uses  a  flexible,  although  somewhat 
indirect,  set  of  inlet  boundary  conditions 
to  allow  also  the  solution  of  supersonic 
inlet  flows. 

Discretization  and  solutions  of  the  steady 
flow 


The  equations  governing  the  mean  steady 
two-dimensional  flow  are  used  in  the  form 
of  the  mass  conservation  equation  given  by 
Verdon,  Chapter  II,  equation  (41) 

v.(pv<t>)  -  0.  In  Whitehead's  formulation 
this  is  written  for  quasi-three  dimensional 
flow  along  a  stream-surface  (where  varia¬ 
tion  in  streamtube  height  is  accounted 
for,  but  variation  in  radius  is  not)  as: 


v.(p  h  v®)  -  0  (1) 


where  p  is  the  density,  $  the  steady 
velocity  potential  and  h  is  the  streamtube 
height  ratio.  The  relationship  between 
density  and  local  sound  speed  A  is  given 
by  (Verdon,  equation  42): 


- » 


(2) 


where  p#,  A#  are  stagnation  quantities. 


•  Calculation  points 
o  Neighbours 


This  pair  of  non-linaar  equations  for  the 

two  scalar  functions  p,  <x>  is  solved  in  the 
blade  to  blade  domain  on  a  suitable  grid. 
An  example  of  the  mesh  used  by  Whitehead 
for  a  compressor  cascade  is  shown  in  Figure 
4.  The  mesh  covers  ah  area  one  blade 
spacing  in  height,  with  one  blade  profile 
in  the  middle,  and  extends  one  or  two 
chord  lengths  upstream  and  downstream  of 
the  leading  and  trailing  edge  planes. 
Lines  are  drawn  from  specified  paints  on 
the  blade  profile,  which  may  be  clustered 
in  regions  of  greater  Interest,  to  the 
outer  boundary.  The  space  between  the 
rays  is  filled  with  triangular  elements 
built  up  in  layers  round  the  blade  profile, 
as  shown  in  the  figure. 


Plgure  4  Typical  finite  element  mesh 


Caspar  4  Verdon,  however,  use  two  meshes 
for  the  steady  flow:  a  global  mesh  which 
allows  the  Implementation  of  repeat,  inlet 
and  exit  boundary  conditions,  and  a  local 
mesh  to  allow  more  detailed  resolution,  as 
illustrated  in  Figure  5.  The  global  mesh 
might  be  described  as  quasi-streamline; 
the  local  as  a  C-type  grid.  An  important 
feature  which  the  global  mesh  has  in  common 
with  Whitehead's  approach  is  that  points 
are  identically  reproduced  on  repeat  bound¬ 
aries.  This  means  that  no  interpolation  is 
required  for  the  repeat  boundary  condition. 
Although  matching  between  the  glottal  and 
local  meshes  would  in  principle  be  an 
iterative  procedure,  it  is  in  practice 
only  a  one-step  process  (the  global 
solution  imposing  boundary  conditions  for 
the  local  solution).  A  further  feature  of 
Caspar  4  Verdon's  local  grid  is  the  ability 
to  provide  finer  step  lengths  in  the 
vicinity  of  a  shock.  However,  it  may  be 
noted  that  when  artificial  viscosity  is 
implemented  so  that  its  effect  diminishes 
with  step  size,  mesh  refinement  can  then 
lead  to  shock  overshoots. 

Roth  methods  solve  the  governing  differ¬ 
ential  equation  for  mass  flow  in  conser¬ 
vation  form.  Caspar  4  Verdon  use  a  finite 
volume  method,  whereas  Whitehead  applies  a 
Oalerkin  finite  element  approach. 


Figure  5(a)  Global  mesh 


Figure  5(b)  Local  mesh  with  attraction  at 
shock 


The  differences  are  best  identified  by 
describing  the  two  numerical  approxima¬ 
tions  to  the  mass  conservation  equation 
for  internal  points.  Figure  6  shows  part 
of  the  local  mesh  in  Caspar's  method:  the 
flow  equation  is  approximated  as  follows 


,  a«  . 
4r  3H  dB 


?«TvS*T  'V°m-l'<3> 

m  mo 


where  r  is  the  modified  lsentroplc  density 
ratio,  (P/P0)>_1,  and  |Pm  -  Pol  and 

IQ  -  Q  ,  I  are  the  distances  between  the 
m  m-± 

corresponding  points  marked  in  figure  6. 


Equation 

(3)  may 

be  written 

0  -  t 
m 

Tm  rm^®m  ®o^ 

(4) 

where 

*m 

*  <V*o>'2 

(S) 

or 

*m  ’ 

<Vi  +  V'2 

(6) 

and 

>°m  -  Vi< 

Tm  " 

,Pm  -  Po'  ' 

Quantities  carrying  a  tilde  denote  values 
at  the  cell  centre  and  those  with  an 
ovsrbar  denote  neighbour  mid  points.  The 
approximations  (5),  (6)  are  termed  "neigh¬ 
bour  averaged”  and  "cell  centre  averaged* 
respectively.  The  latter  produces  a  more 
compact  difference  scheme  and  is  found  to 
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•  CENTRE  MESH  POINT 
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■  CORNER  NEIGHBOURS 


Figure  6  Local  mesh  polygon 

give  more  sharply  defined  shocks  !n  super¬ 
sonic  flow. 


An  obvious  similarity  between  the  two 
methods  is  that  they  both  lead  to  basic 
numerical  schemes  which  are  elliptic  in 
character  (i.e.  offer  no  preferred  direct¬ 
ion).  This  is  strictly  applicable  only  to 
subsonic  flows  and  is  unsuitable  for 
supersonic  flows,  where  the  equations  are 
hyperbolic  in  nature,  if  the  supersonic 
region  extends  over  more  than  a  few  mesh 
points.  To  overcome  this  problem  and  bias 
the  information  in  favour  of  the  upstream 
direction,  both  Caspar  and  Whitehead  employ 
upwinded  densities  using  an  artificial 
viscosity. 


Although  the  grid  elements  are  of  different 
shape,  both  methods  apply  a  bilinear 
variation  of  velocity  potential.  However 
whereas  Caspar  has  interpreted  the  mass 
conservation  equation  directly,  Whitehead 
in  applying  the  Calerkin  method  has  a 
weighted  integration  placing  higher  depen¬ 
dence  of  the  mass  flow  on  its  values  at 
the  'centre'  node  being  considered.  Caspar 
solves  the  non-linear  difference  equation 
by  a  direct  iterative  scheme: 


Et  ?V*n+1 

mm  m 
m 


) 


,-tr  tV"  -  «-o)  (9) 
*  m  m  m  u 


where  A9  is  the  iterative  difference 


n+1 


jn+1 


-  G  r 


In  Whitehead's  method  on  the  other  hand,  a 
linear  variation  of  potential  9  is  assumed 
over  each  triangular  element: 

®(x)  -  E  «.  2.  (7) 

l 

where  Z£(x)  ”  Yt(x)/Y  are  the  shape 

functions  or  area  co-ordinates  as  indicated 
in  Pigure  7. 


1 


Pigure  7  Are.  co-ordinates 

In  the  Galerkin  approach,  the  mass  conser¬ 
vation  equation  is  multiplied  by  the  shape 
functions  -  giving  three  equations  -  and 
Integrated  over  the  element.  Integration 
by  parts  transfers  the  derivative  to  the 
well-behaved  (bilinear)  shape  functions, 
and  summation  over  the  elements  surrounding 
a  node  leads  to 

E  Y(Q.V)Zt  -  0 
elements  ‘ 

(for  internal  nodes)  (8) 

where  the  mass  flow  rats  2  *  ph}J  1*  defined 
in  terms  of  2(  by  equation  (7)  and  V  «  V9. 


(where  9n  is  the  nth  approximation  to  9) 

is  used  instead  of  ®n+1  directly  to 
minimise  the  effect  of  rounding  errors. 
By  reference  to  a  model  problem  he 
identifies  two  possible  difficulties  with 
this  numerical  solution:  non-uniqueness  of 
the  solution  and  non-convergence  of  the 
Taylor  Iteration  (9).  The  former  arises 
from  the  use  of  centred  difference  approx¬ 
imations  in  regions  of  supersonic  flow, 
and  the  latter  from  the  explicit  treatment 
of  the  density.  The  non-uniqueness  is 
cured  by  artificial  viscosity,  whereas 
non-convergence  is  treated  by  the  intro¬ 
duction  of  an  "implicit  artificial  time" 
term. 


Whitehead  solves  the  set  of  non-linear 
equations  (8)  by  the  Newton-Raphson  method, 
expressing  each  variable  as  the  current 
value  plus  a  small  correction  and  solving 
the  linear  equations  for  the  correction 

terms.  Setting  9  •  9  ♦  p  -  p  +  p', 


®i  ”  ®i  +  primed  quantities 

refer  to  correction  terms  (and  the  overbar 
to  denote  steady  flow  has  been  dropped), 
we  may  linearize  in  primed  quantities,  and 
equation  (8)  may  be  written 


,  C  ,  <Klm  *m  +  Pi>  '  0  <10) 

elements 


where 


im 


“  (P 


82, 

£  m 

3x^  3xa 


-  .  82.  32 

tr  v,  sjf 


and 


.  . 


Yh 


00 

ia  the  error  term  at  each  step  of  the 

iteration.  In  aome  cases  the  Newton- 
Raphaon  t-cheme  ia  relaxed  in  order  to 
improve  stability: 

$n+1  -  «n  +  A  «'n,  0  <  A  <  1.  (11) 

It  is  found  that  values  of  the  relaxation 
coefficient  A  of  the  order  of  0.2  are 

required  for  supersonic  inlet  flows  with 
shocks.  This  relaxation  is  equivalent  to 
Caspar's  "implicit  artificial  time"  treat¬ 
ment. 

As  mentioned  earlier,  both  methods  modify 
the  essentially  elliptic  schemes  by  the 
use  of  an  upwlnded  density  in  which  p  is 
replaced  in  the  conservation  equation  by 
(vp*  ♦  (1  -  v)p),  where  v,  an  artificial 
viscosity,  is  a  function  of  Mach  number, 

and  p*  is  the  density  of  the  element 

upstream  of  that  under  consideration. 
Caspar  has  v  -  xm  where  x  is  a  constant 
whose  magnitude  is  greater  than  0.5  and 
p  -  max  (0, 1-1/M1 ) .  Whitehead  defines  the 
artificial  viscosity  to  be 

v  -  v  +  v.(l  -  1/Mi),  M  >  1  (12) 
o  1 

and  v  -  voM2wi/vo  exp[-X(M  -  1)»]  M  <  1 

(13) 

which  gives  continuity  of  v  and  dv/dM  at 
M  -  1.  This  continuity  is  necessary 
because  the  Introduction  of  v(M)  leads  to 
additional  terms  in  the  Newton-Raphson 
solution.  Clearly  in  the  supersonic  region 
the  two  forms  are  similar  although  the 

constant  v  term  means  that  Whitehead's 
o 

artificial  viscosity  is  non-zero  at  M  -  1 
(and  indeed  non-zero  for  high  subsonic 
Mach  number ) . 


AXIAL  CHORD  FRACTION 


Figure  ft  Effect  of  artificial 
eefspresaibility  (including  shock  detail) 


Figure  8  shows  how  the  shock  shape  depends 
on  x  in  Caspar's  solution.  The  larger  x, 
the  less  overshoot  is  achieved,  but  the 
shock  does  not  appear  to  become  smeared  as 
X  is  increased.  This  is  due  to  the 
introduction  of  the  locally  finer  mesh  in 
the  shock  region  which  causes  the  effective 
truncation  error  (or  damping)  to  be  reduced 
in  proportion  to  the  grid  size.  Figure  9 
shows  how  Whitehead's  approach 
approximates  the  shock  (isentroplc  jump) 
from  a  similar  moderately  high  Mach  number. 
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Figure  9  Effect  of  artificial  viscosity 
on  shock  smearing 


An  additional  technique  used  in  Whitehead’s 
numerical  scheme  is  the  variation  of 
artificial  viscosity  as  convergence 
proceeds.  The  values  given  above  are  the 
limiting  values  as  convergence  is  approach¬ 
ed,  but  considerably  greater  dissipation 
is  put  in  at  earlier  stages.  As  the 
solution  proceeds,  and  the  position  of  the 
smeared  shock  has  been  located,  the  defini¬ 
tion  sharpens  as  v  is  reduced.  A  typical 
convergence  history  is  shown  in  Figure  10. 
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Figure  10  Convergence  curve  for 
Whitehead's  method 
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Solution  for  th<>  unsteady  flow 

The  unsteady  flow  le  determined  from  the 
linearized  continuity  equation  (Verdon, 
e juation  (64))  with  harmonic  time  depen¬ 
dence  : 

lfihp  ♦  v.h(pv«  +  pv*)  -  0  (14) 

and  from  Veidon,  equation  (57)  and  (63) 

p  -  ^  ( 1D0  +  V®.VS)  (15) 

k* 

where  p,  #  are  the  perturbed  quantities; 
velocities  have  been  scaled  by  the  steady 

2  2  -  — 

inlet  speed;  n  -  wfU^  +  V_— )  3,  and  the 

unsteady  pressure  may  be  obtained  from  the 
local  sound  speed:  p  -  A*p.  Assuming  that 
the  steady  flow  field  has  now  been  deter¬ 
mined.  the  coefficients  p,  V4>  in  equations 
(14)  and  (IS)  governing  the  unsteady  flow 
are  known.  Both  methods  discusvad  here 
solve  the  same  differential  equations  for 
the  unsteady  flow  but  their  numerical 
Implementations  differ  somewhat  more  than 
In  the  steady  case. 

Whitehead  continues  with  a  finite  element 
formulation  entirely  analogous  to  his 
steady  solution.  The  scheme  is  upwinded 
in  a  similar  manner  to  the  steady  flow: 
the  rationale  behind  this  is  discussed 
later  in  this  section.  Furthermore  his 
solution  to  the  resulting  (complex)  linear 
equations  is  very  close  to  one  iteration 
of  the  steady  Newton-Raphson  scheme.  No 
special  treatment  of  the  shock  is  adopted: 
it  is  merely  a  region  of  high  gradients 
resulting  *.n  'peaky'  unsteady  pressures, 
and  the  local  shape  near  the  shock  solution 
is  dependent  on  the  particular  choice  of 
Viscosity. 

By  comparison,  Caspar  £  Verdon  adopt  a 
different  discretization  for  the  jinsteady 
flow.  They  have  a  quadratic  variation  of 
#  over  the  mesh,  and  require  a  least- 
squares  fit  for  the  interpolation  to  the 
mesh  point  values: 

N  _  _ 

a#  ■  #  -  pn  -  F  -  Z  yn  fn  (16) 

0  1 

where  yn  are  the  complex  coefficients  which 
define  the  surface  over  which  Op  is 

approximated  and  (fn)  are  the  five  inter¬ 
polating  polynomials:  f1  -  6t;  f*  -  Oij; 

f  2  m  0<3;  f  4  -  Of  01};  f*  “  071*1  Where 

Of  -  f  -  t0  etc. 

This  approx isuit ion  to  the  unsteady  potent¬ 
ial  is  applied  to  a  rotated  difference 
scheme  following  Jameson  (1974).  The  diff¬ 
erential  operator  for  the  continuity 
equation  for  the  perturbed  quantities  (14) 
is  'split*  into  streamwise  and  normal 
components,  t,a  and  La  respectively.  L,  is 

always  approximated  by  central — differ¬ 
encing,  whereas  the  treatment  of  Lt  depends 

on  local  Mach  number,  and  is  upwinded  in 
supersonic  regions . 


L^'i,j  "M'i.j 

if 

"*,)  <  1 

"  Li*'i-i,j 

if 

Unsteady  shock  waves  are  captured  on  the 
global  (cascade)  mesh,  but  then  fitted  on 
the  local  mesh,  i.e.  the  appropriate 
unsteady  shock  jump  conditions  are  applied 
across  a  grid  line  (normal  to  the  blade 
surface)  in  the  local  mesh. 

Therefore  Caspar  £  Verdon 's  approach  to 
the  unsteady  flow  differs  from  Whitehead's 
in  two  important  features.  Firstly  the 
shock  fitting  means  that  the  correct  jump 
conditions  are  applied  to  the  unsteady 
shock  reducing  concern  over  the  use  of  an 
artificial  viscosity.  Shock  fitting  can 
provide  an  accurate  description  of  the 
shock  jump  conditions  but  it  is  usually 
computationally  cumbersome  because  of  the 
difficulties  in  initially  locating  the 
shock.  However  this  difficulty  is  overcome 
if  the  shock  can  be  captured  in  the  steady 
calculation  and  then  the  unsteady  shock 
fitted  about  this  position.  This  is  a 
useful  approach  that  may  be  adopted  in 
other  methods  such  as  the  finite  volume 
schemes  discussed  in  the  next  section. 

Secondly,  the  discretization  for  the 
unsteady  flow  is  not  the  same  as  for  the 
steady  flow.  In  some  circumstances,  this 
could  have  undesirable  consequences 
because  the  computed  steady  flow  will 
result  from  a  particular  discretization 
and  with  a  different  numerical  schema,  the 
perturbation  will  not  be  about  this 
solution  but  about  a  different  unknown 
state.  This  will  happen  to  some  extent 
anyway  because  even  with  the  same  numerical 
scheme  the  steady  state  residual  will  have 
been  set  to  zero,  but  when  the  numerical 
schemes  differ  the  new  unsteady  solution 
will  also  contain  terms  correcting  the 
discrepancy  between  the  two.  This  may  be 

illustrated  by  supposing  that  (p,u)  is  the 
exact  solution  of  the  governing  equations, 

and  (pu,5u)  that  obtained  from  a  given 

numerical  scheme  for  example  with  upwlnd- 
ing.  If  we  write  the  continuity  equation 
for  the  unsteady  flow 

f£  +  V. (pu)  -  0  (18) 

Ot 

and  put  p-p+p',  u-u+u’  we  obtain 
+  v.(p'u  +  pu')  -  -v.(pu),  (19) 


neglecting  quadratic  and  higher  orders  in 
primed  quantities.  If  the  tiwe-dependent 
perturbations  are  about  the  numerical 

approximations  p^,  ji^  then  the  right  hand 

side  would  be  replaced  by  v.fp^).  Thus 

in  regions  where  upwlnding  has  significant 
effects  (such  as  near  shocks)  the  aolutlon 
contains  a  response  due  to  the  error  in 
the  steady  approx iisat ion.  This  has  been 
confirmed  by  numerical  experiments  using 
Whitehead's  program.  In  Caspar  4  Verdon’s 
method,  however,  this  will  be  most  import- 


ant  cloae  to  a  shock,  and  the  problem  is 
avoided  due  to  the  shock  fitting  that 
takes  place. 

TIME-MARCHING  SOLUTIONS  OF  THE  EULER 
EQUATIONS 

Wo  now  turn  to  tho  second  general  class  of 
,iethod3,  not  based  on  potential  flow,  but 
attempting  Instead  to  allow  for  rotational 
flow  and  obtain  solutions  of  the  Euler 
equations.  The  conservation  form  of 
Euler's  equations  for  unsteady,  inviscid, 
compressible  flow  has  been  given  earlier 
by  Verdon  (Chapter  II,  equations 
(8) , (9) , (10) ) ,  and  may  be  written  for  two 
dimensional  flow  as 


!t2‘K 


F  +  rj—  C  “  0 , 
ay  -  - 


F  -  F(U) 


g  “  £<») 


P  u 

pu  2  +  p 

puv 

(pe  +  p ) u 


pv  ' 
puv 

pv*  +  p 
(pe  +  p)v 


Here  the  equations  are  in  dimensional  form: 

( u , v)  are  the  velocity  components,  p  is 
the  density,  p  is  the  static  pressure,  and 
e  is  the  specific  stagnation  internal 
energy,  so  that  (e  +  p/p)  is  the  stagnation 
enthalpy.  For  a  perfect  gas,  the  pressure 
Is  given  by: 

p  -  (7  -  l)(pe  -  -|p(u*  +  v*))  (21) 

whero  y  is  the  ratio  of  specific  heats. 

In  many  time-marching  solutions  of  equation 
(20)  for  steady  flow,  the  full  equations 
for  unsteady  flow  are  solved  subject  to 
boundary  conditions  that  do  not  vary  with 
time.  The  calculation  proceeds  until  a 
steady  state  is  reached  and  the  time-de¬ 
pendent  terms  are  approximately  zero.  The 
unsteady  flow  computation  may  then  start 
with  the  steady  solution  'driven1  by 
unsteady  boundary  conditions  corresponding 
to  either  a  periodic  inflow  condition  (in 
tho  forced  response  problem),  or  periodic 
blade  motion  (In  the  flutter  case). 

As  described  earlier,  it  is  permissible  in 
calculating  flutter  thresholds  to  linear¬ 
ize  the  equations  and  boundary  conditions. 
This  Is  not  essential  in  time-marching 
methods  as  the  calculations  may  proceed 
until  all  flow  variables  become  truly 
periodic  in  response  to  the  driving  bound¬ 
ary  conditions.  However,  linearization  of 
the  moving  blade  conditions  allows  the 
blade  to  be  assumed  stationary,  and  con¬ 
dition*  on  the  unsteady  flow  may  then  be 


applied  at  the  mean  position  of  the  blade. 

If  the  motion  is  not  linearized  then  the 
blade  must  be  allowed  to  move  and  its 
motion  must  be  large  compared  to  the  local 
mesh  size  in  order  to  be  resolved,  or  the 
grid  muBt  move  with  the  blades.  If  a 
linearized  approach  is  adopted,  a  harmonic 
unsteady  component  of  the  form  U'exp(iwt) 
may  be  substituted  additionally  into  the 
equations,  and  then  in  principle  the 
time-marching  may  proceed  in  the  usual  way 
to  calculate  the  (steady)  complex  amplitude 
U* .  This  approach  has  been  investigated 
by  Hobson  (1976)  and  also  by  Ni  &  Sisto 
(1976),  in  a  method  in  which  the  equations 
applied  to  a  flat  plate  cascade  are  solved 
in  differential  form.  This  class  of  method 
is  described  next,  and  then  we  go  on  to 
discuss  integral  (finite  volume)  methods. 

A  discussion  of  the  implementation  of  the 
boundary  conditions  in  both  these  methods 
is  given  in  the  next  Section. 

Differential  Methods 

In  a  differential  method,  the  system  of 
differential  equations  are  solved  using  a 
finite  difference  scheme  on  a  convenient 
rectangular  grid.  Details  of  such  schemes 
are  given  for  example  by  Smith  (1985), 
Peyret  £  Taylor  (1985),  and  Richtmyer  6 
Morton  (1967):  the  application  to  time- 
marching  has  been  described  by 
Gopalakr ishnan  (1973).  In  general  the 
method  involves  transforming  the  physical 
region  (the  blade  passage)  into  a  rectang¬ 
ular  computational  domain  with  the  blade 
surfaces  lying  along  sides  of  the 
rectangle.  The  transformed  co-ordinates 
may  be  obtained  numerically  from  a  potent¬ 
ial  solution  in  the  physical  plane.  The 
differential  equations  (20)  are  more  com¬ 
plicated  when  written  in  terms  of  the 
transformed  variables,  but  are  solved  in 
the  rectangular  region  by  discretizing  the 
equations  on  the  transformed  rectangular 
grid. 

Several  attempts  have  been  made  to  solve 
equations  (20)  for  flutter  thresholds  using 
explicit  time-stepping  schemes,  in  partic¬ 
ular  the  two-stage  predictor-corrector 
scheme  of  MacCormack  (1976).  The  scheme 
is  basically  of  the  form  of  a  predictor 
step: 


-uij  -  *<(£)«  +  (22) 

followed  by  a  corrector  step: 

„n«-l  1  ...n  .  r.n  ,  1  * ^  , /®Z.\ n  *  i 

°ij  “  2(uij  uij)  ~  2At^axhj  (ay)ij* 


where 

Fij 

-  r<°i3 

and 

s", 

-  o(D^ 

In  the  first  step  one-sided  spatial  differ¬ 
ences  are  used  with  the  second  step  then 
correcting  the  predicted  values  using 
opposite  one-sided  differences.  This 
gives  a  method  that  is  second-order  accu¬ 
rate  overall.  Again,  suitable  'splitting* 
of  the  spatial  operators  into  streamwlse 
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and  normal  components  is  possible  and  this 
allows  the  method  to  be  readily  combined 
with  one-dimensional  characteristic 
solutions  at  the  boundaries;  this  will  be 
discussed  later. 

Preliminary  results  for  this  method  in 
subsonic  flow  have  been  given  for  example 
by  Pandolfi  (1980)  and  for  quasi  three-dim¬ 
ensional  transonic  flows  in  fans  by  Joubert 
(1984).  Joubert  used  two-dimensional  cyl¬ 
indrical  co-ordinates,  and  added  a  further 
step  to  the  scheme  to  allow  shock  waves  to 
be  captured  by  providing  dissipation  in 
the  form  of  a  numerical  viscosity  as 
described  in  the  previous  section.  A 
linearized  approach  was  not  used  (although 
the  results  for  bending  and  torsional 
motion  were  shown  to  be  linear  and  there¬ 
fore  superposable) :  the  results  were 
obtained  by  allowing  the  grid  to  move  with 
the  blades.  For  the  example  given  by 
Joubert,  the  computation  of  unsteady  lift 
and  moment  coefficients  settled  down  to  a 
periodic  solution  after  about  three  periods 
of  the  blade  oscillation. 


For  the  Euler  equations,  F  -  AU  and  G  -  BU 
which  simplifies  equations  (26)  so  that 
equation  (25)  becomes: 


i'*f  <fj  *  37  ■>")  1  a"*1 


Ip  »n> 


+  0(At3) 


(27) 


The  most  important  step  in  the  method  is 
the  introduction  of  a  third-order  term  to 
equation  (27)  to  derive  a  factored  scheme 
for  (27),  with  the  same  temporal  accuracy: 


(i  ♦  f  k  ftnHi 
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Bn)Un 


+  O(Atl). 

(28) 


The  algorithm  (28)  can  be  rewritten  in  the 
form: 


u  -  (i 


f  h  BVn 


(29a) 


An  explicit  MacCormack  scheme  was  also 
used  by  Ni  £  Sisto  (1975)  in  their 
linearized  calculation  of  flutter  over 
staggered  flat  plates.  Again  a  rectangular 
grid  was  used  in  the  computational  domain 
but  the  linearization  allowed  the  blade 
boundary  conditions  to  be  applied  at  the 
mean  position  of  the  blades  and  the  mapping 
did  not  change  with  time.  — 

In  explicit  methods,  the  time-step  is 
restricted  by  the  CFL  condition  (see  for 
example  Smith  (1985))  which  gives  a  maximum 
allowable  time  step  limited  by  the  propaga¬ 
tion  of  Information  in  the  physical  domain. 
This  time  step  restriction  in  purely 
explicit  methods  led  to  the  development  of 
a  'seml-lmplicit'  method  for  low  frequency 
applications  (Ballhaus,  1978)  but  diff¬ 
iculties  were  again  experienced  near  the 
leading  and  trailing  edges  of  the  aerofoil. 
Subsequently  fully-impliclt  schemes  were 
developed,  most  importantly  the  factored 
algorithm  approach  of  Beam  £  Warming 
(1976),  and  its  developments  given  in 
Warming  £  Beam  (1978),  which  allows  the 
computation  to  be  'split'  into  two  one-dim- 
enslonal  problems.  A  non-iterative 
second-order  time-accurate  formula  may  be 
derived  for  the  solution  of  equation  (20) 
by  first  using  a  trapezoidal  formula  for 
the  time-differencing  to  give: 


’  (*  _  T  An)-*  +  0(At3)  <29b> 

(I  +  |p  Bn)Un+1  -  0**  (29c) 


A  more  general  form  of  the  algorithm 
written  in  'delta'  form  is  given  by  Warming 
£  Beam  (1978),  where  the  factorization  of 
equation  (25)  is  written  as 


p  +  f  +  r  f?Bn)A^n 


-At(f£  +  !?)n  +  (3°) 


where  a  is  defined  as  the  forward  differ¬ 
ence  operator 


AU 


un+1  -  un. 


The  factored  scheme  (30)  can  be  Implemented 
as 


<■*£ 

3  ,n. A.  ,3F  x  30. n 
-A  )AU  -  -At^  ♦  5y)  . 

(31a) 

(I  +  f^Bn)AUn  -  AU*, 

(31b) 

Un+1  -  un  +  AUn , 

(31c) 

y"  +  l  .y"  .  lAt{(|5  ♦  ~)"  + 


,aF  30  (lU 
'ax  ay' 
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* 

where  AU 


is  a  dummy  temporal  difference. 


♦  0(At»).  (25) 

and  then  allowing  a  local  Taylor  expansion 
about  Un  to  obtain  Fn+1  and  0n+1: 

Fn*l  -  Fn  ♦  An(Unfl-Un)  +  0(At»), 


The  scheme  (31)  reduces  to  the  form  (29) 
when  the  assumptions  £  -  AU  and  0  »  By  are 
again  made,  but  as  it  stands  it  is 
computationally  more  efficient.  Thia  delta 
formulation  Is  also  used  In  the  factored 
algorithm  for  the  Navier  Stokes  equations 
(Beam  6  Warming,  1978). 


_n»l 


on  ♦  Bn(yn+1-un)  ♦  o(Ati) 


(26) 


where  A  is  the  matrix  ^<0 )  -  (tl) » 


»)k(U>  -  *n<s 


U(nAt)  ■  U" 

where  At  is  the  discrete  time  increment. 


The  factored  (or  alternating-direction 
(AD! ) )  scheme  reduces  the  large  matrix 
Inversion  problem  to  small  bandwidth  matrix 
Inversion  problems  for  which  much  more 
efficient  solution  algorithms  exist.  To 
produce  block  tridlagonal  matt  Ices,  three- 
point  spatial  difference  approximations 


<>!l> 


are  used.  This  scheme  10  non-d isa lpat ive 
and  consequently  large  amplitude  oscilla¬ 
tions  appear  in  the  solution  in  the 
neighbourhood  of  any  shock  waves.  The  use 
of  centred  differences  (to  give  second 
order  spatial  accuracy)  necessitates  some 
artificial  viscosity  to  damp  spurious 
numerical  oscillations,  and  to  reduce  these 
oscillations  a  fourth  order  dissipative 
term  may  be  added  to  each  of  the  equations 
(29)  or  (31).  However  Warming  &  Beam 
report  that  this  did  not  eliminate  the 
shock  oscillations  and  considerably 
greater  reduction  can  be  achieved  by 
switching  from  centred  spatial  differences 
to  upwind  (one-sided)  differences  whenever 
the  flow  is  locally  supersonic  (leading  to 
the  solution  of  block  bi-diagonal 
matrices).  Beam  &  Warming  (1976)  describe 
a  hybrid  scheme  that  enables  this  to  be 
done  whilst  maintaining  a  proper  conser¬ 
vation  form  of  the  difference  scheme. 
With  this  scheme  it  is  shown  that  fourth 
order  dissipative  terms  were  not  required 
in  the  shock  neighbourhood,  although  they 
were  required  elsewhere. 


Steger  (1978)  also  described  the  applica¬ 
tion  of  the  method  to  the  'thin  layer' 
Navier  Stokes  equations  in  which  the 
viscous  terms  are  retained  only  in  deriva¬ 
tives  normal  to  the  boundary.  This 
approach  with  an  iterative  ADI  scheme  has 
been  used  in  a  forced  response  problem  by 
Rai  (1985)  to  calculate  two-dimensional 
flow  through  a  rotor -stator  stage.  Patched 
and  overlaid  multiple  grids  are  used  in 
which  the  patched  boundaries  are  allowed 
to  move  relative  to  each  other.  This  is 
again  computationally  expensive, 

restricting  the  number  of  blade  passages 
that  can  be  treated. 

Finite  Volume  Methods 

For  solution  by  finite  volume  schemes, 
equation  (20)  is  written  in  integral  form 
(see  Verdon,  Chapter  II,  equations 
(1),(2),(3))  over  a  stationary  finite  area 
t: 

fr  /  U  dA  +  f  (Fn  +  Gn  )ds  -  0  (32) 

ot  r  x  f 


Solutions  of  the  full  unsteady  Euler 
equations  for  subsonic  flow  have  been 
obtained  using  this  implicit  method  by 
Holtmann,  Servaty  &  Callus  (1984).  Their 
paper  also  provides  comparisons  between  a 
MacCormack  scheme,  an  ADI  scheme  and  a 
characteristics  method  for  computing  the 
transient  flow  in  a  duct  connected  to  a 
steady  reservoir,  following  the  rupture  of 
a  diaphragm  at  one  end.  The  resulting 
one-dimensional  wave  motion  was  computed 
until  the  steady  state  was  reacRed.  This 
is  a  problem  that  may  be  solved  successful¬ 
ly  using  the  method  of  characteristics 
throughout  the  computational  domain,  and 
comparisons  were  made  using  MacCormack's 
method  and  Beam  &  Warming's  ADI  method  for 
the  interior.  It  was  found  that  these 
methods  followed  the  characteristics 
solution  fairly  closely,  although  in¬ 
clusion  of  the  dissipative  terms  in  Beam  t 
Warming's  algorithm  produced  a  smoother 
transient  flow. 

The  ADI  scheme  was  therefore  combined  with 
appropriate  characteristics  solutions  at 
the  boundaries  to  calculate  bending  flutter 
of  a  flat  plate  cascade  and  a  compressor 
cascade.  This  work  is  a  development  of 
that  of  Steger  (1978)  who  obtained 
solutions  of  the  Euler  equations  for  an 
oscillating  isolated  aerofoil  using  a 
similar  implicit  factored  algorithm  with  a 
time-dependent  grid.  Whilst  it  is  likely 
that  this  is  the  most  ambitious  of  the 
published  difference  methods  described, 
the  authors  indicate  that  the  computation 
is  very  expensive,  and  it  may  be  that  an 
explicit  method  would  be  quicker  In  their 
review  of  transonic  flow  past  oscillating 
isolated  aerofoils,  Tijdeman  &  Seebas 
(1980)  suggest  that  for  reduced  frequencies 
(based  on  semi-chord)  below  0.2,  implicit 
methods  converge  faster  than  explicit 
methods,  but  otherwise  the  numerical  effort 
is  about  four  times  less  for  an  explicit 
method.  This  value  of  reduced  frequency  is 
close  to  the  lower  limit  of  interest  in 
turbomachine  problems. 


where  (n  ,  n  )  are  the  components  of  the 
x  y 

normal  to  the  boundary  curve  0£.  For  a 
given  cell  denoted  by  ij,  (32)  may  be 
approximated  by  an  ordinary  differential 
equation: 


Aij  5t<V  +  Va)  "  °-  (33) 


Here  R^IU)  represents  the  net  flux  of 

conserved  quantities  out  of  the  cell,  which 
is  balanced  by  the  rate  of  change  of  U 
within  the  cell.  In  predicting  steady 
flows,  equation  (33)  for  unsteady  flow  is 
solved  with  steady  boundary  conditions 
until  the  net  flux  in  each  cell  reduces  to 
zero. 


Time-marching  solutions  of  this  equation 
for  steady  flows  can  be  very  efficient, 
particularly  when  it  is  recognised  that 
since  only  the  converged  steady  solution 
is  required  it  is  not  necessary  for  the 
calculation  to  proceed  in  a  'time-accurate' 
manner.  In  explicit  schemes,  where  the 
time  step  is  restricted  by  the  CFL  con¬ 
dition,  it  is  usual  to  allow  the  time  step 
to  vary  over  the  computational  region 
according  to  the  local  CFL  number.  This, 
and  other  features  such  as  multiple  grids 
or  the  use  throughout  the  calculation  of 
an  energy  relation  restricted  to  steady 
flow,  means  that  the  transient  behaviour 
of  the  flow  has  no  physical  meaning  and 
the  time-marching  takes  place  in  'pseudo- 
time'.  Application  of  the  method  to  a 
general  unsteady  flow  requires  the  removal 
of  these  devices,  which  considerably  slows 
the  computations,  although  of  course  the 
steady  flow  may  first  be  calculated  in  a 
'pseudo-time'  manner. 

The  flux  term  R^IU)  in  equation  (33)  may 

be  approximated  in  different  ways  depending 
on  the  storage  scheme  within  the  cell. 
The  choice  determines  the  order  of  accuracy 
of  the  scheme.  The  differential  equation 
(33)  may  be  solved  using  standard  tech¬ 
niques  such  as  predictor-corrector  or 
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multi-stage  Runge  Kutta.  In  the  methods 
developed  by  Denton  (1975,  19fi3)  a  more  ad 
hoc  scheme  is  used  in  which  the  fluxes 
In  time  at  are  calculated  and  these 

then  determine  the  changes  In  conserved 
quantities  U  within  the  cell.  These 
changes  are  "distributed"  by  updating  the 
values  stored  at  the  cell  corners  In  such 
a  way  as  to  ensure  stability.  This 
first-order  scheme  is  modified  by  second- 
order  correction  terms  as  the  solution  is 
approached.  In  Denton's  method  for  two- 
dimensional  flow  the  unsteady  energy 
equation  is  not.  solved  but  is  replaced  by 
the  assumption  of  constant  stagnation 
enthalpy  (or  constant  rothalpy  in  quasi 
three-dimensional  flow).  For  the  momentum 
variables,  the  downstream  nodes  are  updated 
with  the  cell  changes  but  an  element  of 
upwlnding  is  introduced  depending  on  the 
local  Mach  number  by  distributing  the 
density  changes  between  upstream  and  down¬ 
stream  nodes  according  to  a  weighting  based 
on  the  local  static  temperature.  The 
pressure  on  a  given  face  of  the  cell  is 
then  also  calculated  as  a  weighted  average 
from  these  densities.  Central  differences 
are  used  to  obtain  the  values  at  the  cell 
faces,  resulting  in  a  method  that  is  second 
order  accurate  in  space.  In  common  with 
other  methods,  further  numerical  damping 
is  required  in  order  to  capture  shock 
waves.  In  Denton's  method  this  is  in¬ 
corporated  as  an  extra  pressure  term 
proportional  to  the  square  of  the  density 
gradient  in  the  streamwise  direction.  The 
resulting  method  has  been  successful  in 
predicting  steady  flows  in  two-dimensional 
cascades  and  is  widely  used.  A  boundary 
layer  calculation  has  been  added  to  the 
method  by  Calvert  &  Herbert  (1980). 

The  method  has  been  extended  to  three-dim¬ 
ensional  flows  by  Denton  himself ,_and  also 
to  periodic  unsteady  flows  by  Mitchell 
(1980)  and  further  developed  by  Hodson 
(1984),  in  attempts  to  predict  a  wake¬ 
generated  unsteady  flow.  This  is  a  forced 
response  problem  in  which  the  blades  are 
assumed  to  be  stationary  and  an  upstream 
boundary  condition  corresponding  to  a 
time-periodic  mass  flux  is  imposed.  The 
flow  at  inlet  is  also  spatially  periodic, 
not  necessarily  over  the  rotor  blade 
spacing.  In  extending  Denton's  method  to 
unsteady  flow,  it  is  necessary  to  remove 
the  restrictions  which  prevent  the  method 
being  'Lime-accurate'.  The  time  step  must 
therefore  be  the  same  at  all  points  and 
also  an  unsteady  energy  equation  must  be 
re-introduced . 

Apparently,  attempts  to  provide  a  stable 
differencing  scheme  for  the  full  set  of 
equations  were  not  successful,  and  Hodson 
instead  replaced  the  energy  equation  by 
the  relation  that  the  convective  derivative 
of  entropy  is  zero  (Verdon,  Chapter  II, 
equation  (14)).  Use  of  this  equation  does 
not  of  course  imply  that  the  flow  is 
homentroplc,  and  if  a  non-uniform  source 
of  entropy  is  present  upstream,  or  is 
allowed  to  arise  due  to  dissipation  in  the 
numerical  scheme  as  would  be  the  case  for 
a  non-uniform  strong  shock  wave,  then  the 
downstream  distribution  of  entropy  may 
still  be  treated  correctly.  In  Hodson's 


computation  the  steady  flow  was  first 
established  and  then  the  unsteady  boundary 
conditions  were  introduced.  Convergence 
of  the  program  occurred  when  the  flow 
properties  became  truly  periodic.  This  did 
not  happen  rapidly:  for  the  example  given 
by  Hodson  it  appeared  to  take  at  least 
twenty  periods  of  the  wake  passing  freq¬ 
uency.  More  recently,  a  forced  response 
calculation  for  three-dimensional  flow 
through  a  turbine  stage  has  been  reported 
by  Koya  £  Kotake  (1985).  The  blade  to 
blade  periodicity  is  again  imposed  so  that 
only  a  single  blade  passage  need  be 
considered  but  in  this  case  both  blade 
rows  are  included  in  the  computation  zone 
although  once  more  the  flow  is  assumed 
invisci  ' 

Independently  of  the  above,  solutions  of 
the  Euler  equations  by  finite  volume 
techniques  have  been  highly  developed  in 
aircraft  applications.  Some  of  the  most 
efficient  methods  aTe  based  on  the  multi¬ 
stage  Runge  Kutta  schemes  of  Jameson, 
Schmidt  £  Turkel  (1981).  In  thiB  method 
centred  spatial  differences  are  used  and 
the  numerical  smoothing  required  to 
suppress  oscillations  in  the  solution  is 
incorporated  explicitly  into  the  model  by 
modifying  equation  (33)  with  the  addition 
of  a  dissipative  term.  This  is  constructed 
so  as  to  be  fourth  order  in  smooth  regions 
of  the  flow  but  in  the  neighbourhood  of 
shock  waves  a  second  order  term  is  used 
related  to  the  local  pressure  difference. 
This  smoothing  enables  shock  waves  to  be 
captured  fairly  cleanly.  The  revised 
equation  (33)  is  Integrated  by  multi-stage 
methods  which  are  simplified  versions  of 
standard  Runge  Kutta  schemes  designed  for 
stability  rather  than  order  of  accuracy. 
Aqain,  there  is  no  concern  for  'time- 
accuracy'  in  a  method  devised  for  steady 
flow,  and  convergence  is  accelerated  by 
the  use  of  multiple  grids.  These  methods 
were  developed  originally  by  Jameson  (1979) 
for  potential  flow  calculations  ar.d  sub¬ 
sequently  applied  to  solutions  of  the  Euler 
equations  by  Ni  (1981)  and  Jameson  (1983). 
The  use  of  mult^grid  methods  with  Lax 
Wendroff  as  well  as  multi-stage  Runge  Kutta 
time-stepping  has  been  investigated  in 
some  detail  for  single  aerofoils  by  Hall 
(1985). 

In  these  methods  developed  by  Jameson  a 
'cell-centred'  storage  scheme  is  used  (as 
opposed  to  the  'cell  vertex'  schemes  used 
by  Denton  (1983)  and  Ni  (1981)),  and 
quantities  required  at  a  face  are  evaluated 
as  the  averages  of  the  values  in  the  cells 
on  either  side  of  the  face.  This  again 
reduces  to  a  central  difference  scheme  and 
is  second  order  accurate  provided  that  the 
grid  is  smooth  enough.  Cell  vertex  schemes 
are  not  as  restricted  to  smooth  grids  and 
away  from  shock  waves  will  require  less 
artificial  dissipation.  They  may  in  par¬ 
ticular  be  expected  to  be  more  efficient 
for  three-dimensional  grids. 

In  external  aerodynamics,  where  much  of 
the  work  Is  aimed  in  the  long  term  at 
predicting  three-dimensional  flow  about 
complete  aircraft  under  cruise  conditions 
where  viscous  effects  may  be  negligible, 
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methods  of  solution  of  the  Euler  equations 
for  inviscid  steady  flow  are  well  advanced 
and  more  recently  applications  of  the 
method  to  steady  viscous  flow  have  been 
made  (Swanson  &  Turkel,  1985).  In  turbo¬ 
machine  applications,  Jameson's  methods 
have  been  applied  to  steady  cascade  aero¬ 
dynamics  by  Thompkins  and  co-workers  at 
MIT,  in  developments  in  which  the  Reynolds 
averaged  Navier  Stokes  equations  have  been 
solved  together  with  a  turbulence  model. 
In  this  work  convergence  is  accelerated  by 
the  use  of  implicit  smoothing  (Jameson  £ 
Baker,  1983)  rather  than  multiple  grids, 
but  in  common  with  multigrids  the  technique 
is  applied  to  the  residuals  (changes)  in 
dependent  variables  and  not  to  the  depend¬ 
ent  variables  themselves,  thus  reducing  in 
effect  as  the  steady  state  is  approached. 
Such  methods  are  currently  being  extended 
to  full  unsteady  solutions  at  many  centres, 
although  it  will  of  course  be  some  time 
before  they  are  readily  available  as  design 
tools . 


IMPLEMENTATION  OP  BOUNDARY  CONDITIONS 

In  a  numerical  method,  boundary  conditions 
must  be  applied  at  the  edges  of  the 
computational  zone.  In  steady  flow 
problems  with  identical  blades,  the  comp¬ 
utational  zone  extends  over  a  single  blade 
passage  and  this  is  usually  also  the  case 
in  unsteady  flow.  Suitable  repeat  con¬ 
ditions  need  to  be  specified  on  these 
boundaries,  and  also  suitable  conditions 
on  the  solid  blade  surface.  Whilst  in 
analytic  solutions  of  unr,  'dy  problems 
the  solution  domain  may  ext9nd  to  Infinity 
upstream  and  downstream,  a  computational 
domain  would  normally  extend  only  one  or 
two  chord  lengths  upstream  and  downstream 
of  the  blade  row.  Again,  suitable  boundary 
conditions  are  neoded  at  the  edges  of  the 
domain. 

The  detailed  implementation  of  the  boundary 
conditions  depends,  of  course,  Off"  the 
numerical  method  employed  in  solving  the 
equations.  However,  the  physical  prin¬ 
ciples  to  be  considered  are  the  same  for 
all  methods,  and  need  to  be  clearly 
understood  to  allow  suitable  implement¬ 
ation  schemes  to  be  developed:  an  unequiv¬ 
ocal  statement  of  the  problems  which  can 
arise  from  a  negligent  treatment  of  the 
boundary  conditions  has  been  given  by 
Moretti  (1969). 


Blade  surface  boundary  conditions 

In  an  inviscid  model  of  a  real  flow,  the 
usual  condition  is  that  the  velocity  normal 
to  the  surface  is  zero,  but  slip  tangential 
to  the  surface  is  allowed.  On  a  stationary 
wall,  this  boundary  condition  is  simply 
n.V  -  0,  where  n  is  the  unit  vector  normal 
to  the  wall  and  V  Is  the  velocity  vector 
(u,v).  In  the  case  of  steady  potential 
flow  this  equation  is  written  as  q.v$  «  0. 
In  many  numerical  schemes,  this  condition 
is  implemented  by  defining  dummy  cells 
outside  the  computational  zone  and  assign¬ 
ing  values  to  the  nodes  of  the  cells  such 
that  under  the  difference  scheme  concerned 


the  appropriate  conditions  are  met  along 
the  boundary  itself.  Together  with  the 
appropriate  Euler  equation  for  momentum, 
n.V  -  0  implies  , 


if*; I  “  *P(u*  +  v») 


(34) 


where  k  is  the  curvature  of  the  boundary. 

The  condition  for  no  flow  through  a  moving 
surface  is  obtained  by  setting  the  normal 
component  of  the  fluid  velocity  equal  to 
the  blade  velocity  at  that  point: 


H.V(i)  -  n.fi 


(35) 


Here  £  is  the  displacement  of  the  surface; 
V  1b  given  on  the  wall  and  is  thus 
evaluated  at 

For  a  fixed  mesh,  Taylor's  theorem  may  be 
applied  to  give  values  for  V  in  terms  of 
its  values  at  the  mean  displacement,  i.  ~  0, 

to  give  V(£)  -  V  +  (£.v)V  +  .  (where 

we  adopt  the  notation  that  everything  is 
evaluated  at  &.  m  Q  unless  otherwise 
stated).  If  the  displacement  £  is  small, 
then  equation  (35)  can  be  linearized  in 
the  usual  way  by  writing  £.  -  £'exp(lwt), 
n  -  nQ+n'exp( iwt) ,  V  -  VQ+V*exp( lwt) ,  to 

give 

n-V’  •  n  .(i«i'-(i’.2)V  )  -n'.v  .  (36) 


This  is  equivalent  to  Verdon's  equation 
(69),  which  is  written  in  terms  of  r^,  the 

unit  vector  tangential  to  the  surface: 

VY*.  "  Vd-X'-U’ •ZJV,, 

+  (Yo-I0)  (I0*Y)X' )  •  07) 

Other  variables  required  on  the  blade 
surface  may  be  similarly  written  In  terms 
of  a  Taylor  expansion,  so  that  for  the 
surface  pressure  for  example  we  have 

P’(I)  -  P*  +  (I’.Z)P0  +  °(IH2)  •  (38) 

It  is  known  that  difficulties  may  arise  In 
evaluating  (38)  when  the  two  terms  on  the 
right-hand  side  of  the  equation  are 


comparable 
large.  This 


in  particular  when  vp  is 

o 


is  most  likely  to  be  In 
regions  where  the  aerofoil  has  large 
surface  curvature,  specifically  at  the 
leading  edge.  For  oscillating  cascades  of 
flat  plates  (for  example  Ni  6  Slsto,  1975), 
the  term  is  zero.  The  problem  is  confined 
to  methods  where  a  linearized  solution  Is 
sought;  most  notably  the  potential  methods 
described  earlier.  In  their  solution, 
Verdon  £  Caspar  (1982)  show  by  reference 
to  a  model  Incompressible  problem  that  the 
expansion  in  terms  of  the  blade  amplitude 
Is  regular  provided  that  the  displacement 
Is  small  compared  to  the  surface  radius. 
They  perform  inner  and  outer  expansions  in 
the  vicinity  of  the  leading  edge  for  the 
model  problem  and  conclude  the  need  for  a 
local  C-type  grid  to  resolve  the  behaviour 
around  blunt  leading  edges. 

In  his  potential  flow  solution,  Mhttehead 
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adopts  a  different  approach  whereby  he 
retains  hia  original  cascade  grid,  but 
Introduces  a  modified  potential  given 
by  #'  -  #  +  i.V,  where  V-V4>  and  4  is  the 
unsteady  perturbation  of  4>.  This  is  equiv¬ 
alent  to  working  in  a  frame  of  reference 
moving  with  the  blade.  After  some  algebra 
he  obtains: 

p'(i)  -  -p(in#'  +  (v.v)p'  -  in£.yo> ,  (39) 

so  that  the  numerically  difficult  term  has 
been  eliminated.  (This  modification 
changes  the  finite  element  formulation  for 
♦  1 .  It  may  be  noted  that  this  approach 
cannot  readily  be  applied  when  the  section 
does  not  move  as  a  rigid  body  (Cedar. 
1986). 

The  use  of  this  modified  potential  is 
analytically  equivalent  to  allowing  the 
grid  to  move,  and  this  is  the  approach 
adopted  in  some  studies,  (for  example 
Holtmann,  Servaty  £  Callus,  (1984)  describ¬ 
ed  earlier),  following  the  method  developed 
by  Thompson,  Thames  £  Mastin  (1977).  In 
this  differential  method,  the  physical 
domain  is  transformed  in  the  usual  way 
into  a  rectangular  region,  and  the  solution 
is  calculated  in  the  transformed  plane 
with  a  time-varying  co-ordinate  transform 
that  ensures  that  the  rectangular  grid 
remains  unchanged  with  time. 

•Repeat*  boundary  conditions 

As  described  earlier,  in  steady  flow 
computations  the  streamwlse  boundaries 
upstream  and  downstream  of  the  blades 
should  bo  identical  at  corresponding  points 
across  the  computational  domain.  In  forced 
response  problems  lc  may  be  necessary  to 
include  more  than  one  blade  passage  (but 
still  an  Integral  number  of  them).  In 
computations  of  flutter,  the  travelling 
wave  nature  of  the  motion  around  the  disc 
assembly  is  described  by  including  an 
Interblade  phase  angle  o  in  a  factor 
oxp(io)  between  the  variables  from  blade 
to  blade.  This  is  applied  to  the  stream- 
wise  boundaries  of  the  computational 
region. 

In  unsteady  flow  and  during  time-marching 
to  a  steady  solution  a  wake  is  present 
downstream  of  each  blade  and  it  is  nec¬ 
essary  in  some  Implementations  to  take 
specific  account  of  this.  An  inviscld 
wake  consists  of  a  vortex  sheet  across 
which  the  pressure  and  velocity  normal  to 
the  sheet  are  continuous,  but  the  tangent¬ 
ial  velocity  is  discontinuous.  In  the 
potential  methods  discussed  earlier,  an 
unsteady  wake  Jump  condition  is  explicitly 
included  of  the  form;  (from  Verdon, 
equation  (75)): 


ensure  that  the  wake  discontinuity  occurs 
on  the  boundary;  this  enables  the  dis¬ 
continuity  to  be  ’fitted'  exactly,  as  is 
shown  for  example  in  the  forced  response 
calculation  by  Erdos,  Aimer  £  McNally 
(1977)  of  flow  through  a  fan  stage.  When 
a  time  dependent  grid  is  used  (for  example 
Holtmann,  Servaty  £  Callus,  1984)  the  grid 
is  adjusted  even  in  computing  steady  flow 
to  ensure  this.  Pandolfi  (1980)  uses 
techniques  analogous  to  those  developed  by 
de  Neef  £  Moretti  (1980)  for  shock  fitting. 
It  is  also  necessary  that  the  Kutta 
condition  is  satisfied:  in  steady  flow 
calculations  this  is  usually  interpreted 
as  ensuring  that  the  flow  leaves  the 
trailing  edge  smoothly  whilst  in  unsteady 
flow  it  is  assumed  that  the  flow  is 
tangential  to  the  upper  or  lower  surfaces 
depending  on  the  sign  of  the  shed  vortic- 
ity.  In  finite  volume  solutions  of  the 
Euler  equations,  no  explicit  treatment  of 
the  wake  is  necessary  although  a  sharp 
velocity  discontinuity  cannot  be  realised 
and  the  resulting  wake  will  be  somewhat 
smeared;  discontinuities  at  a  sharp 
trailing  edge  may  not  be  apparent  partic¬ 
ularly  with  a  cell-centred  scheme. 

Inflow  and  outflow  boundary  conditions 

At  the  inflow  and  outflow  boundaries  it  is 
desirable  to  prevent  spurious  reflections 
from  the  edge  of  the  computational  domain, 
since  these  contaminate  the  solution  in 
the  interior  of  the  region  and  considerably 
delay  or  even  prevent  convergence.  It  is 
usual  to  apply  non-reflecting  boundary 
conditions  by  establishing  the  character¬ 
istic  form  of  the  equations,  and  then 
imposing  conditions  on  those  characterist¬ 
ic  variables  which  propagate  into  the 
computational  zone.  Equivalent  consider¬ 
ations  in  analytical  aeroacoustlcs  (the 
radiation  condition)  lead  to  choosing  the 
branch  of  the  solution  to  disallow  incoming 
waves  from  infinity  (see  for  example 
Goldstein,  Braun  £  Adamcyzk  (1977)).  It  is 
also  usually  necessary  in  implementing  the 
numerical  algorithm  used  in  the  interior 
of  the  computational  zone  to  require  values 
of  all  variables  on  the  boundary  so  that 
all  cells  may  be  treated  in  the  same  way. 
This  is  a  quite  separate  matter  from  the 
physical  problem  we  are  considering  here, 
and  the  relevant  variables  may  be  extrapo¬ 
lated  from  values  in  the  interior.  The 
extrapolation  has  its  own  problems,  in 
particular  stability  of  the  numerical 
schemes,  and  this  is  discussed  in  some 
detail  by  Yee,  Beam  £  Warming  (1981)  and 
Gottlieb  £  Turkel  (1978),  but  is  not 
considered  further  here. 

To  establish  the  relevant  characteristic 
variables,  it  is  necessary  to  write 
equation  (20)  in  quasi-linear  form 


*  IMt.e.”P<“‘nS>  «°> 
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ay 
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(41) 


where  3  •»  the  distance  from  the  trailing 
edge  and  O-w/q^  where  q^le  the  downatteam 

steady  speed. 


where  as  before  A  is  the  matrix 
MU)  -  «r3(U)/auK  and  B(U)  is  similarly 

def  lned. 


In  the  differential  schemes  where  the 
equations  are  solved  on  a  transformed 
rectangular  grid  then  care  is  taken  to 


For  computations  of  steady  flow,  it  is 
usual  to  assume  quasi  one-dimensional  flow 
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at  the  inflow  and  outflow  boundaries  so 
that  equation  (41)  may  be  written 


au_.au 

TT  +  A  -r— 

at  ax 


o  . 


(42) 


In  order  to  derive  the  boundary  condition, 
we  obtain  the  left-hand  eigenaystem  of  A. 
The  results  are  familiar  if  we  change  the 
dependent  variable  from  the  conservation 
variables  and  define  U  simply  in  terms  of 
density,  velocity  and  pressure  l.e. 


The  eigenvalues  X  remain 


assumption  of  locally  constant  coeffic¬ 
ients  1 8  only  strictly  appropriate  in  a 
linearized  problem,  but  nevertheless 
appears  to  be  widely  used  (Yee,  Beam  £ 
Warming,  1981).  In  the  linearized  problem 
where  the  flow  field  may  be  decomposed  as 

U  -  U  +  U.  etc,  the  characteristic 
—  — o 

variables  for  the  unsteady  problem  are 
given  by  equation  (48): 

wi  «  lVVpi'  vx'  ui  *  Pi/poaol-  (49) 

Equations  (46)  also  reduce  to  the  form  of 
(47)  when  the  flow  is  isentropic.  In  that 
case  the  characteristic  variables  corres¬ 
ponding  to  X  -  u  ±  a  are  the  well-known 
Riemann  invariants. 


(u,  u,  u  ±  a)  .  (44) 

Assuming  that  0  <  u  <  a,  conditions  at 
inflow  must  be  supplied  for  the  character¬ 
istic  variables  corresponding  to 
X  (  {u,  u,  u  +  a);  and  at  outflow  for 
X  -  u  -  a.  At  inflow,  these  eigenvalues 
relate  to  entropy  and  vorticity  convecting 
at  the  stream  speed  u,  and  an  incoming 
acoustic  wave  propagating  at  sonic  speed  a 
relative  to  the  flow.  Similarly  the  con¬ 
dition  at  outflow  relates  to  an  incoming 
acoustic  wave. 


The  characteristic  form  (see  for  example 
Richtmyer ,  1978,  §17.8)  of  equation  (42) 
is  given  by 


T  .a 
-  (at 


y  ■  0 


(45) 


where  a  is  the  left  hand  eigenvector  of  A 
corresponding  to  X,  and  T  denotes  the 
transpose.  With  U  given  by  equation  (43) 
this  leads  to 

+  -  <!t +  ufi)p  -  ° 


In  general  however  the  characteristic  form 
cannot  be  written  so  simply  and  the 
boundary  conditions  take  the  form  given  by 
Hedstrom,  (1979): 


T 

a 

au 

at 

0  . 

(50) 

This  leads 
inflow: 

to 

boundary  conditions 

at 

-If 

_  *£ 
at 

-  0 

(entropy) 

(51) 

3v 

at 

-  0 

(vorticity) 

(52) 

6u 

pA  at  + 

at 

0 

(acoustics) 

(53) 

and  at  outflow: 

du 

pa  at  ' 

- 

at 

0. 

(acoustics) 

(54) 

In  strictly 

one-dimensional  flow 

with 

(52)  is  omitted  from  the  boundary  con¬ 
ditions  . 


(it  +  ^  “  ° 

and 

(ft  ♦  (utajf^u  ±  ♦  (u±.)|j)P  -  0 

(46) 


If  we  again  assume  locally  constant  coef¬ 
ficients  then  equations  (51)-(54)  reduce 

to  -  0,  where  w  is  given  by  equation 
ot 

(48).  In  a  linearized  problem  with 
U0  +  -  So  +  y'exp(lwt),  the  unsteady 

boundary  conditions  reduce  to 


corresponding  to  the  eigenvalues  (44).  It 
may  be  noted  that  only  in  special  circum¬ 
stances  may  equations  (46)  be  written 
simply  as 


(ft +  ■ 0 


(47) 


»q3P'  -  p*  ■  0  (55) 

v'  -  0  (56) 

p  a  u'  ±  p'  -  0.  (57) 

o 


where  w  is  a  straightforward  characteristic 
var iable  corresponding  to  X.  If  the 
coefficients  in  equations  (46)  are  assumed 
locally  constant  then  the  equations  may  be 
written  in  the  form  (47)  with  characterist¬ 
ic  variables 

w  «  |(a*p  -  p),  v,  (u  t  p/P0*0) ] •  (48) 

In  these  circumstances  the  required  char¬ 
acteristic  variable  given  by  (48)  is  a 
specified  constant  (the  boundary  con¬ 
dition)  whilst  the  remaining  characterist¬ 
ic  variables  may  be  extrapolated  from  the 
interior  of  the  computational  tone.  The 


Unfortunately  direct  implementation  of  the 
boundary  conditions  is  not  always  possible 
in  practice  because  the  relevant  character¬ 
istic  variable  or  function  is  not  known  at 
the  boundary.  In  particular,  at  the 
outflow  boundary  often  only  the  far  field 
static  pressure  is  known.  Whilst  the 
problem  is  still  well-posed  with  this 
boundary  condition,  it  does  mean  that  the 
characteristic  variable  cannot  be  specif¬ 
ied  but  must  be  partially  constructed  using 
some  values  from  the  interior.  In  their 
work  on  outflow  boundary  conditions  for 
steady  flow  solutions,  Rudy  £  Rtrtkwerda 


(58) 


< 1930)  modify  equation  (54)  to  form: 


5P  _ 

at 


pa 


3u 

at 


a(p 


PJ 


0 


where  a  la  a  chosen  constant.  Uae  of 
equation  (58)  ensures  that  at  a  steady 
converged  state  when  the  time  derivatives 
go  to  2ero,  p  -  p_.  There  are  optimal 

values  of  a  to  Improve  the  speed  of 
convergence  depending  on  the  Mach  number 
and  problem  geometry.  This  method  is 
employed  by  Jameson,  Schmidt  £  Turkel 
(1981)  with  locally  constant  coefficients 
P0*0  and  a  typically  set  equal  to  1/8. 


A  comparison  of  these  boundary  conditions 
applied  in  a  steady  flow  calculation  in  a 
cascade  has  been  given  by  Berry  (1984), 
and  the  convergence  histories  are  given  in 
Figure  11.  The  calculation  method  is  an 
implicit  factored  scheme  based  on  Steger, 
Pulliam  £  Chima  (1980). 


Figure  11  Effect  of  outflow  boundary 
conditions  on  convergence  history  (Berry, 
1984) 

The  conditions  derived  above  are  applicable 
to  flows  that  may  be  approximated  as  quasi 
one-dimensional  at  the  boundary.  Whilst 
this  is  usually  appropriate  in  computing 
steady  flow,  it  is  desirable  for  unsteady 
flow  to  relax  the  assumption  that  U  is 
uniform  at  the  boundary  and  consider  the 
full  equation  (41).  In  this  case  we 
require  the  left-hand  elgensystem  of 
f A  ♦  where  {  and  i)  are  Independent 
variables.  The  eigenvalues  are 

»  «  (fu  ♦  t)v,  <u  ♦  i)v,  (u  ♦  ev  *  a<) 

(59) 


where  <  «  VT*  ♦  5*. 

The  boundary  conditions  (50)  would  then 
take  the  form: 
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,i  ifi  +  22  .  o 

at  at 

(60) 

3u  .  3v 

at  +  ‘  at  "  0 

(61) 

♦  „  ±  i_|E  .  o 

at  pa  at 

(62) 

These  boundary  conditions  have  been  in¬ 
vestigated  by  Berry  (1984)  for  a  flow 
field  which  may  be  linearized  as  before, 
with  0  -  +  U'exp(iwt),  where  it  is 

assumed  that  U^  is  uniform  at  the  boundary. 

Under  this  assumption,  Berry  adopts  the 
interpretation  that  {  ■  d/3x  and  y  a  a/ay. 

Unfortunately,  <  -  Vf*  +  V2  cannot  be 
given  exactly  and  must  be  approximated  in 
some  way.  Berry  suggest  two  approximations 
taking  successive  terms  in  the  Taylor 
series  which  result  in  the  unsteady  bound¬ 
ary  conditions: 


V>* 

-  p*  - 

0, 

(63) 

!_u. 

4v 

dX 

-  0 

(64) 

and  either 

poao  k  u 

1  1  p1 

dxr 

1  -  0 

(65) 

which  is  a  first  approximation,  taking 
C  -  f  ■  a/6x;  or  second  approximation: 


£L 

o“oldx* 


u' 


♦  a^v,)*(aJ 


axa 


*  I 


-  0 

(66) 


These  are  the  two-dimensional  equivalents 
of  equations  (55)-(57).  The  conditions 
were  not  Implemented  by  Berry  in  his 
implicit  method  but  were  suggested  as  being 
more  suitable  for  an  explicit  method.  It 
is  possible  that  particularly  with  the 
second  approximation  problems  may  arise  in 
getting  good  estimates  of  the  spatial 
der lvatlves. 


Boundary  conditions  analytically  equiv¬ 
alent  to  those  given  in  equations  ($l)-(54) 
and  (63)-(66)  may  be  obtained  for  the 
conservation  variables  (p,pu,pv,pe) , 
although  the  expressions  are  more  complica¬ 
ted:  the  conditions  will  of  course  not  be 
identical  once  discretized.  Analogous 
boundary  conditions  were  used  by  Whitehead 
(1982)  in  matching  his  solution  to  a 
calculation  of  the  unsteady  far  field, 
based  on  a  small  perturbation  solution  of 
a  uniform  flow. 

APPLICATION  OP  THE  METHODS  TO  PLOTTER 
CALCULATIONS 


In  this  section  some  examples  are  presented 
of  application  of  the  numerical  methods 
described  earlier,  but  the  results  present¬ 
ed  are  regrettably  restricted  to  potential 
flow  calculations.  Some  results  from  the 
method  of  Caspar  £  Verdon  have  been  given 
earlier  in  this  volume  by  Verdon  (Chapter 
II)  and  here  we  Include  some  additional 
examples  taken  from  Verdon  f  Usab  (1986). 
The  remaining  results  given  here  are 
obtained  from  the  program  ”P insup”  develop- 
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ed  by  Whitehead  (1982)  and  Whitehead  & 
Newton  (1985).  Comparisons  are  given  with 
linear  analytic  solutions,  such  as 
Coldstein's  (1977)  normal  shock  method  and 
its  extension  to  strong  oblique  shocks 
(Acton,  1981).  However,  the  real  test  of 
any  prediction  is  comparison  with  experi¬ 
mental  data  and  some  cases  are  shown  here. 
Fransson  (1984)  has  initiated  a  very  useful 
study  by  establishing  a  database  of 
•standard  configurations"  upon  which 
numerical  (and  analytical)  methods  may  be 
aseessed.  Broadly,  his  initial  findings 
Indicate  that  although  most  methods  agree 
for  low  Mach  number  flows,  there  are  large 
discrepancies  in  the  high  subsonic,  or 
supersonic  regimes  even  for  a  flat  plate 
test  case. 


Figure  13  Comparison  of  the  pressure 
Jump  across  the  blade  with  a  linearized 
analytic  solution  (Smith,  1971)  for 
unstaggered  flat  plate  cascade  (interblade 
phase  angle  a  -  30*,  reduced  frequency 
wc/U  -  0.5,  M  -  0.8) 


Figure  12  Unsteady  pressure  coefficient 
in  the  low  frequency  limit  (Joukowski 
profile,  stagger  angle  {  -  37.51*,  space- 
chord  ratio  s/c  -  0.99,  inlet  flow  angle 
0  -  53.5";  torsional  motion  of  amplitude  a 
about  mid-chord). 

The  first  two  figures  show  the  behaviour 
of  Whitehead's  program  Finsup  in  two 
limiting  cases.  First,  in  the  low  freq¬ 
uency  limit  for  torsional  blade  motion  (as 
the  frequency  tends  to  zero  with  zero 
Interblade  phaee  angle)  in  incompressible 
flow,  figure  12  shows  that  the  unsteady 
solution  for  a  cambered  blade  agrees  well 
with  the  difference  between  two  steady 
solutions  obtained  for  slightly  different 
stagger  angles.  It  may  be  noted  that  the 
unsteady  pressure  changes  rapidly  near  the 
blade  leading  edge,  and  this  is  why  special 
treatment  is  required  in  that  region. 

Secondly,  in  the  limit  of  uniform  subsonic 
flow  through  a  flat  plate  cascade,  the 
pressures  predicted  by  the  finite  element 
method  are  compared  in  Figure  13  with  those 
from  a  linearized  theory  (Smith,  1971), 
and  this  again  shows  good  agreement. 

rigures  14  and  15  (taken  from  Whitehead, 
1982)  compare  Finsup  with  Caspar  and 
Verdon's  finite  difference  calculation  and 
Ataeel'e  incompressible  flow  solutions 


AXIAL  CHORD  FRACTION 


Figure  14  Imaginary  part  of  the  unsteady 
surface  pressure  coefficient.  Flat  plate 
cascade;  bending  vibration  of  amplitude  h 
normal  to  chord;  (s/c  -  1,  (  -  45", 
0  -  45",  wc/U  -  1.0,  o  180"). 

(Atassl  «  Akai,  1978):  both  examples  are 
at  low  Mach  number,  the  first  corresponds 
to  a  flat  plate  cascade  and  the  second  to 
a  cascade  of  thick  aerofoils.  All  three 
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methods  agree  well  for  the  flat  plate 
cascade  but  for  the  thick  cascade  aerofoil 
Verdon’s  prediction  differs  somewhat. 
(This  difference  is  greater  in  the  real 
part  of  the  pressure  where  the  method 
predicts  high  loading  toward  the  trailing 
edge,  which  may  be  attributed  to  numerical 
singularities  in  the  steady  gradient  terms 
used  in  the  computation  of  unsteady  pres¬ 
sure.  ) 


Program  Finsup. 


Figure  15  Imaginary  part  of  unsteady 
surface  pressure  coefficient.  Bi-convex 
profile,  104  thick,  zero  camber;  bending 
vibration  normal  to  chord,  (s/c  -  1.0, 
f  -  45" ,  0  -  47.1",  <jc/U  -  1.0,  o  -  180"). 

In  Figure  16  the  unsteady  surface  pressure 
computed  by  Whitehead's  method  is  compared 
to  Goldstein's  normal  shock  theory  for  a 
flat  plate  cascade  in  torsional  motion, 
with  inlet  Mach  number  M  -  1.34.  In  Finsup 
the  parameter  n  is  used  to  control  the 
lsentropic  shock  position  in  the  steady 
flow.  It  is  a  measure  of  the  change  in 
potential  between  inlet  and  outlet  and  so 
is  related  to  the  lift  generated  by  the 
blading.  Two  finite  element  solutions  are 
shown:  in  the  first  (m  -  0.B75)  the  shock 
is  on  or  just  forward  of  the  pressure 
surface  leading  edge;  in  the  second 
(M  -  0.885)  the  shock  is  Just  within  the 
passage.  There  is  a  noticeable  difference 
in  the  pressure  surface  unsteady  pressures 
near  the  leading  edge  and  this  highlights 
the  importance  of  establishing  the  precise 
steady  flow  conditions,  and  geometry.  In 
an  lnvlscld  calculation  of  a  uniform  flow 
in  a  parallel  passage  with  a  normal  shock 
wave,  the  precise  position  of  the  shock  is 
undetermined  by  the  inlet  and  exit  con¬ 
ditions.  In  Goldstein's  analysis  there¬ 
fore  a  strong  shock  is  assumed  to  be  at 
the  leading  edge  of  each  flat  plate  and 
lie  normally  across  the  passage.  On  the 
suction  surface  immediately  ahead  of  the 
shock  the  numerical  method  differs  from 
the  analytic  solution:  this — is  probably 
due  to  smearing  of  the  shock  by  artificial 
viscosity.  Discrepancies  downstream  of 
the  shock  may  be  due  to  differences  In  the 
shock  strength  cases,  since  the  lsentropic 
jump  In  Whitehead's  method  produces  a  much 


lower  downstream  Mach  number;  or  to  the 
wrong  pre-shock  conditions  -  or  both.  The 
overall  conclusion  is  that  although  the 
trends  are  similar,  the  precise  details 
differ  considerably. 


Figure  16  Unsteady  surfaces  pressure 
coefficients  for  torsional  motion  about 
mid-chord  (Verdon'  and  McCune  (1975) 
cascade,  M  -  1.34) 

Comparisons  with  experimental  data  are  now 
briefly  considered.  Figure  17  shows  how 
well  Whitehead's  method  performs  on  Carta's 
low  Mach  number  (M  -  0.18)  DCA  blade,  for 
which  good  experimental  data  are  available. 
Caspar  £  Verdon' s  predictions  for  the  same 
cascade  (at  a  different  interblade  phase 
angle)  are  shown  in  Figure  18  (taken  from 
Verdon  £  Usab,  1986).  These  are  also  in 
good  agreement  with  the  experimental  data. 
Figure  19  shows  an  application  to  the  DDA 


vis 


turbine  cascade  (Jay,  Rothrock,  Riffel  t 
Sinnet,  1979)  which  has  thick  blades  with 
110*  of  turning.  The  comparison  has  been 
made  over  a  range  of  exit  Mach  number  and 
Interblade  phase  angle,  and  this  case  is 
typical  (rather  than  showing  best  agree¬ 
ment),  although  agreement  generally 
worsens  with  increasing  exit  Mach  number. 
Figure  20  shows  a  second  application  to  a 
turbine  test  case  which  illustrates  good 

agreement  with  the  EPFL  test  data  (Boles  £ 
Fransson,  1986). 


Figure  17  Unsteady  pressure  distribution 
for  "Standard  Configuration  1*  (Carta  DCA 
blade,  blade  incidence  1-6*, 
uc/2U  -  0.122,  o  -  -45*). 


Figure  18  Unsteady  pressure  difference 
coefficient  for  "Standard  Configuration  1" 
(M  -  0.17,  t#e/2U  •  0.122,  a_-  -1J5", 
«  -  2*) 


Figure  19  Unsteady  suction  surface  pres¬ 
sures  for  DDA  turbine  (o  -  -45*,  M  -  0.78) 
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Figure  20  Unsteady  surface  pressure 
coefficients  for  "Standard  Configuration 
4" 


Caspar  £  Verdon's  prediction  for  "Standard 
Configuration  5*  is  shown  in  Figure  21 
where  it  can  be  seen  that  there  is 
significant  difference  between  the  ampli¬ 
tude  of  the  predicted  pressure  difference 
coefficient  and  the  experimental  values. 
In  the  experiment  only  one  blade  in  the 
cascade  was  vibrated  but  in  the  theoretical 
modelling  only  a  single  value  of  inter¬ 
blade  phase  angle  was  used  (o  -  180*). 


Figure  21  Unsteady  pressure  difference 
for  "Standard  Configuration  5".  (M  -  0.5, 
wc/2U  -  1.02,  a  -  180",  a  -  0.3") 

Verdon  t  Usab  also  report  predictions  with 
measured  data  for  a  cascade  of  symmetric 
bl-convex  aerofoils.  When  the  blades  are 
unloaded  in  steady  flow,  inlet  Mach  number 
M  -  0.65,  the  agreement  is  moderately  good 
as  shown  in  Figure  22.  In  the  second 
example  shown  in  Figure  23,  In  which  the 
steady  flow  is  at  incidence  with  a  leading 
edge  shock,  the  prediction  differs  con¬ 
siderably  from  the  measured  data  on  the 
suction  surface  of  the  blade. 


Figure  22  Unsteady  pressure  coefficient 
for  NASA  Lewis  Cascade  (M  -  0.65, 
u  -  200  Hz,  a  -  90*) . 
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In  Figure  24  we  return  to  Finsup  and  the 
Carta  DCA  blade  to  assess  the  Importance 
of  geometry:  the  flat  plate,  zero  In¬ 
cidence,  case  shows  a  much  greater  sens¬ 
itivity  to  Interblade  phase  angle  than 
does  the  full  geometry  solution.  This 
could  be  important  in  a  stability  calculat¬ 
ion  application  to  a  more  marginally 
unstable  blade,  where  a  flat  plate  calcu¬ 
lation  might  predict  instability  at 
o  -  45*,  whereas  the  full  geometry  might 
remain  stable.  Figure  2S  shows  that  this 
behaviour  is  not  a  general  rule,  since  the 
situation  is  reversed  for  the  DDA  turbine 
blade . 


obtaining  the  correct  mean  flow.  The 
steady  flow  is  incorrect  in  at  least  three 
important  ways:  (1)  incorrect  shock  Jump 
conditions,  (11)  no  boundary  layer  growth 
downstream  (especially  on  the  suction 
surface)  and  (ill)  artificial  viscosity 
giving  shock  smearing. 

The  first  of  these  could  be  tackled  by 
providing  an  entropy  increase  such  that 
the  potential  flow  gave  the  correct  Mach 
number  downstream  of  the  shock,  (or  by 
changing  streamtube  height);  neither 
Caspar's  nor  Whitehead's  method  has  this 
facility  at  present.  An  Euler  method  would 
clearly  be  preferable.  To  cure  the  second 
shortcoming  requires  either  a  boundary 
layer  treatment  to  cope  with  separated 
flows  or  streamtube  contraction  to  provide 
a  passage  averaged  approximation.  The 
latter  technique  has  been  successfully 
used  in  Finsup  to  vary  the  pressure  ratio 
across  the  cascade.  The  third  problem 
remains  in  Whitehead's  method  but  has  been 
eliminated  by  Verdon  who  uses  shock  fitting 
in  the  unsteady  calculation  to  obtain  the 
:orrect  shock  jump  conditions. 
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Figure  25  Variation  of  aerodynamic 
damping  with  Interblade  phase  angle  (DDA 
turbine,  wc/2U  «  0.273) 

Having  presented  comparisons  with  experi¬ 
ment  for  low  and  high  subsonic  Mach  numbers 
there  remains  the  more  difficult  case  of 
supersonic  inlet  flow.  Fleeter  and  Jay 
have  shown  in  chapter  VII  how  Whitehead's 
method  performs  for  such  a  flow  and  they 
have  commented  upon  why  the  predictions  of 
each  numerical  method  differ  from  the 
measured  unsteady  pressures.  One  diff¬ 
iculty  in  solving  an  unsteady  flow  with  a 
shock  by  a  potential  method  lies  in 
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Figure  26  Total  unsteady  work 

The  above  discussion  is  entirely  concerned 
with  unsteady  pressure  coefficients,  but 
of  course,  when  the  unsteady  aerodynamics 
methods  are  applied  tO' a  complex  disc  mode 
(for  example  for  a  snubber ed  ( clapper ed) 
rotor)  it  is  the  overall  work  or  stability 
which  matters.  The  sensitivity  of  the 
predicted  overall  work  to  changes  in  its 
components  requires  careful  study:  it  is 
not  enough  that  the  agreement  of  pressure 
prediction  with  experiment  is  good.  What 
is  needed  is  an  objective  assessment  of 
the  quality  of  the  prediction  in  the  light 
of  the  application  for  which  it  is  to  be 
used.  Figure  26  shows  the  variation  of 
total  section  work  against  radius  for  a 
model  fan  (Brooker  and  Halliwell,  (1914))! 
although  Finsup  doss  not  agree  entirely 
with  the  measured  data,  it  is  closer  than 
the  normal  shock  predictions.  The  reason 
for  this  is  more  clearly  seen  in  Figure 
27.  By  running  the  finite  element  method 
for  a  range  of  streamtube  height  ratios, 
preseure  ratio  acroes  the  cascade  is 
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varied.  Results  from  Flnsup  are  compared 
with  predictions  from  the  normal  shock 
model  of  Goldstein  (1977)  and  its  modifica¬ 
tion  to  oblique  shocks  (Acton,  1981)  and  a 
linearization  about  supersonic  uniform 
flow  with  unity  pressure  ratio  (referred 
to  as  Lineup  in  the  figure),  in  addition 
to  an  experiment  at  a  flutter  condition. 
The  source  of  increasing  instability  with 
reducing  pressure  ratio  lies  in  the  con¬ 
tribution  to  the  work  integral  from  the 
unsteady  moment  due  to  torsional  motion. 
It  is  observed  that  high  pressure  ratio 
leads  to  a  large  stable  value  for  this 
which  reduces  as  the  pressure  ratio  is 
dropped.  This  example  emphasises  the  im¬ 
portance  of  ensuring  that  mean  flow  con¬ 
ditions  are  correctly  modelled. 


ment  both  for  unsteady  and  three-dimension¬ 
al  flow.  The  methods  are  computationally 
very  expensive  at  present  and  it  will  be 
some  time  before  they  are  regularly  used 
in  design.  But  as  we  have  seen  in  the 
previous  section  continuing  progress  is 
vital  to  achieve  a  flexible  numerical  field 
method  capable  of  examining  all  the  import¬ 
ant  flow  parameters. 
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Figure  27  Variation  of  section  unsteady 
work  with  pressure  ratio 

CONCLUDING  REMARKS 

In  this  chapter  we  have  concentrated  on 
unsteady  methods  applicable  to  turbo¬ 
machines;  a  review  of  progress  in  external 
aerodynamics  is  given  by  Tijdeman  t  Seebass 
(1980).  Other  reviews  of  Interest  are 
Ballhaus  (1978)  also  concerning  transonic 
flown  about  aerofoils,  and  MacCormark  s 
Lomax  (1979)  who  review  computational 
methods  In  compressible  viscous  flows. 

Much  of  the  work  we  have  described  concerns 
the  numerical  methods  devised  to  calculate 
an  unsteady  flow  which  has  been  assumed  a 
small  linear  perturbation  of  a  non-linear 
steady  potential  flow.  These  are  the  only 
methods  that  are  sufficiently  well-de¬ 
veloped  to  be  used  in  design  calculations 
even  though  they  are  limited  by  the 
assumption  of  potential  flow  and  include  a 
linearization  which  is  only  valid  if  the 
shock  movement  is  not  too  large.  It  is 
clear  that  solutions  of  the  Euler  equations 
are  to  be  preferred  because  they  provide  a 
less  simplified  modelling  of  the  flow. 
However,  although  methods  to  calculate  the 
Euler  equations  are  now  well  advanced  it 
is  only  in  computing  steady  flow  that  they 
are  regarded  as  sufficiently  robust  for 
regular  use  in  design.  For  unsteady  flow 
most  of  these  methods  may  be  regarded  as 
research  tools,  even  for  two-dimensional 
flow.  Happily  many  of  the  methods  for 
solution  of  the  Euler  equations  when 
developed  will  be  readily  extended  to 
include  the  extra  terms  necessary  for 
solution  of  the  Mavler-Etokes  equations, 
and  these  methods  are  under  active  develop- 
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INTRODUCTION 

As  with  other  topics  of  aero- 
elasticity  in  axial  turbomachines,  the 
subject  of  stall  (alternatively  stalling, 
stalled)  flutter  has  its  roots  in 
antecedent  experience  related  to  air¬ 
craft  wings,  control  surfaces  and 
propellers  (Dowell  et.  al . ,  1978).  Thus 

the  key  characteristic,  that  this 
particular  self-excited  aerelastic  in¬ 
stability  occurs  with  a  periodic  separa¬ 
tion  of  the  flow  from  the  airfoil 
surface,  is  a  carryover  from  a  confirmed 
type  of  behavior  with  isolated  airfoils 
(Studer,  1936)  (Victory,  1943). 

Two  caveats  relative  to  stall  flutter 
in  turbomachines  must  be  stated  before 
continuing  with  the  development  of  this 
chapter.  In  the  first  place  the  flutter 
speed  of  a  wing  in  subsonic  flow  varies 
and  then  typically  drops  as  a  continuous 
function  of  increasing  incidence.  The 
changes  become  most  precipitous  as  the 
incidence  approaches  the  value  for  static 
stall  as  defined  by  maximum  lift 
coefficient.  This  behavior  seems  also  to 
be  the  case  in  the  axial  flow  compressor 
stage  operating  subsonically,  although 
flutter  at  low  incidence  (low  loading) 
has  not  been  a  problem  in  practice 
because  the  required  relative  velocities 
are  much  higher  than  those  existing  in 
actual  machines.  Hence,  a  more  cautious 
description  of  the  stall  flutter 
phenomenon  might  be  flutter  at  high 
incidence  or  at  high  aerodynamic  loading. 

The  second  remark  relates  to  the  fact 
that  the  axial-flow  turbomachine  stage  is 
characterized  by  a  multiplicity  of  air¬ 
foils,  rather  than  a  single  wing,  with 
the  unavoidable  mutual  aerodynamic  inter¬ 
ference  that  this  implies.  This  inter¬ 
ference  may  inhibit  airfoil  stall  and 
delay  steady  separation  to  very  high 
incidence,  even  to  the  point  where  the 
annulus  flow  may  exhibit  wall  stall 
before  any  separation  from  the  airfoils 
is  encountered.  The  aerodynamic  inter¬ 
ference  will  lead  also  to  unsteady 
separation  of  the  cascaded  airfoils  and  a 
phasing  between  the  stalling  events  at 
adjacent  airfoils,  or  an  apparent 
"propagation"  of  the  unsteady  flow 
perturbations  along  the  cascade,  i.e.,  in 
the  peripheral  direction.  For  these 
reasons  the  stalling  behavior  of  isolated 
airfoils  will  be  referred  to  only 
minimally  in  the  soquel. 

The  flow  perturbation  zones  rotate  in 
the  same  direction  as  the  rotor,  but  at  a 
fraction  of  the  rotor  speed;  hence  stator 
vanes  also  experience  the  flow  perturba¬ 
tion  at  a  frequency  equal  to  the  absolute 
pattern  rotation  rate  times  the  number  of 
such  zones  in  the  annulus.  If  the  air¬ 
foils  do  not  vibrate  then  this  latter 
behavior  is  properly  termed  propagating 
or  rotating  stall  since  it  is  purely  an 
instability  of  the  flow.  However,  if 


stalling  is  triggered  by  oscillatory 
changes  of  effective  upwash  attributable 
to  airfoil  vibration*,  then  cascade 
flutter  is  a  by-product  of  the 
self-excited  aeroelastic  instability, 
not  its  cause.  On  the  other  hand,  if 
the  airfoils  resonate  structurally  with 
the  frequency  of  encountering  stall 
zones,  this  is  properly  termed  an 
aerodynamically  forced  vibration.  There 
is  obviously  a  grey  area  between  these 
types  of  blade  vibration,  at  the  one 
extreme  flutter  occurring  with  temporal¬ 
ly  uniform  onset  flow,  and  at  the  other 
extreme  resonance  occurring  upon  the 
coincidence  of  frequencies. 

Propagating  stall,  or  rotating 
stall,  is  a  subject  of  considerable 
importance  aside  from  the  possibility  of 
producing  a  damaging  blade  resonance. 
If  the  frequency  of  encounter  is  low 
compared  to  the  blade  natural  frequency 
the  blades  may  flutter  within  the  stall 
cell  where  low  throughflow  velocities 
exist.  If  the  increase  in  stall  flutter 
amplitude  while  residing  within  the  cell 
is  greater  than  the  decay  that  takes 
place  when  the  blade  is  outside  the 
cell,  then  quite  appreciable  amplitude 
and  blade  stress  may  build  up  in  a  short 
period  of  time.  There  are  indications, 
in  fact,  that  there  is  an  actual  flow 
reversal  within  strong  stall  patches,  so 
that  the  stall  flutter  alluded  to  above 
may  occur  by  separation  of  the  flow  from 
the  trailing  edge  of  the  profile,  which 
temporarily  has  become  the  "leading 
edge" . 

Propagating  stall  cells  usually 
decrease  in  number  as  the  incidence 
increases,  so  that  typically  one  stall 
cell  appears  in  the  flow  annulus  just 
prior  to  encountering  surge.  This 
single  cell  exhibits  very  large  flow 
perturbations,  although  the  throughflow 
averaged  over  the  annulus  area  remains 
constant  with  time.  At  surge  the  flow 
in  the  entire  annulus  is  perturbed  at 
any  instant  and  hence  the  throughflow 
varies  with  time  in  either  an  oscilla¬ 
tory  or  transient  fashion,  reaching 
negative  values  at  some  instants  of 
time.  The  periodic  loading  and  unload¬ 
ing  of  all  the  blades  in  a  row  during 
surge  constitutes  an  aeroelastic  event 
of  considerable  importance.  Not  only 
is  the  gas  bending  load  reversed  with 
a  frequency  of  the  order  of  several 
Hertz,  but  hundreds  of  cycles  of  stall 
flutter  fatigue  damage  may  be  accumu¬ 
lated  during  each  of  these  surge  cycles. 

The  transient  counterpart,  often 
termed  "hung"  stall,  is  attributed  to 
the  pumping  system  characteristic  of  the 


♦Small  amplitude  vibrations  may  always 
be  assumed  to  be  present  due  to 
turbulence,  acoustic  radiation,  bearing 
roughness  and  so  forth. 
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compressor  or  fan  installation  (Koff  and 
Greitzer,  1984).  In  such  cases  the 
reduced  throughflow  velocities  may 
persist  indefinitely  and,  in  addition  to 
the  transient  change  in  mean  aerodynamic 
loading,  appreciable  periods  of  stall 
flutter  self-excitation  may  be  encoun¬ 
tered.  The  subject  of  blade  response 
to  transient  stall  was  broached- formally 
by  Sisto  (1974)  and  is  currently 
receiving  a  great  deal  of  renewed 
attention. 

THE  ROLE  OF  MACH  NUMBER 

Before  proceeding  with  the  quantative 
exposition  of  stalling  flutter  it  should 
be  noted  that  subsonic  relative 
velocities  conventionally  are  under 
discussion.  Thus  even  if  a  transonic 
axial-flow  compressor,  fan  or  turbine  is 
under  scrutiny,  the  stall  flutter  will 
occur  usually  at  part-speed  operation 
where  the  relative  velocities  are  assumed 
to  be  subsonic.  That  some  local 
supersonic  flow  is  necessary  for  stall 
flutter  to  develop,  or  that  there  is  no 
such  occurrence  as  subsonic  stall  flut¬ 
ter,  are  not  supportable  statements  at 
present. 

Clearly,  for  some  more  modern 
designs,  stall  flutter  may  not  be 
explained  until  the  additional  in¬ 
stability  attendant  to  shock  wave 
oscillation  is  considered.  However,  for 
low-speed  and  other  designs,  "flutter  at 
high  incidence"  has  been  recorded  where 
the  occurrence  of  local  supersenic  Mach 
numbers  could  not  be  observed  or 
justified  (Carter  and  Kilpatrick,  1957). 
And  there  are  many  linear  cascade  data, 
including  measurements  in  water  tunnels 
(Yashima,  1977)  (Tanida  et.  al . ,  1963) 
and  in  an  air  tunnel  (Arnoldi  et.  al . , 
1977)  showing  that  negative  aerodynamic 
damping  coincident  with  flow  separation 
in  cascaded  airfoils  occurs  with 
essentially  incompressible  (i.e.,  shock- 
free)  flow.  Chi  and  Srinavasan  (1984) 
note  that  the  role  of  flow  separation 
during  subsonic  stall  flutter  needs  to  be 
justified;  predictions  based  on  compres¬ 
sible  separated  aerodynamics  of  Chi 
(1980)  give  encouraging  agreement  with 
diverse  stall  flutter  experience  on  a 
shrouded  fan. 

In  the  next  Section  two  exceptional 
cases  of  flutter  are  treated  in_which  the 
presence  of  shock  waves  is  of  transcen¬ 
dent  importance.  Following  that  treat¬ 
ment  the  remainder  of  this  Chapter  will 
be  devoted  to  stall  flutter  as  ordinarily 
defined. 

CHOKE  FLUTTER  AND  SUPERSONIC  STALL 
FLUTTER 

Choke  Flutter 

This  type  of  flutter  (alt.  choking 
flutter,  choked  flutter)  occurs  in  Region 
II  near  the  choke  line  on  a  typical 
compressor  operating  map  (see  Figure  1  of 
the  first  chapter).  It  is  associated  with 
incidence  and  passage  area  schedules  such 
that  a  choked  throat  is  formed,  followed 
by  a  passage  shock  downstream  of  the 
throat.  With  relative  motion  of  adjacent 
blades  the  shock  becomes  nonstationary. 
The  subsequent  mechanism  of  the  flutter 


instability  is  described  qualitatively 
in  Dowell  et.  al.,  (1978),  including 
possibly  unsteady  separation  bubbles. 

Considering  a  single  airfoil  with 
thickness  oscillating  in  a  wind-tunnel 
of  small  height,  Tanida  and  Saito  (1977) 
were  able  to  demonstrate  both  analyti¬ 
cally  and  experimentally  that  choke 
flutter  is  a  distinct  possibility, 
critically  involving  shocks  which 
fluctuate  in  position  and  strength.  The 
analysis  is  based  on  one-dimensional 
unsteady  flow  with  oscillation  limited 
to  torsion. 

An  earlier  note  by  Savkar  (1976) 
presented  an  analysis  of  the  same 
problem,  limited  however,  to  shock-free 
solution  of  the  linearized  equations  of 
transonic  flow.  In  both  these 
references  the  comparison  with  the 
cascade  is  valid  only  for  unstaggered 
cascades  at  a  m  180  deg.  Although  other 
analyses  of  this  problem  had  been  made 
previously,  also  showing  the  possibility 
of  torsional  instability  at  low  super¬ 
sonic  Mach  numbers,  this  note  presented 
the  first  solution  of  the  unsteady 
transonic  equation  for  the  windtunnel 
(i.e.,  cascade)  problem.  In  this  sense 
"transonic"  is  equivalent  to  "choked" 
since  M  »  1.0  can  be  treated  for 
sufficiently  high  oscillation  frequen¬ 
cies  . 

Micklow  and  Jeffers  (1981)  con¬ 
sidered  a  semi  -actuator  disk  representa¬ 
tion  of  phased  cascade  blade  oscilla¬ 
tions  and  developed  a  choke  flutter 
analysis.  Since  one-dimensional  channel 
flow  connected  the  upstream  and  down¬ 
stream  flow  fields  it  was  possible  to 
consider  flutter  modes  not  only  with 
flexure  but  with  pitching  components  as 
well.  The  method  of  solution  limited 
the  interblade  phase  angle  to  j  ■  t  90*. 

Tang  and  Zhou  (1983)  used  a  finite 
difference  method  to  solve  the  perturba¬ 
tion  equations  of  an  oscillating  stag¬ 
gered  cascade  with  finite  blade  thick¬ 
ness  and  arbitrary  interblade  phase 
angle.  The  assumed  flutter  mode  was 
confined  to  flexure. 

In  accuracy  these  choke  flutter 
analyses  might  be  expected  to  improve 
with  year  of  publication.  Since  the 
possibility  of  flow  separation  is  not 
admitted  in  any  of  these  models,  they 
are  most  applicable  to  low  values  of 
steady  incidence.  As  noted  in  other 
Chapters  of  this  Manual  there  continues 
to  be  a  trend  in  unsteady  cascade  aero¬ 
dynamics  to  treat  finite  thickness, 
transonic  flow  with  moving  shock  waves 
of  variable  strength.  The  analytical 
treatment  of  choke  flutter  in  a  middle 
stage  represents  a  point  in  this  para¬ 
meter  space  corresponding  to  the  stage 
operating  at  or  near  its  choke  line. 
(In  a  multistage  compressor  this 
may  not  correspond  precisely  to  the 
choke  line  for  the  compressor  as  a 
whole).  The  choke  flutter  mechanism  is 
comparable  to  stall  flutter  in  the  sense 
that  both  phenomena  are  induced  by  large 
flow  and  loading  anomalies,  or  non- 
linearities,  controlled  predominantly  by 
the  time-dependent  relative  position  of 
adjacent  blades.  Classical  flutter,  by 
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comparison,  depends  to  a  yreater  extent 
on  the  relative  vibratory  velocity  of  the 
cascaded  airfoils.  It  is  probable  that 
the  two  phenomena  can  merge,  or  coexist, 
so  that  shock  waves  begin  to  play  a  role 
in  stall  flutter  and  conversely  flow 
separation  is  induced  by  periodic  shock 
movement,  with  shock-wave  boundary-layer 
interaction  and  "shock  stall". 

Experimental  documentation  of  choke 
flutter  is  contained  in  Ellis  et.  al., 
(1978),  Lubomski  (1979),  Jutras  and 
Stallone  (1980)  and  Lubomski  (1981).  The 
mode  is  usually  flexure  but  may  also  be  a 
coupled  mode  involving  some  torsion.  In 
this  sense  the  early  torsional  theories 
and  supporting  wind  tunnel  experiments 
were  not  capablo  of  demonstrating 
flexural  choke  flutter  stemming  from  the 
restrictions  of  the  analyses  and  design 
of  the  experimental  apparatuses.  For 
this  reason  the  method  of  Tang  and  Zhou 
(1983)  is  recommended  since  they  assume  a 
flutter  mode  in  flexure. 

What  is  ultimately  needed  is  an 
extension  to  cascaded  airfoils  of  the 
methods  used  for  computing  unsteady 
transonic  flow  over  isolated  airfoils 
using  the  full  Navler-Stokes  equations 
and  including  the  possibility  of 
capturing  shocks  of  variable  strength  and 
position.  Verdon  and  Caspar  (1984)  are 
in  the  process  of  developing  such  a 
method,  but  restricted  to  inviscid  flow. 
Most  likely  analyses  of  this  type  will 
prove  adequate  for  choke  flutter  and 
system  modes  instabilities.  Continuing 
to  larger  negative  incidence  values  a 
transonic  "stall"  flutter  may  occur  once 
again.  For  this  regime  a  return  to  the 
full  Navior-Stokeo  equations  bocomes 
necessary  in  order  to  treat  shock-induced 
separation.  Such  methods  are  currently 
undor  development  for  single  airfoilB, 
see  Chyu  and  Kuwahara  (1982). 

SUPERSONIC  BENDING  STALL  FLUTTER 

As  indicated  by  the  title,  this  typo 
of  flutter  occurs  with  a  combination  of 
high  loading  (i.e.,  near  the  compressor 
or  fan  surge  line)  and  high  relative  Mach 
number  associated  with  high  rotational 
speed.  Adamczyk  (1978)  and  Adamczyk  et. 
al.,  (1982)  have  developed  an  actuator 
disk  quasieteady  analysis  in  two-dimen¬ 
sional  flow  for  supersonic  bending 
flutter  and  have  achieved  considerable 
success  in  predicting  the  relative 
instability  in  several  supersonic  fans. 
Rotor-loss  and  deviation-angle  cor¬ 
relations  are  obtained  for  NASA  trans¬ 
sonic  compressor  correlations  (M  <  1.15) 

and  together  supply  the  effect _ of  flow 

separation  or  "stalling"  behavior  in  the 
model . 

These  incremental  stagnation  pressure 
and  flow  angle  changes  are  applied  down¬ 
stream  of  the  actuator  disc,  the  upstream 
flow  being  irrotational .  By  its  nature 
an  actuator  disc  model  cannot  predict 
unsteady  moments,  hence  only  flexural 
flutter  may  be  analysed.  Since  blade 
bending  (in  two  orthogonal  directions)  is 
observed  in  this  regime  this  limitation 
of  the  analysis  is  not  a  detraction 
although  the  model  would  fail  to  yield  a 
prediction  for  torsional  flutter  where 
this  mode  of  instability  was  physically 


possible.  However,  since  the  supersonic 
bending  stall  flutter  may  be  expected  to 
occur  in  unahrouded  fan  (and  possibly  in 
free-standing  axial  flow  turbine)  blades 
at  fairly  low  reduced  frequencies,  the 
limitations  of  quasisteady  actuator  diBc 
analysis  are  not  entirely  debilitating. 

The  existence  of  this  type  of  stall 
flutter  is  corroborated  experimentally 
by  Loiseau  and  Maquennehan  (1976)  and 
seems  to  require  a  detached  leading-edge 
bow  shock  wave  which  spans  the  passage 
to  the  suction  surface  of  the  adjacent 
blade  (compressor  convention).  Its 
prediction  is  best  performed  using  the 
method  of  Adamczyk  et.  al.,  (1982). 

STALL  FLUTTER 

Nonlinear  Phenomena 

As  contrasted  with  classical  flutter 
(i.e.,  flow  attached  at  all  times)  the 
mechanism  for  net  energy  transfer  from 
the  airstream  to  an  oscillating  blade 
need  not  rely  on  elastic  and/or  aero¬ 
dynamic  coupling  between  two  modes,  nor 
upon  a  phase  lag  between  a  displacement 
and  its  aerodynamic  reaction.  These 
latter  effects  are  necessary  in  a 
linear  system  tc  account  for  an  air- 
stream  doing  positive  work  on  a 
vibrating  blade.  The  essential  feature 
of  stall  flutter  is  tha  nonlinear 
aerodynamic  reaction  t.c  che  motion  o? 
the  blades.  Coupling  and  phase  lag  may 
alter  the  results  somewhat;  the  basic 
instability  mechanism  and  its  principal 
features  are  explicable  in  terms  of 
nonlinear  normal  force  and  moment 
characteristics.  See  Chapter  5  in 
Dowell  et.  al . ,  (1978). 

In  that  reference  it  is  shown  that 
analysis  of  stall  flutter  of  an  isolated 
airfoil  based  on  purely  theoretical 
considerations  is  not  quantitatively 
useful.  Nonetheless  such  an  analysis  is 
instructive,  an  d  illuminates  the 
mechanism  of  instability. 

For  plunging  displacement  of  a 
two-dimensional  "typical  section"  it  is 
assumed  that  the  static  normal  force 
coefficient,  C,  including  penetration 
well  into  the  stall  regime  is  given  by  a 
polynomial  approximation  in  powers  of  A 

n 

C  ■  l  a(n,  a)An 

where  A  is  the  instantaneous  departure 
from  the  steady  state  value  of  angle  of 
attack.  A  is  attributable  to  the 
plunging  velocity  acting  normal  to  the 
onset  flow.  The  mean  angle  of  attack  is 
a  .  Assuming  that  the  single-valued 
static  characteristic  of  normal  force 
versus  angle  of  attack  continues  to  be 
operative  in  the  dynamic  application, 
the  work  per  cycle  done  by  this  force 
acting  on  the  displacement  may  be 
calculated  and  is  given  by 

p  .  £  p  v3  b  (  A(wY/V)2  +  B[(wY/V)2]2 

♦  D[(uY/V)2]3  ♦  .  .  .  ) 

The  constants  A,B  and  D  depend  on 
a  through  the  a-coefficients  of  the 
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0-characteristic,  p  is  the  fluid 
density,  V  is  the  velocity,  u  is  the 
plunging  frequency  and  Y  is  the 
amplitude  of  the  bending  displacement, 
y.  The  cubic  dependence  of  P  on  V 
is  a  natural  consequence  of  the  dimen¬ 
sions  of  power,  or  work  per  unit  time. 

In  general  A  ,  D  and  D  individually 
may  be  either  positive  or  negative.  The 
eight  sign  combinations  are  of  funda¬ 
mental  interest  in  describing  possible 
stall  flutter  behavior.  These  cases  have 
been  sketched  in  Figure  la,  excluding 
the  case  of  A,  B  and  D  being  all  negative 
since  this  does  not  lead  to  flutter. 

Cases  i  and  ii  are  examples  of  "soft" 
flutter;  given  an  airstream  velocity  V 
and  mean  incidence  a  such  — as  to 
produce  values  of  A  ,  B  and  D  correspond¬ 
ing  to  cases  i  or  ii,  the  vibratory 
amplitude  of  flutter  grows  smoothly  from 
zero.  In  case  ii  the  amplitude  of  stall 
flutter  reaches  a  steady  value  and  does 
not  increase  further.  In#  either  case  i 
or  ii  a  plot  of  y  versus  y/u  with  time  as 
a  parameter  produces  a  "trajectory"  of 
the  “characteristic  point"  that  is  a 
spiral  departing  from  the  origin  at  t  = 
0.  In  case  ii  the  spiral  asymptotically 
approaches  a  circle  for  very  large  time. 
In  the  language  of  nonlinear  mechanics 
the  circular  path  is  a  "limit  cycle"  and 
hence  most  instances  of  stall  flutter  may 
be  termed  limit  cycle  vibrations. 

Cases  iii  and  iv  describe  a  type  of 
behavior  termed  "hard  flutter".  In  these 
cases  when  flutter  appears  as  a  self- 
sustaining  oscillation,  the  amplitude 
jumps  to  a  large  finite  value.  In  case 
iv  the  motion  spirals  to  u  circular  limit 
cycle  at  a  larger  stable  amplitude  #in 
the  phase  plane  (i.e.,  the  y  ,  y/w 
plane).  If  the  limit  cycle  is  unstable, 
labelled  U  on  Figure  la,  the  slightest 
perturbation  from  an  initially  purely 


circular  path  will  result  in  monotonic 
spiralling  away  either  to  a  larger  or 
smaller  radius.  The  examples  of  stable 
limit  cycles  are  labelled  S  .  The 
origin  is  either  stable  (hard  flutter)  or 
unstable  (soft  flutter).  It  is  a  theorem 
in  nonlinear  mechanics  that  the  con¬ 
centric  circular  limit  cycles  of  a  given 
system  are  alternately  stable  and  un¬ 
stable.  See  case  v. 

For  torsional  flutter  the  analysis  is 
more  complex  since  the  upwash,  propor¬ 
tional  to  the  local  effective  angle  of 
incidence,  is  compounded  from  the  in¬ 
stantaneous  angular  displacement  pluB  the 
instantaneous  tangential  velocity  in  a 
direction  normal  to  the  chord.  The  first 
effect  is  independent  of  chordwise  loca¬ 
tion;  the  second  is  linearly  dependent 
upon  the  distance  along  the  chord  from 
the  elastic  axis  and  the  angular  velocity 
of  vibration.  Both  incidence  components 
vary  harmonically  with  the  flutter  fre¬ 
quency  and  are  in  quadrature  with  each 
other . 

As  a  result,  in  the  analogous 
modeling  of  torsional  stall  flutter 
(Dowell  et.  al.,  1978)  a  key  difference 
emerges  when  compared  with  bending 
flutter;  an  aerodynamic  moment  appears 
which  is  out  of  phase  with  the  angular 
velocity  of  pitch.  Torsional  stall 
flutter  is  therefore  found  to  be  a  more 
complex  phenomenon,  with  a  greater 
sensitivity  to  the  time  lag  between  the 
oscillatory  motion  and  the  periodic 
aerodynamic  moment  considered  as  the 
response.  Furthermore,  torsional  flut¬ 
ter  exhibits  a  strong  dependence  on  the 
effective  position  of  the  axis  of 
twist. 

In  qualitative  terms  it  is  concluded 
that  the  behavior  in  torsional  flutter 
is  intermediate  between  quasisteady 
behavior  and  a  type  of  behavior  typical 


I)  A,  B  &  D  all  positive 
Ii)  A>0,  B^O,  D<0 
iU)  A<0,  B£0,  D>0 


Fig.  la  Aerodynamic  Power  as  a  Function  of  Amplitude  of  Flutter  Motion. 
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of  bending  stall  flutter,  i.e.,  critical 
dependence  on  the  local  slope  of  the 
moment  characteristic. 

The  ability  to  predict  the  flutter 
amplitude  or  flutter  stress  stems  from 
the  nonlinear  nature  of  stall  flutter. 
By  contrast,  in  linearized  formulations 
of  the  flutter  problem  only  the  stabi¬ 
lity  boundary  may  be  determined.  The 
condition  for  constant  flutter  amplitude 
is  that  the  work  per  cycle,  or  power,  be 
null.  Finding  the  roots  of  the  equation 
l’  =  0  yields  the  dimensionless  flutter 
amplitude  ouY/V  as  a  function  the  mean 
incidence  a  since  the  "constants"  A,  B 
and  D  are  parametric  functions  of  a  . 
A,  B  and  D  depend  on  the  point  of  the 
C-character istic  chosen  for  expansion  in 
polynomial  of  powers  of  (wY/V)2  .  in 
Figure  lb  hard  and  soft  flutter 
amplitudes  are  displayed  as  presumed 
functions  of  the  mean  incidence,  a 
Hard  flutter  displays  a  sudden  jump  to 
finite  amplitude  as  a  achieves  a 
critical  value  and  "quenches"  at  another 
lower  absolute  value  of  a  .  The  two 

features  taken  together  produce  the 
characteristic  hysteresis  loop  indicated 
by  the  arrows. 

Motion  in  a  third  degree  of  freedom 
is  practically  important.  Oscillatory 
surging  of  the  blade  profile  in  the 
chordwise  direction  can  be  related  to  a 
nonlinear  behavior  of  the  aerodynamic 
drag.  Although  blades  are  locally  very 
stiff  structurally  in  the  chordwise 
direction,  the  drag/surging  mechanism 
will  nonetheless  be  of  importance  for 
highly  twisted  blades  where  the  local 
surging  displacement  will  be  a  con¬ 
sequence  of  the  radial  distribution 
of  twist  and  the  radial  distance  from 
the  flexural  node.  The  coupling  between 
vibratory  surge  displacements  and  the 
drag  (rotor-loss  mechanism)  has  been 
considered  in  the  earlier  reference  to 
supersonic  bending  stall  flutter 

(Adamczyk,  1978).  Under  these  circum¬ 
stances  stall  flutter  with  several 
degrees  of  freedom  may  occur.  The 
assumption  of  a  system  mode  that  couples 
bending-bending-torsion  in  a  prescribed 
fashion  is  an  example  of  stall  flutter 
with  multiple  modal  components. 


A  deficiency  in  the  expository 
theory  outlined  here  is  the  absence  of 
frequency  dependence  in  the  aerodynamic 
normal  force,  moment  and  drag  character¬ 
istics,  e.g.,  the  C-characteristic  in 
the  bending  flutter  example.  The  actual 
characteristics  may  also  be  double¬ 
valued,  having  two  different  magnitudes 
at  the  same  angle  of  incidence  depending 
upon  the  direction  of  approach.  The 
moving  shock  waves  discussed  in  the  role 
of  Mach  number  are  one  cause  of  such 
dynamic  hysteresis. 

The  greatest  deficiency  in  this 
immediate  discussion  of  stall  flutter  is 
the  fact  that  the  cascade  environment  has 
been  neglected.  Cascaded  airfoils  stall 
differently  from  a  single  airfoil,  not 
only  because  of  the  channeling  influence 
of  adjacent  blades,  but  also  due  to  the 
strong  variation  of  aerodynamic  inter¬ 
ference  with  interblade  phase  angle,  o  . 
The  experimental  quasisteady  moment  loops 
obtained  at  stall  with  different  a  by 
Sisto  and  Ni  (1972)  demonstrate  the 
effect  of  cascading  on  stall. 

EMPIRICAL  CORRELATIONS 

The  earliest  experimental  identifi¬ 
cation  of  turbomachinery  stall  flutter 
(Shannon,  1945)  was  in  a  World  War  II 
axial  compressor  and  occurred  in  the 
fundamental  bending  mode  of  the  canti¬ 
lever  rotor  blading.  Although  torsional 
mode  flutter  also  appeared  with  sub¬ 
stantially  lower  stresses,  the  early 
experience  seems  to  have  been  pre¬ 
dominantly  in  flexure  (Pearson,  1953). 
Later,  as  typical  cantilever  aspect  ratio 
increased,  blade  thickness  decreased  and 
the  center  of  twlBt  moved  toward  the 
trailing  edge,  the  torsional  mode  became 
flutter-prone  at  high  incidence. 

In  cither  fundamental  flexure  or 
twist,  the  earliest  attempt  at  flutter 
correlation  for  economy  of  testing  and 
for  subsequent  application  to  design 
consisted  in  plotting  incidence  versus 
relative  velocity  at  constant  levels  of 
flutter  stress  from  experimental  data. 
By  assigning  a  threshold  value  of 
alternating  root  stress  for  flutter  to  be 
present,  one  of  these  stress  contours 
became  the  flutter  boundary.  Instead  of 
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velocity  the  nondimensional  reduced 
velocity,  V/(djc/2)  ,  provided  a  more 
compact  correlation.  Tho  tests  were 
usually  conducted  with  single  stage  rigs 
and  the  aerodynamic  data  set,  V  and  a, 
were  usually  measured  or  inferred  at  a 
representative  station  at  80%  span,  or 
thereabouts,  of  the  free-standing  rotor 
blades.  In  addition  to  aerodynamic 
variables,  tho  critical  flutter  condition 
is  affected  by  a  host  of  geometric 
parameters  such  as  stagger,  solidity, 
profile,  fixity  (or  structural  restraint) 
and  their  radial  variations.  It  is  clear 
therefore  that  a  data  base  from  which  one 
would  hope  to  predict  the  flutter 
bohavior  of  a  completely  new  stage  design 
is  too  largo  to  be  economically  or 
physically  feasible.  The  result  was  that 
tho  actual  data  bases  were  much  more 
modest  and  their  use  was  confined  to 
qualitative  estimates  of  expected 
behavior  of  stages  thnt  were  not  too 
radically  different  from  previously 
tested  configurations. 

The  earliest  "design  rules"  were 
statements  that  the  reduced  velocity 
based  on  the  semichord  should  -be  kept 
below  1.25  using  the  torsional  frequency 
and  below  5  or  6  in  flexure.  In  these 
rules  there  was  the  implicit  assumption 
that  the  flutter  frequency  was  equal  to 
the  natural  frequency  of  the  blade 
(accounting  for  centrifugal  stiffening 
if  the  blade  was  rotor-mounted).  Since 
blade  maos  ratios  were  high  and  observed 
flutter  frequencies  were  close  to  the 
natural  frequencies,  this  was  a 
reasonable  assumption.  Later  versions 
of  tho  dosign  rules  added  correlations 
with  respect  to  design  pressure  ratio  of 
the  stage,  solidity,  etc..  However, 
these  wore  all  ompirical  results,  in 
most  instances  proprietary,  and,  in  any 
event,  not  valid  for  extrapolation  to 
now  conditions. 

In  Figure  2  a  typical  single  stage 
experimental  correlation  is  presented. 


V 
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An  important  ubo  of  these  data  is  the 
implicit  suggestion  they  contain  for 
corrective  design  changes.  If  a 
compressor  is  built  and  encounters  stall 
flutter  in  a  particular  front  stage,  it 
will  usually  be  beneficial  if  the 
stage's  operating  line  can  be  lowered 
and/or  moved  to  the  left  by  changes 
external  to  the  rotor  itself,  e.g., 
guide  vane  or  throttle  schedules.  By 
the  same  token  on-rotor  modifications 
such  as  increasing  the  natural  frequency 
by  changing  the  blade  material  will  move 
the  value  of  V/(uc/2)  toward  lower 
stall  flutter  stress. 

Figure  3,  taken  from  Carter  and 
Kilpatrick  (1957),  shows  the  experi¬ 
mentally  obtained  stage  pressure  rise 
and  stator  flutter  stress  in  bending 

plotted  against  the  flow  coefficient  in 
a  single  stage  compressor.  The  correla¬ 
tion  of  high  stall  flutter  stress  with 
blade  stall  (as  defined  by  peak  stage 
pressure  rise)  is  dramatic.  Since 
incidence  and  flow  coefficient  are 
inversely  related,  th 1  critical 

dependence  of  stall  flutter  on  operating 
near  or  above  the  "stalling  incidence" 
is  clearly  demonstrated.  Some  mention 
should  be  made,  particularly  in  annular 
cascades,  that  the  stalling  incidence 
measured  or  inferred  from  low  response 

instrumentation  may  mask  the  fact  that 
the  flow  velocity  vector  is  fluctuating 
rapidly  between  "unstalled”  and  "fully 
stalled"  values?  the  stage  may  be  in  a 
rotating  stall  condition. 

In  this  early  experience  the  flutter 
mode  was  usually  fundamental  bending, 
the  amplitudes  were  modulated  with 
apparent  randomness  and  non-identical 
frequencies  of  adjacent  blades  were 
observed.  At  high  stress  amplitude,  or 
alternatively  when  the  flutter  was  pre¬ 
dominantly  torsional,  the  frequencies 
would  lock  into  a  common  value  and  then 
unique  interblade  phase  angles  could  be 
defined . 


Increasing 

stress 


Blade  Incidence 


Fig.  2  Experimental  Stall  Plutter  Stress  Contours  on  a 
Plot  of  Incidence  Versus  Reduced  Velocity 
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It  is  most  likely  that  the  axial 
compressor  designs  whose  behavior  has 
been  characterized  above  are  subjected 
to  a  form  of  buffetting  at  high 
incidence.  The  turbulent,  separated 
wakes  of  these  low  solidity  front  stages 
give  rise  to  a  blade  normal  force  which 
contains  sufficient  energy  content  at 
the  blade  bonding  frequency  for  each 
blade  to  resonate  at  its  own  natural 
frequency  value.  At  somewhat  higher 
blade  bending  amplitude,  or  alternative¬ 
ly  if  the  torsional  mode  was  selected,  a 
"locking  in"  of  shedding  and  oscillation 
frequencies  occurs  for  the  entire  an¬ 
nular  cascade.  This  nonlinear  effect  of 
"entrainment  of  frequency"  represents 
the  threshold  of  true  stall  flutter.  The 
torsional  behavior  is  more  descriptive  of 
modern  designs  and  the  increased 
coherence  of  the  vortex  shedding  of 
adjacent  blades  is  also  enhanced  by  the 
smaller  blade  spacing  (high  solidity)  of 
these  designs.  The  trend  in  compressor 
airfoil  sections  toward  more  rearward, 
maximum  thickness  and  maximum  camber  has 
the  effect  of  displacing  the  elastic  axis 
(or  torsion  center)  toward  the  trailing 
edge.  In  almost  every  variety  of  flutter 
it  has  been  found  that  this  trend  is  de¬ 
stabilizing.  A  particularly  clear  ana¬ 
lytical  exposition  of  the  effect  of 
torsion  center  location  for  a  fully 
separated  flow  about  a  single  airfoil 
appears  in  Natesh  (1967).  ___ 


FI XXJ  COEFFICIENT  AT  ItILET  TO  ROTOR  (V  /U  ) 
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Flutter  Stresses  and  Aerodynamic  Performance 
Recorded  In  Single-stage  Compressor  Tests 

Pressure  rise  measured  from  Inlet  to  rotor 
to  exit  from  stator. 

Speed,  r.p.m. :  A  7,500.  «  15,000. 

•  10,000.  ♦  17,500. 

O  12,500.  »  20,000. 


SEPARATED  FLOW  MODELS 

A  number  of  attempts  have  been  made 
to  capture  the  essential  features  of 
unsteady  stalled  flow  starting  from  free- 
streamline  theory  (Helmholtz  or  Kirchhoff 
Flow),  in  these  two-dimensional  incom¬ 
pressible  models  there  are  usually  one  or 
more  parameters  that  are  supposedly  to  be 
supplied  by  correlation  with  key  experi¬ 
ments.  Usually  these  parameters  will 
relate  to  the  movement  (or  non-movement) 
of  the  separation  and  reattachment  points 
on  the  profile,  or  closure  of  the  regions 
of  separation.  The  implication  is  that 
in  applying  the  theory  to  a  new  design 
situation  the  constants  are  to  be 
supplied  by  the  geometric  and  aero¬ 
dynamic  parameters  of  that  design  as  they 
appear  in  the  correlation. 

A  substantial  number  of  single  air¬ 
foil  investigations  and  results  are  not 
discussed  here  because  of  the  strong 
indication  that  cascading  is  the  pre¬ 
dominant  controlling  parameter  in  turbo¬ 
machine  stall  flutter.  A  brief  summary 
of  the  earliest  cascade  solution  (Sisto, 
1967)  is  given  here  in  order  to  demon¬ 
strate  the  type  of  assumptions  found  to 
be  necessary  in  order  to  produce  a 
tractable  model . 

Considering  incompressible  flow  about 
a  two-dimensional  cascade  of  flat  plate 
airfoilB,  the  minimal  empiricism  neces¬ 
sary  relates  to  the  shape  of  the  separa¬ 
tion  streamlines  and  the  (assumed 
constant)  pressure  within  the  separated 
region  downstream  of  each  airfoil  formed 
by  theses  streamlines.  In  turn,  the 
simplest  specification  is  that  the 
separation  streamlines  emanate  from  the 
leading  and  trailing  edges  of  each 
profile  and  that  the  pressure  within  the 
separated  "wake",  including  the  complete 
suction  side  of  each  airfoil,  is  equal  to 
the  upstream  static  pressure.  Since  the 
wake  boundaries  are  assumed  in  the  model 
to  extend  indefinitely  far  downstream, 
this  wake  configuration  is  tantamount  to 
assuming  a  zero  steady  incidence  and  an 
infinitesimally  thin  wake.  That  the 
magnitude  of  the  steady  wake  pressure 
may  prove  to  be  incorrect  is  of  little 
direct  concern  since  the  unsteady  lift 
and  moment  acting  on  the  profiles  is 
sought.  Of  greater  concern  are  the 
assumptions  of  constancy  of  that 
pressure  and  of  zero  mean  incidence. 

With  the  previous  set  of  simplifying 
assumptions  the  cascade  appears  as 
depicted  in  Figure  4a.  The  wakes  are 
reduced  to  semi-infinite  slits,  the 
pressure  surface  of  each  foil  coinciding 
with  the  lower  edge  of  the  local  slit, 
and  the  suction  surface  of  each  foil 
lying  within  the  slit  but  not  touching 
it.  With  mean  mainstream  velocity  and 
pressure  U,P  and  perturbations  u,  v 
and  p  ,  the  Euler  equations  reduce  to 
the  Laplace  equation  for  the  accelera¬ 
tion  potential,  or  pressure  function 

<(>(x,y,  t )  -  -  p(x,y,  t)/p 


, 


Mean  air  density  at  inlet  to  stator 
0.0706  lb.  per  ru.lt. 

Fig.  3  Dependence  of  Flutter  Stress  on 
Stage  Pressure  Rise  Coefficient 
(Carter  &  Kilpatrick,  1957) 


The  boundary  conditions  are  mixed r  on 
the  suction  surface  of  each  profile 
i  m  0,  whereas  the  upwash  satisfies 

vn(x, )  -  DYn/9t  +  U  9Yn/9X 


on  the  pressure  surface.  The  subscript 
»  refers  to  the  nth  airfoil  and  Yn 
is  its  displacement  normal  to  its  chord. 

The  method  chosen  for  the  solution 
makes  use  of  the  complex  function  W  =» 

♦  i  and  a  conformal  transformation  of 
the  domain  from  z  “  x  +  iy  to  c  “  C  + 
i  i>  such  that  the  entire  region  exterior 
to  the  3lits  in  the  z-plane  is  mapped 

onto  the  upper  half  of  the  5 -plane. 
Figure  4b  shows  that  the  images  of  the 
wake  boundaries  and  the  foil  chords  lie 
on  the  real  axis  ir.  the  5 -plane  in  a 

periodic  array  with  period  2«  and  with 
the  leading  edge  of  the  zeroth  foil  at 
the  origin. 

The  boundary  and  side  conditions  may 
now  be  listed. 

i)  The  pressure  being  zero  in  the 
wake  requires 

$  “  0  for  n  ■  0, 

2nn  <  F,c  <  (2n  +  2 )  rr  -  F.c 

where  f,c  is  the  absolute  chord- 

length  in  the  t-plane. 

ii)  The  upwash  boundary  condition 
stated  in  the  z-plane  is 

v  =  3Yn/3t  +  U3Yn/3x  for  y  ■«  ns  cosfl  and 
ns  sine  <  x  <  c  +  ns  sing. 

iii)  Replacing  the  perturbation  pres¬ 
sure  by  $  in  the  Euler  equa¬ 
tion  results  in  ~~" 

3*/3y  -  (3/3t  +  U  3/3x)2  Yn 

on  the  same  intervals  as  the 
second  boundary  condition. 

I 

iv)  The  requirement  that  tho  pres¬ 
sure  perturbations  approach  zero 

at  great  distances  from  the  cas¬ 

cade, 

lim  W  »  0, 
ri  ♦  • 

v)  and  tho  satisfaction  of  tho  Kutta 

condition 

W(z)  finite  for  z  «  c  +  ins  exp(-ig) 

completes  the  statement  of  the  boundary 
and  side  conditions.  Harmonic  time 

dependence  is  assumed  of  the  form 

<7 
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*  (5*  n.  t)  -  4(e»  n)  exp ( jut ) ,  etc. 

where  the  barred  quantity  may  he  j- 
complex*  to  account  for  phase  dif tr.r.  mces 
and  u  is  the  common  frequency  of  all 
blade  motions.  A  further  assumption  of 
constant  interblade  phase  angle,  o  > 
between  the  motion  of  adjacent  blades 
then  takes  the  form 

4(C,  n»  t)  «  *  (F,  +  2nn ,  n»  t  +  no/u) 
Yn(t)  -  Y0(t)  exp(jno) 

Subsequent  modification  to  account  for 
finite  thickness  of  blade  and  wake 
provided  good  correlation  with  low  speed 
stall  flutter  experience  (private  com¬ 
munication  from  DDA  Division  of  G.M.). 

This  model  was  extended  by  Perumal 
(1976)  to  include  a  fixed  point  of 
separation  on  the  suction  surface,  not 
necossarily  at  the  leading  edge.  Yashima 
and  Tanaka  (1977)  considered  a  thick, 
fully  separated  region  of  constant  shape 
and  obtained  the  unsteady  pressures  as  a 
perturbation  about  the  steady  flow  solu¬ 
tion  . 

Chi  (1980)  reformulated  the  problem  in 
terms  of  two  simultaneous  integral  equa¬ 
tions.  By  eliminating  the  need  for  a 
conformal  transformation  it  was  thus 


-Jjr  -lx  -x  [  X  lx _  3X 

'  "  -.Tt  |  **'ic  J 


Fly.  4b  Transformed  Plane. 


*The  ‘quantities  i  »  (-l)1'1  end 
J  -  (-i)r/*  cannot  be  mlxedr  that  is 
ij  does  not  equal  -1 


possible  to  treat  subsonic  compressible 
flow.  Reasonable  predictive  agreement 
was  obtained  with  torsional  stall  flutter 
data  from  a  high  speed  fan  experiment. 
Were  this  work  to  be  extended  to  include 
moving  in-passage  shock  waves  and  time 
dependent  separation,  it  would  constitute 
the  needed  analysis  for  transonic  stall 
flutter  alluded  to  earlier  in  this 
chapter . 

Attempts  to  treat  moving  separation 
points  ir  cascades  have  so  far  not  met 
with  success.  The  single  airfoil  with 
suction  surface  open  separation  has  been 
reported  by  Sisto  and  Perumal  (1974)  and 
the  leading  edge  separation  bubble  with 
time  dependent  reattachment  is  reported 
in  Tokcl  and  Sisto  (1978).  Although  the 
aerodynamic  reactions  resulting  from 
these  analyses  display  some  validity  with 
respect  to  experimental  comparisons  (see 
Dowell  ct.  al.,  1978),  they  were  not 
extended  to  cascades  of  airfoils  stemming 
largely  from  the  difficulty  of  represent¬ 
ing  the  separation  (or  reattachment) 
point  movement  with  an  arbitrary  inter¬ 
blade  phase  angle.  (This  specific  ques¬ 
tion  is  addressed  in  the  closing  sections 
of  this  chapter.)  The  criteria  for 
periodic  boundary  layer  separation, 
gros3  flow  separation  with  local  flow 
reversal  and  the  formation  of  vortical 
structures  cannot  be  satisfactorily 
predicted  other  than  by  addressing  the 
full  Navier-Stoke3  equations  or  other¬ 
wise  recognizing  the  viscous  nature  of 
the  flow  near  the  profile  surface. 

Thus,  the  separated  flow  models 
described  above  are  qualitatively 
interesting  and  give  promise  of  being 
useful  when  the  parameters  describing 
separation  are  known  a  priori.  Ilowover, 
reliable  quantitative  results  cannot  bo 
expected  without  further  research  to 
establish  the  separated  flow  patterns 
with  more  realistic  modelling. 

RECENT  TRENDS 

MODERN  APPROACH  TO  STALL  FLUTTER 

Stall  flutter  with  entirely  subsonic 
flow  is  now  taken  to  mean  that  a  radical 
lowering  of  the  flutter  speed  with 
increasing  incidence  brings  the  critical 
speed  within  the  realm  of  attainable 
values  in  the  compressor.  The  strong 
implication  is  that  time-dependent  flow 
separation  on  the  suction  surface  is 
present.  Without  regard  to  the  location 
of  the  separation  rcgion(s)  this  fact  of 
separation  make3  it  necessary  to 
recognize  the  role  of  fluid  viscosity 
and  consider  the  full  Navior-Stokes 
equations  to  be  governing.  In  their 
most  general  form  these  equations 
recognize  unsteady  time  dependence.  For 
sufficiently  high  Reynolds  numbers  the 
onset  of  turbulent  flow,  or  transition 
tV.eroto,  is  besot  by  the  problem  of 
choosing  a  turbulence  model,  or 
turbulent  "closure".  In  order  to  bo  able 
to  solve  the  Navlor-Stokca  equations. 
7 he  flow  In  general  Is  compressible. 

These  combine!  difficulties  have  led 
investigators  to  simplify  the  computa¬ 
tion*!  problem'  in  several  respects,  fly 
confining  the  effect  of  viscosity  to  the 
neighborhood  of  the  fluid  boundaries 


(blade  surfaces)  the  boundary  layer 
equations  may  be  applied  there.  The 
flow  away  from  the  solid  surfaces  may  be 
considered  inviscid  and  then  the  "inner" 
and  "outer"  flows  are  solved  simulta¬ 
neously  with  proper  patching  conditions 
(i.e.,  proper  asymptotic  behavior  for 
the  inner  flow).  Normally  the  unsteady 
boundary  layer  equation  is  solvable 
provided  the  time  dependence  of  the 
outer  flow  is  specified;  i.e.  pressure 
and  velocity  at  the  outer  edge  of  the 
boundary  layer. 

This  level  of  simplification  has  not 
proven  to  be  sufficient  to  yield  a 
tractable  system  of  governing  equations 
for  cascades  with  appreciable  unsteady 
flow  separation.  More  recently  so- 
called  vortex  methods  are  beginning  to 
be  used  to  model  two-dimensional  un¬ 
steady  cascade  flows  with  the  effect  of 
viscosity  confined  to  the  boundaries  and 
to  the  diffusion  of  discrete  vortices. 
As  yet  these  methods  have  not  been 
applied  to  the  flutter  situation  where 
the  boundaries  are  executing  small 
harmonic  displacements. 

Lewis  and  Porthouse  (1982)  describe 
their  vortex  method  as  one  of  calculat¬ 
ing  the  potential  flow  past  the  cascaded 
profiles  under  the  influence  of  the  mean 
flow  and  the  previously  shed  and  dis¬ 
cretized  vorticity  distributed  through¬ 
out  the  domain.  This  is  followed  by  cal¬ 
culation  of  the  drift  velocity  of  each 
free  vortex  element  in  the  field,  and 
hence  its  displacement  over  a  time  in¬ 
crement  t  .  New  elements  of  free 
vorticity  are  shed  (over  the  same  time 
increment)  from  the  separation  points. 
Viscous  diffusion  calculations  result  in 
a  random  redistribution  of  all  shed 
vortices  and  the  entire  sequence  of  com¬ 
putations  is  repeated  for  each  subsequent 
time  step.  Stemming  from  the  large 
computer  storage  requirements,  the  small 
number  (3)  of  blade  passages  studied  and 
the  limited  elapsed  time,  Lewis  and 
Porthouse  were  not  able  to  detect  flow 
periodicity  along  the  cascade,  or  jropa- 
gating  stall. 

Spalart  (1984),  using  a  similar 
vortex  method,  couples  it  to  an  integral 
boundary  layer  solver  to  determine  the 
instantaneous  separation  points,  and  with 
several  other  innovations  is  able  to 
attain  a  condition  of  propagation  of  the 
stall  zones  in  an  infinite  two-dimension¬ 
al  linear  cascade  with  periodicity 
enforced  over  each  subset  of  either  3,  4 
or  5  blades.  The  solution  displays 
moving  separation  points  with  a  definite 
interblade  phase  angle.  Thus  the 
velocity  of  propagation  is  predicted. 

In  executing  these  vortex  methods 
steps  have  to  be  taken  to  limit  the 
number  of  discrete  vortex  "blobs"  that 
can  be  tracked  on  the  finite  computation¬ 
al  domain,  although  poriodic  extension  to 
produco  an  infinite  two-dimonsional  cas¬ 
cade  does  not  pose  a  strong  limitation 
since  the  induction  functions  are  well 
known.  The  discretization  scheme  is 
important  in  limiting  this  total  number 
of  free  vortices,  as  Is  the  consolidation 
of  multiple  elements  Into  fewer  elemonta 
downstream  of  the  cascade.  Other  details 
and  cautions  may  be  found  in  the 
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references .  However,  the  indications  are 
that  the  method  is  viable  for  predicting 
periodically  stalled  flow  about  cascades 
subject,  naturally,  to  some  limitations. 
A  time  sequence  of  instantaneous  stream¬ 
lines  in  rotating  stall  is  reproduced 
from  Spalart  (1984)  as  Figure  5.  The 
stall  cell  definition  and  propagation  are 
dramatically  portrayed. 

Propagation  rates  for  an  imposed 
wavelength  along  the  cascade  can  be 
computed,  as  well  as  the  critical  in¬ 
cidence  at  which  the  instability  appears. 
Time  dependent  components  of  the  aero¬ 
dynamic  moment  and  normal  force  can  be 
calculated.  By  considering  multiple 
wavelengths  in  successive  calculations  a 
stability  criterion  could  be  developed 
relating  both  propagation  rate  and  wave¬ 
length  of  the  stall  zones  (and  hence  fre¬ 
quency  of  encounter)  to  cascade  geometry 
and  incidence. 

One  limitation  is  related  to  ac¬ 
curacy.  Since  the  smallest  turbulence 
scales  cannot  be  modelled  and  other 
approximations  must  be  introduced  to 
make  the  method  computationally 
practical,  the  precision  of  the  results 
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is  less  than  desired  for  application  to 
design.  Other  limitations  are  related 
to  assumed  flow  incompressibility  and 
two-dimensionality;  propagating  stall  in 
multi-stage  machines  is  known  to  exhibit 
strong  radial  components  of  velocity. 

However,  the  most  important  limita¬ 
tion  from  the  vantage  point  of  the  aero- 
elastician  is  thr  complete  fixity  of  the 
airfoils  comprising  the  boundary.  In 
the  vortex  methods  reported,  no  pro¬ 
vision  has  been  made  to  allow,  or 
prescribe,  vibratory  displacements. 
Although  the  present  vortex  methods  will 
have  some  validity  for  predicting  non¬ 
resonant  (low  amplitude)  vibration  due 
to  propagating  stall,  they  will  fail  to 
account  for  the  aeroelastic  coupling 
between  blade  structure  and  blade  aero¬ 
dynamics.  This  coupling  is  critical  for 
near-resonant  forcing  and  becomes 
crucial  for  predicting  stall  flutter. 

In  the  near  term  attention  should  be 
devoted  to  refining  the  vortex  method  for 
linear  cascades  to  increase  its  speed, 
efficiency  and  accuracy.  Additional 
model  features  should  be  considered  that 
have  proven  useful  in  potential. 
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Fig .  9  Streamline  Patterns  at  Four  Successive  Instants  of  Time,  Showing  Stall 
Propagation,  Computed  by  the  Vortex  Mothod  (Spalart,  1984) 


attached  flow.  (An  example  is  the  use 
of  summed  aerodynamic  modes  to  represent 
a  continuous  distribution  of  bound 
vorticity.)  Following  this  step  it  is 
necessary  to  allow  for  small  harmonic 
motion  of  the  airfoils  in  plunge/  surge 
and  pitch.  How  such  a  computational 
algorithm  could  be  incorporated  into  a 
stall  flutter  prediction  system  is 
speculative.  Several  possibilities  come 
to  mind  but  these  are  best  left  to 
futuro  research. 

CONCLUDING  REMARKS 

This  exposition  of  stall  flutter, 
and  the  closely  related  phenomena  of 
choke  flutter  and  supersonic  bending 
stall  flutter,  has  been  largely 
qualitative  of  necessity.  No  purely 


analytical  method  of  description  leading 
to  completely  reliable  prediction  has 
evolved  between  1345  and  1985.  Some 
8emiempirical  methods  have  achieved 
limited  success  in  isolated  instances 
and  the  purely  experimental  methods  of 
prediction  (actually  verification)  are 
too  expensive  and  therefore  considered 
unsatisfactory.  The  effective  modus 
operandi  has  been  to  use  experimental 
correlations  as  design  criteria  followed 
by  a  development  phase  in  which  per¬ 
ceived  deficiencies  are  corrected. 

In  the  future,  with  the  development 
of  the  vortex  method  and  its  logical 
extensions,  the  engineering  aero- 
elastician  charged  with  stall  flutter 
avoidance  may  conceivably  be  more 
analytical  and  therefore  more  cost 
effective. 
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INTRODUCTION 

Under  certain  conditions,  a  blade 
row  operating  in  a  uniform  flow  field  can 
enter  into  a  self-excited  oscillation 
known  as  flutter.  The  blade  motion  is 
sustained  by  the  extraction  of  — energy 
from  the  uniform  flow  during  each  vibra¬ 
tory  cycle,  with  the  flutter  frequency 
corresponding  generally  to  one  of  the 
lower  blade  or  coupled  blade-disk  natural 
f  roquencies . 

The  outstanding  feature  of  flutter 
is  that  high  stresses  exist  in  the 
blading,  leading  to  short  term,  high- 
cycle  fatigue  failure.  Because  flutter 
is  encountered  over  a  relatively  wide 
range  of  operating  conditions,  i.e.,  a 
flutter  boundary,  it  is  a  problem  which 
must  be  solved  before  continuing  in  the 
engine  development.  The  solution  often 
involves  rotor  blade  modifications  which 
decrease  engine  performance.  Hence,  the 
design  of  flutter  free  blading  in  the 
development  of  a  gas  turbine  engine  is  a 
very  significant  problem. 

Compressor  blade  failure  due  to 
flutter  has  been  recognized  as  a  major 
problem  almost  from  the  beginning  of  the 
development  of  tho  axial  flow  compressor. 
Failures  of  turbine  blading,  on  the  other 
hand,  have  generally  been  associated  with 
aerodynamically  induced  forced  vibra¬ 
tions,  although  limited  cases  of  flutter 
in  high  aspect  ratio  aft  stage  blading  of 
power  turbines  have  occurred.  However, 
with  the  aerodynamic  performance  design 
trend  toward  higher  flow  velocities,  the 
reduced  fequency  of  turbine  blading  is 
approaching  that  of  compressor  blades. 
Also,  at  these  higher  velocities,  shocks 
arc  present  in  the  turbine  blade 
passages.  As  a  result,  the  flutter  of 
turbine  blades,  including  shock-induced 
flutter,  may  become  increasingly  impor¬ 
tant. 

Until  very  recently,  it  was  not 
feasible  to  develop  mathematical  models 
to  predict  the  unsteady  aerodynamics 
appropriate  for  the  various  flutter  flow 
regimes.  This  necessitated  the  develop¬ 
ment  of  empirical  design  systems  for 
flutter  prediction.  Tho  limited  flutter 
data  available  upon  which  to  base  these 
empirical  systems  were  acquired  —during 
exploratory  component  testing  directed  at 
measuring  aerodynamic  performance.  As  a 
result,  these  flutter  data  tend  to  be 
haphazard  and  somewhat  random  in  nature. 
If  flutter  was  encountered,  the  aero¬ 
dynamic  and  flutter  characteristics, 
including  the  incidence  angle,  wore 
determined.  Flutter  boundaries  wore  then 
established  for  each  flow  regime  by  cor¬ 
relating  the  reduced  frequency  at  a 
specific  blade  spanwise  location  with  the 


relative  Mach  number  or  the  incidence 
angle,  for  example. 

Advances  in  technology  have  required 
the  designer  to  predict  the  flutter  free 
operating  range  of  new  rotor  configura¬ 
tions  for  conditions  beyond  the  experi¬ 
ence  levels  inherent  in  available  design 
systems.  As  a  result,  flutter  is  often 
encountered  during  initial  rotor  develop¬ 
ment  testing. 

To  provide  the  designer  with  a  valid 
flutter  predictive  design  system,  two 
approaches  are  being  pursued.  One  ap¬ 
proach  involves  the  development  of 
advanced  empirical  or  semi-empirical 
design  systems,  accomplished  by  means  of 
a  systematically  obtained  extensive  flut¬ 
ter  boundary  data  bank.  The  second 
approach,  made  possible  through  the 
recent  advances  in  capabilities  for 
computational  fluid  dynamics,  involves 
replacing  the  empiricism  of  current 
design  Bystems  with  unsteady  aerodynamic 
mathematical  models  developed  from  first 
principles.  This  requires  the  acquisi¬ 
tion  and  analysis  of  unsteady  aerodynamic 
data  appropriate  for  directing  the 
development  of  these  models  as  well  as 
for  determining  their  validity  prior  to 
being  implemented  in  the  design  Bystem. 

EXPERIMENTAL  OBJECTIVES 

There  are  a  number  of  different  over¬ 
all  objectives  which  must  be  considered 
in  defining  a  flutter  experiment.  These 
include!  the  acquisition  and  analysis  of 
data  to  validate  and/or  to  direct  the 
development  of  advanced  models;  the 
generation  of  a  flutter  boundary  data 
bank;  and  the  investigation  of  new 
concepts  to  affect  the  flutter  character¬ 
istics  of  a  rotor. 

Analysis  Validation  and  Direction 

The  development  of  an  analytically 
based  design  system  is  directly  dependent 
on  the  availability  of  models  which  ac¬ 
curately  predict  the  unsteady  aero¬ 
dynamics  in  the  various  flutter  regimes. 
Thus,  detailed  data  are  necessary  to 
experimentally  determine  the  range  of 
validity  of  existing  unsteady  flow  ana¬ 
lyses  and  to  direct  the  development  of 
advanced  models.  These  data  must  be 
obtained  from  experiments  which  model  the 
fundamental  phenomena  inherent  in  turbo¬ 
machinery  flutter.  Thus,  the  parameters 
which  must  be  modeled  characterize  both 
the  steady  and  the  unsteady  flow  fields. 

A  description  of  the  steady  state 
aerodynamics  of  a  typical  inlet  stage 
compressor,  mid-stage  compressor,  and 
inlet  stage  turbine  are  described  in  the 
next  chapter  "Unsteady  Aerodynamic  Mss- 
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surements  in  Forced  Vibration  Research." 
The  steady  aerodynamic  data  of  interest 
are  the  inlet  flow  field  and  the  detailed 
blade  row  characteristics  including  the 
surface  static  pressure  distributions  and 
regions  of  flow  separation.  These  data 
are  acquired  with  standard  steady  state 
instrumentation. 

The  unsteady  data  quantify:  the 
harmonic  surface  pressure  distributions 
and  its  phase  relation  to  the  motion  of 
the  blading;  the  unsteady  aerodynamic 
lift,  moment,  or  aerodynamic  damping;  and 
the  unsteady  characteristics  of  the 
separated  flow  regions.  Dynamic  instru¬ 
mentation  used  to  acquire  these  data  in¬ 
clude  strain  gages,  light  probes,  hot- 
film  gages,  and  miniature  high  response 
pressure  transducers. 

Flutter  Boundary  Data  Bank 

The  development  of  an  advanced 
empirical  or  semi-empirical  design  system 
requires  an  extensive  and  systematically 
obtained  flutter  boundary  data  bank,  with 
operating  conditions  and  geometries 
extended  well  beyond  current  experience 
levels.  The  parameters  which  aicst  be 
considered  in  the  data  bank  include  the 
flutter  mode,  the  reduced  frequency,  the 
blade  incidence  angle  or  loading,  the 
inlet  Mach  number,  the  blade  and  cascade 
geometry,  the  surge  and  choke  margins, 
the  air  density  ratio,  and  the  tempera¬ 
ture  . 

The  primary  data  of  interest  quanti¬ 
fy  the  effect  of  these  parameters  on  the 
flutter  boundary  characteristics  in¬ 
cluding;  the  aerodynamic  operating 
conditions  at  the  flutter  boundary,  the 
flutter  frequency,  and  the  interblade 
phase  angle.  These  data  are  acquired  by 
means  of  standard  instrumentation,  in¬ 
cluding  blade  mounted  strain  gages. 

Concept  Investigations 

Now  or  advanced  concepts  for  flutter 
stability  enhancement  must  be  experi¬ 
mentally  verified  before  they  can  be 
utilized  in  an  engine  design.  Depending 
on  the  particular  concept,  the  necessary 
experiments  may  involve  the  measurement 
of  the  flutter  boundary  and/or  validation 
of  mathematical  models. 

EXPERIMENTAL  FACILITIES  AND  TECHNIQUES 

The  overall  objectives  of  the  flut¬ 
ter  research  experiment  specify  the 
appropriate  facility.  Linear  cascaded, 
stationary  annular  cascades,  and  high 
speed  rotating  rigs  have  been  widely 
utilized.  Low  speed  rotating  rigs,  al¬ 
though  used  for  forced  vibration 
research,  are  not  used  for  flutter 
experiments  because  they  offer  no 
significant  advantages  over  linear 
cascades.  The  particular  experiment 
objectives  specify  the  required  data  and, 
thus,  the  necessary  instrumentation  and 
experimental  techniques. 

Flutter  Boundary  Data  ~ 

High  Speed  Rotating  Rigs 

Full  scale,  high  speed  rotating  rigs 
Instrumented  to  establish  both  the  hseic 


aerodynamic  and  mechanical  conditions,  as 
well  as  the  corresponding  flutter 
boundaries,  provide  the  ultimate  in  flut¬ 
ter  boundary  data  as  well  as  the  final 
test  of  advanced  concepts.  However,  such 
full-scale  data  are  very  costly,  particu¬ 
larly  in  a  quantity  sufficient  to  provide 
a  minimum  data  bank.  Hence,  it  is  neces¬ 
sary  to  consider  other  than  full-scale 
test  vehicles. 


One  alternate  test  vehicle  is  a  high 
speed  scale  model  rotor.  Certainly,  the 
scale  model  rotor  flutter  boundaries  are 
appropriate  for  use  in  a  flutter  data 
bank  if  the  flutter  boundaries  correspond 
to  those  of  the  full  size  rotor.  This 
requires  the  scaling  of  the  parameters  of 
significance  to  rotor  flutter,  including 
the  reduced  frequency  and  the  steady 
aerodynamic  performance. 

To  scale  a  full  size  rotor  and  main¬ 
tain  Mach  number  similarity,  the  blading 
must  be  geometrically  consistent  with 
regard  to  blade  profile,  blade  angles, 
solidity,  and  spanwise  thickness-to-chord 
ratios.  If  the  model  and  the  prototype 
operate  under  identical  inlet  conditions 
in  the  same  working  fluid,  then  the 
relationships  presented  in  Table  1  are 
maintained.  As  indicated,  maintaining 
Mach  number  similarity  results  in  a  lower 
Reynolds  number  for  the  model.  However, 
as  long  as  the  Reynolds  number  is  on  the 
order  of  200,000  or  greater,  no  signifi¬ 
cant  losses  result.  Also,  the  aero- 
elastic  characteristics  of  the  full  size 
and  model  blading  should  be  identical  aB 
the  reduced  frequency  is  unaltered  by  the 
scaling. 


Parameter 

Full-Size 

Prototype 

Scale  Model 

Corrected 

Mass  Flow 

wc 

,  2 
wc/R 

Rotor  Speed 

N 

N-R 

Blade  Chord 

C 

C/R 

Blade 

Thickness 

T 

T/R 

Blade  Span 

S 

S/R 

Blade 

Frequency 

F 

F»R 

Mach  Number 

M 

M 

Relative 

Velocity 

V 

V 

Reduced 

Frequency 

2.TT.C*F/V 

2.JT-C.F/V 

Reynolds 

Number 

Rs 

Re/R 

where  R  is  the  ecale  factor,  defined 
as  the  ratio  of  the  full-sise  to  model 
rotor  tip  diameters. 

Table  l.  Rotating  Blade  Row  Scaling 
Parameters 
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The  scaling  of  rotor  flutter  was 
experimentally  considered  by  Jay  (1975). 
The  objective  of  these  experiments  was  to 
determine  if  a  substantially  reduced 
diameter  fan  (1/5  scale  with  an  8  in. 
(20.32  cm)  diameter  model)  would  exhibit 
the  same  aeroelastic  charactertistics  as 
the  prototype  full  size  fan. 

This  model  fan  flutter  program 
demonstrated  that  excellent  correlation 
between  the  model  and  the  prototype  fan 
could  be  obtained  with  regard  to  blade 
natural  frequency,  fatigue  strength, 
blade  frequency  variation  with  rotor 
speed,  static  stress  field,  blade  un¬ 
twist,  and  aerodynamic  performance.  The 
possibility  of  using  such  a  mbdei~”lor' 
parametrically  defining  stall  flutter 
boundaries  and  creating  a  stall  flutter 
data  bank  was  also  indicated.  Both  the 
model  and  the  prototype  exhibited 
qualitatively  similar  first  torsion  mode 
stall  flutter  in  the  part  speed,  high 
loading  region  of  the  compressor  map, 
with  this  model  and  prototype  flutter 
characterized  in  terms  of  reduced  fre¬ 
quency  and  tip  Mach  number  in  Figure  1. 
However,  the  high  amplitude,  constant 
phase  torsional  stress  typical  of  the 
supersonic  flutter  found  in  the  prototype 
fan  was  not  found  in  the  model  fan. 

Linear  Cascades 

For  reasons  of  cost  and  geometric 
flexibility,  the  use  of  a  stationary 
cascade  to  parametrically  investigate 
flutter  boundaries  for  a  flutter  data 
bank  is  highly  attractive.  However,  the 
relation  between  the  flutter  boundary 
determined  from  a  stationary  cascade  and 
that  for  the  corresponding  rotor  must  be 
considered . 

The  simplest  and  most  convenient 
cascade  experiment  to  obtain  qualitative 
rotor  flutter  boundary  data  involves  the 
free  flutter  testing  of  a  two  dimensional 


linear  airfoil  cascade,  with  the  airfoils 
modeling  the  tip  section  of  the  rotor 
blading.  The  reduced  frequency  at  flut¬ 
ter  can  be  maintained  in  the  cascade. 
However,  because  free  flutter  testing  has 
no  provision  for  maintaining  a  constant 
interblade  phase  angle,  the  cascade  and 
the  corresponding  rotor  will  likely  have 
different  interblade  phasing. 

The  free  flutter  testing  of  a  linear 
cascade  of  five  airfoils  to  determine  the 
supersonic  unstalled  flutter  boundaries 
of  a  rotor  was  experimentally  investigat¬ 
ed  by  Snyder  and  Commerford  (1974).  The 
data  demonstrated  non-uniform  airfoil 
phasing  as  well  as  a  large  factor  differ¬ 
ence,  on  the  order  "  of  ’2 .5,  between" "the" 
fan  and  the  cascade  data.  This  relatively 
poor  correlation  is  attributable  to  the 
nature  of  free  flutter  testing  in  a 
finite  cascade.  In  particular,  the  first 
airfoil  is  near  to  an  isolated  airfoil 
and,  therefore,  more  stable  than  an  air¬ 
foil  in  an  infinite  cascade.  As  a  re¬ 
sult,  this  first  airfoil  does  not  set 
up  the  correct  unsteady  upstream  flow 
field  to  the  next  airfoil  in  the  cascade. 
As  this  finite  cascade  effect  progres¬ 
sively  decreases  through  the  cascade,  it 
might  be  overcome  by  utilizing  large 
numbers  of  airfoils.  However,  this  is 
not  typically  practical  in  a  linear 
cascade . 

Stationary  Annular  Cascades 

A  stationary  annular  cascade  elimi¬ 
nates  many  of  the  problems  associated 
with  using  a  finite  linear  cascade  to 
represent  a  rotor  experiencing  flutter. 
The  annular  cascade  not  only  eliminates 
the  free  flutter  interblade  phasing  and 
the  finite  cascade  considerations,  but 
also  offers  reduced  cost  and  increased 
flexibiity  as  compared  to  a  rotor.  Thus, 
it  can  be  used  to  provide  a  data  bank  for 
the  development  of  engine  flutter  design 
criteria. 
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Fig.  1.  operation  of  Model  and  Prototype  Fans  (Jay  1975) 


The  simulation  of  rotor  flutter  with 
a  stationary  annular  cascade  has  been 
addressed  by  Ellis,  Rakowski,  and 
Bankhead  11978)  and  Jutras,  Stallone,  and 
Bankhead  (1980).  This  flutter  annular 
cascade  was  conceived  on  the  basis  of 
two-dimensional  data  referenced  to  the 
8/.5U  span.  The  cascade  aerodynamics 
and,  therefore,  the  compatible  airfoil 
design,  are  not  truly  two  dimensional  due 
to  the  axisymmetric  flow  field.  The 
primary  aerodynamic  parameters  are  con¬ 
trolled  to  be  constant  over  the  outer 
airfoil  half  span.  These  include  the 
cascade  loading,  the  thickness-to-chord 
ratio,  the  airfoil  camber  and  solidity, 
the  throat  margins  and  the  incidence 
miijlu.  The  airfoil  stagger  is  varied 
along  the  airfoil  span  to  provide  the 
desired  incidence  angle,  with  the  radial 
variation  of  the  Mach  number  a  result  of 
the  facility  aerodynamics.  To  allow 
precise  tuning  of  airfoil  natural  fre¬ 
quency  while  maintaining  compatibility 
with  the  facility  flow  field,  variations 
are  present  in  the  modeling  of  the  inner 
half-span  of  the  airfoils,  primarily  the 
thickness,  chord,  and  camber. 


This  annular  cascade  exhibited  a 
wide  range  of  instabilities,  including 
choke  and  stall  flutter.  Excellent  cor¬ 
relation  was  obtained  between  the  annular 
cascade  flutter  and  that  of  the  modeled 
rotor,  as  demonstrated  in  Figure  2  in 
terms  of  Mach  number  and  incidence  angle. 

Aerodynamic  Damping  Data 

A  limitation  of  flutter  boundary 
testing  is  that  no  unsteady  data  is 
obtained  until  flutter  is  encountered. 
I f  the  blade  row  is  stable  over  the  test 
operating  conditions,  no  information 
about  the  location  of  the  flutter  bound¬ 
ary  is  obtained. 


A  method  for  the  direct  measurement 
of  aerodynamic  damping  in  stable  regions 
of  the  rotor  performance  map  was 
demonstrated  using  a  transonic  rotor 
instrumented  with  strain  gages,  Crawley 
(1982).  In  this  method,  an  upstream 
disturbance  is  created  by  the  interaction 
of  the  primary  flow  with  a  series  of 
small  jets  injected  normal  to  the  surface 
of  inlet  struts.  After  the  sharp  termi¬ 
nation  of  this  disturbance,  the  subse¬ 
quent  free  vibration  ring  down  of  the 
rotor  is  a  measure  of  the  aerodynamic 
plus  structural  damping.  Analysis  of  the 
strain  gage  data  in  terms  of  multi-blade 
modes  led  to  a  direct  measurement  of 
aerodynamic  damping  for  three  interblade 
phase  angles,  all  of  which  indicated  high 
levels  of  aerodynamic  damping. 


Analysis  Validation  and  Direction 


In  the  development  of  an  analytical¬ 
ly  based  design  system,  it  is  necessary 
to  experimentally  verify  the  unsteady 
aerodynamic  models.  The  fundamental 
dependent  variable  is  the  airfoil  surface 
unsteady  pressure  distributions.  Ideal¬ 
ly,  this  experimental  verification  pro¬ 
cess  is  accomplished  by  correlating  pre¬ 
dicted  complex  surface  unsteady  pressure 
distributions  with  analogous  data  ac¬ 
quired  on  a  rotor  blade  during  flutter. 
Such  rotor  flutter  unsteady  pressure  data 
are  difficult  and  costly  to  acquire 
because  of  the  accuracy  required  for 
model  verification  and  refinement,  and 
the  number  of  operating  conditions,  geo¬ 
metrical  configurations,  and  mode  shapes 
of  vibration,  which  must  be  investigat¬ 
ed  . 


Fig.  2.  Comparison  of  Midstage  Verification  Annular  Cascade 
Instability  Results  with  Engine  Data  (Jutras, 
Stallone,  and  Bankhead,  1900) 
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Linear  Cascades 

Two  dimensional  controlled  oscil¬ 
lating  cascade  experiments  are  the  most 
widely  used  and  accurate  means  for 
establishing  the  validity  and  directing 
refinements  of  unsteady  aerodynamic  flut¬ 
ter  models.  Cascade  experiments  provide 
increased  flexibility  as  compared  to 
rotor  investigations  in  terms  of  varia¬ 
tions  in  aero«lastic  and  flow  conditions 
as  well  as  experimental  objectives.  This 
increased  flexibility  introduces  complex¬ 
ities  in  that  the  oscillating  cascade 
must  simulate  the  significant  rotor  flut¬ 
ter  phenomena. 

The  simulation  of  rotor  flutter  with 
a  finite  two  dimensional  cascade  must  be 
carefully  considered.  In  addition  to  the 
usual  concerns  associated  with  steady 
cascade  testing,  there  are  several  ad¬ 
ditional  considerations  for  unsteady  cas¬ 
cade  flows.  Some  airfoils  in  the  cascade 
may  be  either  more  or  less  stable  than 
others.  With  a  supersonic  inlet  flow  to 
ar.  airfoil  cascade  with  a  large  stagger 
angle,  for  example,  the  bow  wave  from  the 
second  airfoil  in  the  cascade  will  not 
intersect  the  first  airfoil,  Figure  3. 
Hence,  the  first  airfoil  acts  as  an 
isolated  airfoil.  For  Mach  numbers 
greater  than  1.58,  this  "isolated"  cas¬ 
caded  airfoil  is  stable  at  all  frequen¬ 
cies  of  oscillation.  Thus,  in  this  case, 
it  is  unlikely  that  the  finite  cascade 
corresponds  to  a  section  of  an  infinite 
cascade  where  there  is  no  first  blade  and 
the  aerodynamics  and  motion  of  each  blade 
are  identical.  The  airfoil  cascade  must 
be  a  valid  representation  ~of  the 
phenomena  existing  in  the  rotor  blade 
row,  with  the  unsteady  data  obtained  at 
the  high  reduced  frequency  values  cor¬ 
responding  to  flutter  of  the  rotor. 
Ranges  of  reduced  frequency  values  of 
significance  to  rotor  flutter  are 
indicated  in  Table  2.  It  should  be  noted 
that  data  obtained  at  lower  reduced 
frequencies  and  Mach  numbers,  for 
example,  are  still  of  great  value  in  the 
assessment  of  modeling  assumptions  and 
predictions . 


Type  of  Flutter 

Reduced  Frequency 
(k  -  2TTf/V) 

Unstalled 

Supersonic  Torsion 

0.7  to  1.3 

Supersonic  Bending 

0.2  to  0.5 

Subsonic/Transonic 

Torsional  Stall 

0.4  to  1.6 

Choke  Bending 

0.3  to  0.5 

Table  2.  Typical  Flutter  Reduced 

Frequency  Ranges 

Flutter  of  rotor  blades  is  modeled, 
both  analytically  and  experimentally,  by 
considering  harmonic  cascade  airfoil 
oscillations  with  a  constant  interblade 
phase  angle.  Two  experimental  approaches 
are  utilized  to  achieve  these  controlled 
airfoil  cascade  oscillations. 

One  approach  directly  simulates  the 
flutter  aerodynamic  modeling  by  harmoni¬ 
cally  oscillating  all  of  the  airfoils  in 
the  cascade  with  a  constant  interblade 
phase  angle.  An  oscillating  centrally 
located  airfoil  in  the  cascade  is  instru¬ 
mented  to  measure  the  unsteady  airfoil 
surface  pressure  distributions,  the  un¬ 
steady  lift  or  moment,  or  the  aerodynamic 
damping.  Airfoil  cascade  driving 
mechanisms  include  bar  linkage  systems. 
Carta  and  St.  Hilaire  (1976),  cam 
arrangements,  Boldman  and  Buggele  (1978), 
and  computer  controlled  electromagnets, 
Fleeter,  et  al  (1975).  The  latter  drive 
system  is  further  considered  in  the  next 
chapter  "Unsteady  Aerodynamic  Measure¬ 
ments  in  Forced  Vibration  Research." 


Fig.  3.  Supersonic  Flow  Field  Schematic  for 
Large  Stagger  Angle  Cascade 


>  (t 


ll\e  second  approach  is  baaed  on 
measuring  the  airfoil  unsteady  forces  and 
moments,  and  the  surface  unsteady  pres¬ 
sure  distributions  using  an  influence 
coefficient  technique,  ilanamura.  Tanaka, 
and  Yamaguchi  (1980),  and  Ewins  and 
Hillary,  (1980).  This  requires  the 
oscillation  of  only  one  airfoil  in  the 
cascade,  i.e.,  only  the  center  airfoil  in 
the  cascade  is  oscillated  with  the  other 
airfoils  fixed.  The  unsteady  influence 
coefficients  are  then  determined  by 
measuring  the  resulting  unsteady  forces 
or  surface  pressure  distributions  on  all 
of  the  airfoils  in  the  cascade.  The 
unsteady  forces  or  pressure  distributions 
for  any  specified  interblade  phase  angle 
are  then  determined  from  these  influence 
coefficients  by  moans  of  vector  addition. 
Thus,  such  unsteady  data  are  equivalent 
to  the  case  whore  all  of  the  airfoils  in 
the  cascade  are  oscillating  with  an 
arbitrary  interblade  phase  angle. 

Another  consideration  is  the  un¬ 
steady  cascade  periodicity.  For  example, 
in  a  steady  cascade  flow  with  a  subsonic 
axial  Mach  number,  the  inlet  flow  condi¬ 
tions  to  any  airfoil  passage  are  deter¬ 
mined  by  the  stationary  position  and 
profiles  of  the  preceding  airfoils 
relative  to  the  undisturbed  flow  ahead  of 
the  first  airfoil,  Figure  4.  Under  this 
condition,  the  periodicity  in  the  flow 
field  of  succeeding  airfoil  passages  is 
achieved  after  a  relatively  few  airfoils. 
In  an  unsteady  flow,  however,  the  inlet 
conditions  to  any  airfoil  passage  depend 
on  both  the  position  and  the  motion  of 
the  preceding  airfoils.  Analytical  re¬ 
sults  indicate  that  the  number  of  air¬ 
foils  required  to  achieve  a  periodic  un¬ 
steady  flow  field  is  a  function  of  fre¬ 
quency,  even  if  the  motion  of  the  air¬ 
foils  is  uniform  with  a  constant  inter- 
blade  phase  angle. 

Unsteady  cascade  periodicity  in  a 
subsonic  flow  field  has  been  addressed. 
Carta  (1902).  Those  experiments  involved 
measuring  the  unsteady  pressure  along  the 
leading  edge  plane  of  a  linear  cascade  of 
eleven  airfoils  oscillating  in  torsion. 
Unsteady  cascade  periodicity  was  achieved 
over  the  range  of  parameters  considered, 
as  indicated  in  Figure  5. 


The  objective  of  the  two  dimensional 
cascade  experiment  must  also  bo  consider¬ 
ed.  For  example,  if  the  cascade  experi¬ 
ment  is  intended  to  provide  data  solely 
to  validate  analyses  and  quantify  signif¬ 
icant  unsteady  flow  features  not  analyti¬ 
cally  modeled,  then  the  cascade  geometry, 
flow  conditions,  and  reduced  frequency  do 
not  have  to  correspond  to  those  of  an 
actual  rotor,  although  it  may  be  desir¬ 
able.  It  is  only  necessary  for  the  cas¬ 
cade  experiment  to  simulate  the  assump¬ 
tions  inherent  in  the  model  and  for  the 
reduced  frequency  to  be  high  enough  so 
that  unsteady  data,  not  quasi-steady 
data,  are  obtained. 

Two  dimensional  linear  cascade  ex¬ 
periments  can  also  be  used  to  determine 
the  stability  of  a  rotor.  As  previously 
noted,  the  finiteness  of  the  linear  cas¬ 
cade  precludes  free  flutter  testing  as 
a  means  of  measuring  a  rotor  flutter 
boundary.  However,  if  the  unsteady  aero¬ 
dynamic  work  or  damping  is  measured,  not 
the  flutter  boundary,  then  the  finiteness 
problem  can  be  overcome  and  the  modeled 
rotor  stability  determined.  In  this 
case,  the  two  dimensional  cascade  experi¬ 
ment  must  model  the  significant  unsteady 
and  steady  features  of  the  rotor. 

The  unsteady  features  of  the  rotor 
can  be  modeled  using  a  driven  oscillating 
airfoil  cascade,  appropriate  instrumenta¬ 
tion,  and  data  acquired  over  a  range  of 
interblade  phase  angles.  Either  every 
airfoil  in  the  cascade  can  be  harmonical¬ 
ly  oscillated  with  the  interblade  phase 
angle  controlled  by  means  of  the  driving 
mechanism,  or  influence  coefficients  can 
be  measured  using  a  single  oscillating 
centrally  located  airfoil,  with  the 
interblade  phasing  accomplished  analyti¬ 
cally. 

In  addition  to  simulating  the  un¬ 
steady  aerodynamics  of  the  rotor  during 
flutter,  it  is  also  necessary  that  the 
experiment  closely  model  the  rotor  oper¬ 
ating  conditions  at  the  flutter  boundary, 
with  the  cascade  design  based  on  a  re¬ 
presentative  rotor  blade  section.  How¬ 
ever,  due  to  the  radius  change  and  area 
convergence  of  the  rotor,  it  is  not 
possible  to  maintain  the  inlet  and  exit 
Mach  numbers  and  flow  angles  in  the 
corresponding  two-dimensional  cascade. 


Fig.  4.  cascade  Supersonic  Inlot  Flow  with  Subsonic 
Axial  Component  Schematic 
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A  viable  two  dimensional  cascade 
representation  can  be  achieved  by  pre¬ 
serving  the  critical  elements  of  the 
rotor  section  flow  field.  For  supersonic 
inlet  rotor  blade  sections,  the  flow 
field  is  critically  affected  by  the  shock 
system,  and  to  a  much  lesser  degree  by 
the  specific  blade  geometry.  To  preserve 
the  shock  system,  the  two  dimensional 
cascade  must  maintain  the  corresponding 
rotor  element  values  of  the  following 
parameters:  the  inlet  and  exit  Mach 
numbers;  the  starting  margin  (A/A*);  and 
the  rotor  critical  incidence  angle,  de¬ 
fined  as  the  angle  between  the  upstream 
air  angle  and  the  blade  suction  surface 
angle  at  a  point  midway  between  the 
leading  edge  and  the  intersection  of  the 
first  covered  characteristic  and  the  suc¬ 
tion  surface.  The  stagger  angle,  start¬ 
ing  margin,  deviation  criteria  and  para¬ 
meters  such  as  the  thickness-to-chord 
distribution,  maximum  thickness,  solid¬ 
ity,  and  leading  edge  radius-to-chord 
ratio  are  also  maintained.  This  results 
in  a  cascade  that  is  representative  of 
the  modeled  rotor  blade  section  in  terms 
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of  Mach  number,  shock  system,  and  loading 
distributions,  even  though  the  cascade  is 
not  a  geometrical  scale  of  the  rotor 
section,  Riffel  and  Fleeter  (1981). 

Instrumentation 

Strain  gages  are  the  primary  sensor  to 
indicate  the  onset  of  flutter,  as  well  as 
the  amplitude,  frequency,  and  interblade 
phase  angle  of  the  blade  vibration.  The 
strain  gage  waveform  is  the  result  of  the 
response  of  the  airfoil  to  the  instanta¬ 
neous  flow  field.  Thus,  it  is  indicative 
of  the  physical  mechanism  of  the  flutter. 
Also,  strain  gages  can  be  used  to  measure 
the  unsteady  aerodynamic  lift,  moment, 
and  damping.  However,  limitations  in  the 
application  of  strain  gages  currently 
exist.  In  general,  strain  gage  data  give 
no  measure  of  stability  prior  to  the 
onset  of  flutter.  However,  techniques  to 
accomplish  this  are  being  developed, 
Loiseau,  Nicolas,  and  Maquennehan  (1980). 
Also,  they  cannot  measure  blade  load  dis¬ 
tributions,  although  efforts  to  accom¬ 
plish  this  are  continuing,  Ewins  (1980). 
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Light.  probe  systems  have  proven  to  be 
invaluable  as  a  supplement  to  the  strain 
ya<ie  in  measuring  the  passage  and  non- 
synch ronous  vibration  of  every  blade  in  a 

rotor.  This  is  of  particular  _ value  in 

detecting  instabilities  where  there  is  a 
high  degree  of  circumferential  response 
variability.  A  constant  spatial  interval 
yields  a  constant  output  reflection,  but 
flutter,  which  involves  variable  spatial 
intervals,  yields  a  variable  output  re¬ 
flection.  Casing  mounted  light  probes 
are  used  to  measure  airfoil  tip  static 
and  dynamic  displacements  and.  have  also 
been  used  to  resolve  flutter  into  its 
principal  bending  and  torsional  contribu¬ 
tions,  Kurkov  and  Dicus  (1983), 
Nieberding  and  Pollack  (1977),  and  Roth 
(1980).  Another  optical  method  to 
resolve  flutter  involves  the  placement  of 
mirrors  over  several  points  on  a  blade 
surface  and  illuminating  these  points 
with  a  short  duration  pulse  of  laser 
light  once  per  revolution,  Stargardter 
(1977). 

Miniature  high  response  pressure 
transducers  with  a  flat  frequency  re¬ 
sponse  in  excess  of  10  Khz  are  used  to 
measure  unsteady  surface  pressure  distri¬ 
butions.  Typically  these  transducers  are 
embedded  in  an  airfoil,  requiring  the 
airfoil  surface  to  be  machined.  The 
electromechanical  configuraton  of  the 
pressure  transducer  is  similar  to  the 
basic  strain  gage  in  that  the  sensing 
element  consists  of  a  four-arm  Wheatstone 
bridge  bonded  to  a  thin  flexible 
diaphragm,  Armentrout  and  Kicks  (1979). 

An  extensive  calibration  is  required  to 
account  for  the  effects  of  centrifugal 
force  on  the  sensitivity  and  zero  offset 
of  the  transducer  as  well  as  for  the 
effects  of  mounting  induced  strain, 
Minkin  (1976)  and  Grant  and  Lanati 
(9978) . 

High  response  hot  wires  and  films  are 
used  to  measure  instantaneous  flow 

velocities,  with  hot  films  being  more 
durable  but  having  a  decreased  frequency 
response.  Films  attached  directly  to  a 

surface  measure  skin  friction,  thereby 
determining  the  nature  of  the  surface 
flow.  Specifically,  the  hot  film  can  be 
used  to  identify  laminar,  turbulent,  or 
separated  flow,  as  well  as  the  transition 
from  one  flow  regime  to  another. 

A  more  detailed  description  of  hot 

wires  and  films,  as  well  as  a  discussion 
of  the  dynamic  calibration  of  pressure 
transducers  is  presented  in  the  next 
chapter  "Unsteady  Aerodynamic  Measure¬ 
ments  in  Forced  Vibration  Research." 

Data  Analysis  Techniques 

Unsteady  flow  experiments,  including 
flutter  investigations,  generate  large 
quantities  of  data  which  require  high 
frequency  transmission  and  recording. 
These  data  involve  a  wide  band  of  fre¬ 
quencies,  with  the  amplitude  and  phase 
relations  between  frequency  components  of 
Importance.  Hence,  high  speed,  digital 
data  processing  is  essential. 

Gostolow  (1977)  described  several 
techniques  for  the  analysis  of  unsteady 
turbonachinery  data,  including  the  use  of 
signal  averaging  and  fast  Fourier  Trans¬ 


form  (FFT)  based  computer  techniques. 
Carta  and  St.  Hilaire  (1977),  Fleeter, 
Jay,  and  Bennett  (1981),  and  Capece  and 
Fleeter  (1984)  utilized  similar  tech¬ 
niques  for  unsteady  cascade  data  ana¬ 
lysis.  Detailed  examples  of  unsteady 
data  acquisition  and  analysis  techniques 
are  presented  in  the  next  chapter  "Un¬ 
steady  Aerodynamic  Measurements  in  Forced 
Vibration  Research." 


EXPERIMENTAL  RESULTS 

Positive  Incidence  Stall  Flutter 

At  subsonic  relative  Mach  numbers, 
positive  incidence  stall  flutter  may 
occur.  It  is  generally  attributed  to 
blade  stall  and  surface  flow  separation, 
caused  by  operating  beyond  some  critical 
airfoil  incidence  angle.  However,  in 
some  instances,  it  has  been  reported  that 
the  stall  flutter  boundary  has  been  found 
near  maximum  compressor  efficiency.  This 
indicates  that  stalling  may  not  be  es¬ 
sential  for  stall  flutter,  although  it 
could  be  the  most  severe  condition. 

Bending,  torsion,  and  coupled  modes 
of  vibration  have  been  noted  when  this 
type  of  flutter  is  encountered  at  part- 
speed  in  a  high-speed  fan,  and  at  or  near 
the  design  speed  in  a  low  or  high  pres¬ 
sure  compressor.  In  an  unshrouded  rotor, 
it  is  generally  unphased  at  low  ampli¬ 
tudes,  with  the  possibility  of  a  constant 
interblade  phase  angle  at  the  large  am¬ 
plitudes  of  vibration  which  occur  deeper 
into  the  flutter  region.  With  a  shrouded 
rotor,  interblade  phasing  is  enforced  by 
the  part-span  mechanical  ties. 

A  comprehensive  series  of  experiments 
directed  at  investigating  the  subsonic 
unsteady  aerodynamics  of  an  oscillating 
airfoil  cascade  subjected  to  aerodynamic 
loading  has  been  performed  by  Carta  and 
St.  Hilaire  (1977,  1979).  A  linear 
cascade  of  11  NACA  65  series  airfoils  was 
coherently  driven  by  means  of  a 
mechanical  linkage  system  in  a  sinusoidal 
torsional  motion  with  an  amplitude  of  2*. 
The  center  airfoil  of  the  cascade  was 
instrumented  with  miniature  high  response 
pressure  transducers  and  hot  film  gages. 
The  unsteady  surface  pressure  distribu¬ 
tions  were  measured  for  mean  incidence 
angles  to  10*,  reduced  frequencies  to 
0.386,  and  interblade  phase  angles  from 
-60*  to  +  60*,  and  analyzed  to  determine 
the  stability  parameters.  These  include 
the  complex  unsteady  torsional  moment 
coefficient  and  the  aerodynamic  damping. 

Aerodynamic  loading  was  found  to  be 
significant,  with  the  interblade  phase 
angle  the  principal  parameter  affecting 
stability.  Figure  6.  Specifically,  at 
the  low  loading  conditions,  the  reduced 
frequency  had  only  a  small  effect  on  the 
unsteady  aerodynamic  moment  and  damping. 
However,  at  high  levels  of  loading,  but 
with  no  indications  of  airfoil  stall 
apparent  from  the  steady  airfoil  surface 
static  pressure  data,  large  reduced  fre¬ 
quency  effects  were  evident. 

The  cascade  was  unstable  over  the 
entire  range  of  loading  and  reduced 
frequency  values  for  interblade  phase 


8-9 


INTERBLADE  PHASE  ANGLE,  e,  DEG  INTERBLADE  PHASE  ANGLE. r.  DEO  INTER8LA0C  PHASE  ANGLE,*. DEO 


—  EXPERIMENTAL 
- THEORY  (Smllk,  I97ZI 


t'ig.  6.  Variation  of  First  Harmonic  Moment  and  Aerodynamic  Damping 
with  Reduced  Frequency  (Carta  and  St.  Hilaire,  1979) 


angles  greater  than  10°.  This  result  is 
similar  in  behavior,  but  not  in  magni¬ 
tude,  to  predictions  from  potential  flow 
cascade  models  and  lends  support  to  the 
previous  observation  that  airfoil  stall 
need  not  be  present  for  stall  flutter. 
For  negative  interblade  phase  angles, 
cascade  stability  was  more  dependent  on 
loading  and  reduced  frequency,  conforming 
more  closely  with  conventional  stall 
flutter  behavior.  In  particular,  for 
interblade  phase  angles  less  than  10°, 
stability  increased  with  frequency  and 
decreased  with  loading. 

The  effect  of  interblade  phase  angle 
on  the  pressure  time  histories  in  the 
leading  edge  region  of  the  airfoils  is 
shown  in  Figure  7.  As  the  interblade 
phase  angle  increases,  the  second 
harmonic  of  the  leading  edge  pressure 
response  exhibits  an  increasing 
dominance.  This  second  harmonic  has  the 
characteristics  of  the  loss  in  suction 
peak  associated  with  dynamic  stall,  with 
the  minimum  at  peak  incidence.  A  com¬ 


parison  of  Figures  6  and  7  reveals  that 
the  onset  of  instability  closely  co¬ 
incides  with  the  second  harmonic  becoming 
dominant  over  the  first  harmonic  for 
interblade  phase  angles  greater  than  5*. 
Also,  there  is  a  phase  shift  from  lead  to 
lag  with  decreasing  interblade  phase 
angle  values  in  the  6.2%  chord  data,  with 
the  cascade  instability  a  direct  conse¬ 
quence  of  this  phase  shift.  Thus,  cascade 
stability  is  seen  to  be  related  to  the 
unsteady  aerodynamics  in  the  leading  edge 
region  of  the  airfoil. 

The  effect  of  the  torsional  elastic 
axis  on  the  unsteady  moment  of  oscillat¬ 
ing  isolated  and  cascaded  airfoils  at 
high  incidence  angles  with  leading  edge 
separation  was  investigated  in  a  water 
tunnel  by  Tanaka,  Shinohara,  and  Hanamura 
(1976)  and  Yashima  and  Tanaka  (1977), 
respectively.  A  crank  mechanism  was  used 
to  drive  the  airfoils,  with  the  unsteady 
forces  measured  by  means  of  strain  gages. 
They  found  the  critical  reduced  frequency 
to  be  larger  for  the  stalled  case  than 
the  unstalled  one,  with  the  critical  re- 
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Fig.  7.  Time-Averaged  Pressure  Wave  Forms  from  Airfoil  Suction  Surface 

for  Several  Interblade  Phase  Anglos  (Carta  and  St.  Hilaire,  1979) 


A  series  of  fundamental  unsteady 
aerodynamic  experiments  to  provide  data 
to  validate  and  direct  model  development 
in  the  unstalled  supersonic  with  a  sub¬ 
sonic  axial  component  flow  regime  have 
been  performed.  Both  torsion  and 
translation  mode  cascade  oscillations 
have  been  investigated,  with  the  frequen¬ 
cy  of  oscillation  and  the  interblade 
phase  angle  precisely  controlled  by  means 
of  electromagnets  under  the  direction  of 
a  minicomputer.  The  unsteady  airfoil 
surface  pressure  distributions  were  mea¬ 
sured  by  means  of  high  response  dynamic 
pressure  transducers.  These  data  were 
analyzed  to  determine  the  unsteady  pres¬ 
sure  magnitude  distribution  and  its 
phase  relation  to  airfoil  motion.  The 
parameters  varied  included  the  inlet  Mach 
number,  the  interblade  phase  angl-Or  the 
reduced  frequency,  and  the  steady  aero¬ 
dynamic  loading. 

A  cascade  of  classical  airfoils  was 
utilized  to  obtain  fundamental  data  to 
verify  supersonic  inlet  flat  plate  cas¬ 
cade  models.  These  airfoils  have  a  flat 
suction  surface  and  a  wedge-shaped  pres¬ 
sure  surface.  Correlation  of  the  un¬ 
steady  data  obtained  for  harmonic  tor¬ 
sion,  Fleeter,  et.  al.,  (1977),  and 
translation  mode,  Fleeter,  et .  al., 
(1978),  oscillations  with  predictions 
obtained  from  a  flat  plate  supersonic 
flutter  model,  Caruthers  and  Riffel 
(1980),  verified  this  fundamental  model. 
The  torsion  mode  data  were  obtained  at  a 
reduced  frequency  of  0.32.  These  tor¬ 
sional  data  exhibited  excellent  correla¬ 
tion  with  the  flat  plate  preditions  on 
both  the  pressure  and  the  suction  sur¬ 
faces  when  the  variation  in  the  blade-to- 
blade  amplitude  of  oscillation  was  con¬ 
sidered,  as  demonstrated  in  Figure  11. 


The  classical  airfoil  translation 
mode  investigation  utilized  a  graphite/ 
epoxy  composite  airfoil  with  a  maximum 
thickness  of  0.22  cm  (0.087  in.).  The 
composite  airfoils  enabled  a  two-dimen¬ 
sional  airfoil  mode  shape  to  be  main¬ 
tained  at  a  translation  reduced  frequency 
of  0.2,  a  value  corresponding  to  that 
characteristic  of  rotors  experiencing 
bending  flutter.  For  example.  Figure  12 
shows  the  translation  mode  shapes  for 
both  a  steel  and  a  graphite/epoxy  com¬ 
posite  airfoil.  As  seen,  two-dimension¬ 
ality  in  the  test  section  is  maintained 
only  with  the  composite  airfoil. 

Figure  13  shows  the  translation  mode 
pressure  surface  aerodynamic  phase  lag 
data  correlation  with  the  flat  plate 
theory  at  an  inlet  Mach  number  of  1.35 
for  two  levels  of  steady  aerodynamic 
loading.  These  data  generally  exhibit 
very  good  correlation  with  the  flat  plate 
predictions.  The  phase  lag  and  the 
unsteady  pressure  coefficient  remain 
nearly  constant  between  the  leading  edge 
and  the  mid-chord  region  shock  wave 
intersection  location.  The  theory  pre¬ 
dicts  the  intersection  location  to  be  at 
approximately  70%  chord,  with  the  unity 
pressure  ratio  data  indicating  the 
presence  of  a  shock  in  the  region  between 
the  60%  and  75%  chord  transducer  loca¬ 
tions.  The  effect  of  increasing  the 
steady  loading  is  to  move  the  shock 
intersection  forward. 

Graphite/epoxy  composite  airfoils 
were  also  utilized  to  measure  the  un¬ 
steady  aerodynamics  in  experiments  which 
model  the  geometries  and  operating  condi¬ 
tions  Of  the  second  stage  of  the  five 
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Classical  Airfoil  Torsion  Mode  Aerodynamic  Phase  Lag  Data 
Correlation  for  a  Mach  Number  of  1.55,  an  Interbladc  Phase 
Anglo  of  14.75*  and  a  1.05il  Static  Pressure  Ratio 
(Fleeter,  et  al,  1977) 


Fig.  11. 
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stage  TF41-A100  I.P-1P  compressor  rig 
which  experienced  torsion  mode  supersonic 
flutter  and  the  second  stage  of  the  NASA 
two  stage  fan  which  experienced  super¬ 
sonic  bending  mode  flutter,  Riffel  and 
Roth rock  (June  and  December,  1980).  The 
pressure  ratios  investigated  correspond 
to  rotor  operating  points  which  arei  far 
removed  from  the  flutter  boundary,  im¬ 
mediately  adjacent  to  the  boundary  -one 
inside  and  one  outside  the  flutter 
region;  and  deep  into  the  flutter 
region . 

Figures  14  and  15  present  examples  of 
the  torsion  mode  cascade  results.  Figure 
14  shows  the  effect  of  cascade  loading  on 
the  aerodynamic  phase  lag  data.  Predic¬ 
tions  from  the  variable  amplitude  flat 
plate  model  are  represented  by  the  shaded 
region.  As  seen,  the  correlation  is 
excellent  at  the  low  pressure  ratio, 
with  the  exception  of  the  40%  chord 
position,  where  the  data  indicates  the 
presence  of  a  reflected  passage  shock 
wave.  As  the  cascade  pressure  ratio  is 
increased,  the  deviation  between  the 
prediction  and  the  data  increases,  par¬ 
ticularly  over  the  aft  portion  of  the 
airfoil  behind  the  reflected  shock. 

Figure  15  presents  the  imaginary  part 
of  the  torsion  mode  unsteady  moment  co¬ 
efficient  determined  from  the  surface 
pressure  data.  For  the  lower  two  pres¬ 
sure  ratios,  the  cascade  is  stable  for 
all  interbiado  phase  angles,  in  agreement 
with  the  rotor  test.  At  the  higher  two 
pressure  ratios,  corresponding  to  condi¬ 
tions  wherein  the  rotor  was  immediately 
adjacent  to  and  deep  within  the  flutter 
region  respectively,  the  cascade  data 
demonstrate  a  supersonic  unstalled  tor¬ 
sion  mode  flutter  region  for  negative 
interblade  phase  angle  values.  Also,  at 
the  highest  pressure  ratio,  the  most  un¬ 
stable  cascade  data  point  is  in  agreement 
with  the  A100  rotor  test  data. 


Whitehead,  et.  al.,  (1976)  described 
an  experiment  to  measure  the  unsteady 
torsion  moment  coefficients  on  an  oscil¬ 
lating  flat  plate  annular  airfoil  cascade 
for  subsonic  and  transonic  Mach  numbers. 
The  sixteen  airfoils  are  driven  in  tor¬ 
sion  at  constant  interblade  phase  angles 
by  electromagnetic  exciters,  with  tne 
aerodynamic  moment  measured  by  means  of 
strain  gages.  The  data  exhibit  trendwise 
agreement  with  subsonic.  Smith  (1972), 
and  supersonic,  Nagashima  (1974),  un¬ 
stalled  predictions,  although  there  are 
differences  in  magnitude,  as  seen  in 
Figure  16.  However,  there  are  also 
differences,  in  some  cases  substantial, 
in  the  values  of  the  moment  coefficient 
measured  on  different  blades. 

Halliwell,  Newton  and  Lit  (1983)  pre¬ 
sent  a  comparison  of  experimental  and 
theoretical  results  for  a  transonic 
research  fan  vibrating  in  a  coupled  flut¬ 
ter  mode.  The  unsteady  pressure  measure¬ 
ments  on  the  blade  surfaces  are  accom¬ 
plished  by  instrumenting  two  pairs  of 
blades,  each  defining  a  blade  passage, 
with  high  response  pressure  transducers. 
On  one  of  these  pairs,  transducers  are 
installed  on  the  rear  half  of  the  blade 
chord,  with  the  front  half  of  the  chord 
instrumented  on  the  other  pair. 

Figure  17  shows  the  correlation  of 
the  unsteady  pressure  amplitude  data  with 
three  theories:  Goldstein,  Braun,  and 
Adamczyk  (1977),  Acton  (1981),  and 
Whitehead  (1981).  As  seen,  the  predic¬ 
tion  of  both  the  amplitude  and  the  phase 
of  the  surface  unsteady  pressures  is 
generally  good  for  the  supersonic  section 
of  the  blade.  For  the  subsonic  part  on 
the  suction  surface,  the  comparison  is 
less  favorable.  This  might  be  expected 
due  to  the  limitations  of  inviscid  flow 
theory.  On  the  pressure  surface,  the 
comparisons  are  reasonably  good,  except 
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Fig.  14.  The  Effect  of  Loading  on  the  Torsion  Mode  Aerodynamic  Phase  Lag 

Data  for  a  -90*  Interbiado  Phase  Angle  (Riffel  and  Rothrock,  1900) 
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in  tho  ivsiplox  flow  region  just  behind 
the  shock.  Thus,  the  role  of  the  shock 
is  seen  to  be  important,  both  with 
respect  to  its  steady  state  position  and 
the  unsteady  flow  changes  across  it. 

Choke  and  Negative  Incidence  Flutter 

Choking  flutter  in  the  bending  mode 
usually  occurs  at  negative  incidence 
angles  at  a  part-speed  condition  with  the 
blade  row  operating  either  subsonically 
or  transonically.  In  a  choked  flow  con¬ 
dition,  the  blade  passage  inlet  flow  is 
constrained  to  pass  through  a  decreased 
stream  area:  Thus,  Mach  numbers  which 
are  greater  than  the  inlet  Mach  number 
can  occur  in  the  blade  passage,  thereby 
leading  to  the  possible  existence  of 
passage  shocks  which  can  cause  flow 
separation  or  perhaps  couple  adjacent 
blades.  The  physical  mechanism  of  choke 
flutter  is  not  fully  understood.  High 
negative  incidence  angles  and  choked  flov 
are  both  viable  candidates.  Choke  flut¬ 
ter  is  generally  unphased  at  low  ampli¬ 


tudes  of  vibration,  with  the  possibility 
of  a  constant  interblade  phase  angle 
existing  at  larger  amplitudes. 

A  study  of  some  of  the  basic  un- 
teady  aerodynamic  phenomena  of  interest 
to  choke  flutter  in  turbomachines  has 
been  reported  by  Tanida  and  Saito  (1976). 
A  single  airfoil  is  mounted  between  ad¬ 
justable  parallel  walls  and  oscillated  in 
torsion  about  its  midchord  in  a  subsonic 
flow  field. 

Typical  complex  aerodynamic  moment 
data,  measured  with  strain  gages  mounted 
on  the  torsion  rod  driving  system,  are 
presented  in  Figure  18.  The  shocks,  par¬ 
ticularly  the  weak  ones,  were  observed  to 
oscillate  in  a  somewhat  random  manner. 
Thus,  these  data  are  averaged  over  a 
number  of  cycles,  with  the  shaded  regions 
indicating  the  range  of  data.  As  seen, 
the  distance  to  the  wall  has  a  signifi¬ 
cant  effect.  Thus,  these  results  indi¬ 
cate  the  possibility  of  choking  flutter 
in  a  transonic  internal  flow. 


•  •  Goldstein,  Broun,  Adomczyk  (1977) 

o  o  o  whltetieod  (1981) 


Phase  Angle 
Relative  to 


Fig.  17  Comparison  of  Predicted  and  Measured  Unsteady 
Pressure  (italliwell,  Newton,  and  Lit,  1983) 
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An  experimental  study  directed  at 
providing  choke  and  negative  incidence 
flutter  boundary  information  is  also 
being  conducted,  Jutras,  Stallone,  and 
Bankhead  (1980).  The  stationary  annular 
cascade  facility  previously  noted  for 
quantifying  stall  flutter  boundaries  is 
also  being  used  to  map  the  choke  and 
negative  incidence  flutter  boundaries  as 
a  function  of  the  following  variables: 
reduced  frequency,  solidity,  incidence, 
Mach  number,  air  density,  and  inlet  pres¬ 
sure  and  temperature. 

The  results  indicate  definite  trends 
in  flutter  boundary  migration  and  extent 
due  to  blade  stiffness  (reduced  frequen¬ 
cy),  solidity,  and  inlet  conditions.  For 
both  choke  and  negative  incidence  flut¬ 
ter,  an  increase  in  these  parameters  was 
shown  to  be  destabilizing.  Figure  19 
demonstrates  the  effect  of  solidity  on 
both  bending  and  torsion  mode  choke 
flutter  in  terms  of  the  inverse  reduced 
frequency  (the  reduced  velocity)  and  the 
incidence  angle. 


INCIDENCE,  degrees 


Fig.  19.  Choke  Flutter  Sensitivity  to 
Cascade  Solidity  (Jutras, 
Stallone,  and  Bankhead,  1980) 
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Choke  Torsional  Moment  Coefficients 
(Tanida  and  Saito,  1976) 
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Turbine  Blade  Flutter 

Although  flutter  is  not  currently  a 
I'lobleir.  in  turbines,  as  previously  noted, 
harmonically  oscillating  data  for  turbine 
type  airfoils,  i.e.,  thick  airfoils  with 
large  flow  turning,  are  of  fundamental 
interest  with  regard  to  validating  and 
directing  analyses. 

Rothroek,  Jay  and  Riffel  11982), 
measured  the  torsion  mode  subsonic  and 
transonic  unsteady  aerodynamics  in  a 
linear  cascade  of  five  highly  cambered, 
thick,  airfoils  instrumented  with  dynamic 
pressure  transducers.  Specifically,  the 
effect  of  steady  operating  conditions  and 
interblade  phase  angle  on  the  time 
variant  surface  pressure  distributions 
were  determined. 

Although  the  unloaded  flat  plate  cas¬ 
cade  analysis  of  Smith  (1972)  predicted 
the  trendwise  variation  of  the  unsteady 
data  on  the  highly  loaded,  large  turning 
airfoils,  the  data  consistently  exhibited 
a  larger  pressure  coefficient.  Also,  the 
unsteady  flow  field  appeared  to  be  a 
function  of  the  averaged  flow  properties 
rather  than  the  inlet  flow  conditions,  as 
evidenced  by  the  better  phase  angle 
correlation  of  the  data  with  a  meanline 
analysis.  An  interesting  result  was  the 
almost  exact  correspondence  of  the  in- 
phase  surface  pressure  trends  obtained 
from  quasi-steady  data  and  unsteady  data 
at  a  reduced  frequency  of  approximately 
one,  Figure  20.  Thus,  this  experiment 
quantitatively  demonstrated  the  coupling 
of  the  steady  and  unsteady  flow  fields. 
Further  discussion  of  this  turbine  un¬ 
steady  aerodynamic  experiment  is  found  in 
the  next  chapter  "Unsteady  Aerodynamic 
Measurements  in  Forced  Vibration 
Research. " 


SUMMARY 

This  chapter  has  considered  the 
various  aspects  of  unsteady  aerodynamic 
flutter  experiments.  Overall  objectives 
considered  included  the  validation  and 
direction  of  analyses,  the  development  of 
a  flutter  boundary  data  bank,  and  concept 
investigations.  Experimental  modeling 
requirements,  and  the  applicability  of 
high  speed  rotating  rigs,  stationary  an¬ 
nular  cascades,  and  two-dimensional 
linear  cascade  facilities,  were  discussed 
in  term9  of  these  overall  objectives. 
The  data  requirements,  as  well  as  the 
associated  instrumentation  and  data 
acquisition  and  analysis  techniques, 
were  considered  as  a  function  of  partic¬ 
ular  experiment  objectives.  Following 
this,  a  brief  overview  of  experimental 
research  results  for  each  type  of  flutter 
was  presented. 

In  aeroelastic  problems  of  gas  tur¬ 
bine  engine  blading,  flutter  and  forced 
vibration  have  a  common  background.  The 
difference  is  that  flutter  is  self  in¬ 
duced  whereas  forced  vibration  is  not, 
and  involves  a  forcing  function.  As  a 
result,  there  is  a  commonality  in  funda¬ 
mental  research  in  these  two  areas.  Both 
are  directed  toward  unsteady  aero¬ 
dynamics,  including  the  measurement  of 
the  aerodynamic  damping  and  unsteady  sur¬ 
face  pressure  distributions.  This  chapter 
has  considered  the  experimental  flutter 
research.  Forced  vibrations  is  discussed 
in  the  next  chapter  "Unsteady  Aerodynamic 
Measurements  in  Forced  Vibration 
Research . ” 


comparison  of  tha  Quaal-Btaady  and  Unataady  Suction  Burfaea 
Data  for  a  2<l  Expansion  Ratio  (Rothroek,  Jay,  and  Riffal,  1983) 
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INTRODUCTION 


Blade  and  vane  failure  due  to  flutter 
and  forced  vibration  is  a  continuing 
costly  problem  in  turbomachines  with  re¬ 
sulting  time  delays,  redesigns  and  part 
replacement.  Flutter,  as  discussed  in 
the  previous  chapter  entitled,  "Unsteady 
Aerodynamic  Measurements  ir,  Flutter  Re¬ 
search,"  is  defined  as  the  self-excited 
oscillations  of  a  blade  row  occurring  as 
the  blading  extracts  energy  from  a  uni¬ 
form  flow  field.  Forced  resonant  vibra¬ 
tion  occurs  as  a  result  of  non-uniformi¬ 
ties  in  the  flow  field  being  periodically 
applied  to  the  blading  at  frequencies 
corresponding  to  its  structural  inodes  of 
vibration.  In  this  case,  the  blading 
dissipates  energy  into  the  flow.  Since 
both  flutter  and  forced  vibration  require 
quantification  of  the  unsteady  aerodynam¬ 
ic  loading  created  by  oscillations  of  the 
blade  row,  the  experimental  efforts  de- 
scibed  in  the  previous  chapter  are  useful 
in  describing  the  aerodynamic  damping 
portion  of  the  forced  vibration  problem. 
However,  in  the  forced  vibration  problem, 
a  quantification  of  the  unsteady  loading 
acting  on  the  blading  as  a  result  of  a 
non-uniform  flow  field  must  be  made. 

Research  to  quantify  and  understand 
the  mechanisms  of  forced  vibration  has 
required  innovative  and  unique  approaches 
to  reproduce  the  turbomachinery  environ¬ 
ment  and  aeroelastic  behavior  of  the  com- 
ponentin  facilities  which  allow  meaning¬ 
ful  measurements  of  aerodynamic  and 
structural  response.  This  chapter  is  de¬ 
signed  to  give  those  considering  involve¬ 
ment  in  forced  vibration  research  a  know¬ 
ledge  of  various  aspects  of  such  investi¬ 
gations.  For  those  actively  pursuing 
forced  vibration  research  this  chapter 
will  serve  as  a  review  of  the  approaches 
used  by  others. 

The  forced  vibration  problem  will 
first  be  defined  and  critical  parameters 
requiring  measurement  and  simulation 
identified.  Four  types  of  experimental 
facilities  which  have  been  useful  in  in¬ 
vestigating  the  unsteady  aerodynamic  as¬ 
pects  of  forced  vibration  will  be  dis¬ 
cussed.  The  advantages  and  limitations 
associated  with  each  type  of  facility 
will  be  addressed.  Next,  a_briof  review 
of  recent  research  investigations  will  be 
presented  for  familiarisation  with  each 
type  of  facility  and  methods  used  to 
acquire  unsteady  aerodynamic  data.  The 
concerns  of  data  acquisition  and  calib¬ 
ration  will  then  be  examined.  This  sub¬ 
ject  Is  vital  to  ensure  correct  acquisi¬ 
tion  of  quality  data  in  a  judicious  and 
time!  manner.  finally,  two  examples  of 
rec*ot  progress  will  be  reviewed  to  give 


a  physical  sense  of  the  nature  of  flutter 
and  forced  response  investigations. 

PROBLEM  DEFINED 

Forced  response  is  defined  as  the 
resulting  action  of  a  system  due  to  an 
input  forcing  function.  A  single  degree 
of  freedom  elastic  system  can  be  de¬ 
scribed  by  the  familiar  equation, 

MX  +  CX  +  KX  =  f(t)  (1) 

The  response  of  the  system  described 
can  be  measured  in  terms  of  acceleration, 
velocity  or  displacment,  for  different 
forcing  functions  f(t)  .  Should  the 
forcing  function  be  periodic  at  a  fre¬ 
quency  of  ff  ,  a  resonant  condition  will 
exist  when  ff  i3  equal  to  the  natural 
frequency  of  the  system.  The  response  of 
the  system  at  this  condition  will  be  dic¬ 
tated  by  the  damping  and  the  magnitude  of 
the  forcing  function. 

Sources 

A  turbine  engine  blade  has  many 
degrees  of  freedom,  hence  many  natural 
frequencies.  Additionally,  excitation 
forces  which  can  create  resonant  response 
of  the  blading  in  their  multiple  modes  of 
vibration  are  many.  Both  periodic  and 
non-periodic,  aerodynamically  and  mechan¬ 
ically  induced  forces  can  be  present  in 
the  turbine  engine  environment.  Non¬ 
periodic  forces  such  as  foreign  object 
impact  and  surge  can  create  large  har¬ 
monic  oscillations  of  the  blading  in  mul¬ 
tiple  or  single  modes  of  vibration. 
Periodic  forces  arising  from  distortion 
of  the  aerodynamic  field  and  mechanically 
induced  sources  such  as  tip  rub  and  gear 
tooth  excitation  provide  the  forcing 
functions  necessary  to  allow  blading  to 
operate  in  resonance. 

For  this  discussion,  the  forces 
acting  on  the  blading  will  be  restricted 
to  those  aerodynamically  induced  forces 
which  result  from  geometrically  traceable 
sources  in  the  aerodynamic  flow  path. 
Therefore,  by  definition  the  forces  cre¬ 
ated  by  aerodynamic  distorted  regions  en¬ 
countered  in  rotating  stall  will  be  ex¬ 
cluded,  although  the  techniques  to  exper¬ 
imentally  study  these  forces  are  the  eame 
as  for  the  forces  which  will  be  dis¬ 
cussed.  The  geometrically  traceable 
sources  which  create  distort lone  in  the 
aerodynamic  environment  of  blading  can  be 
identified.  Excitations  due  to  adjacent 
blading  rows,  differences  in  the  number 
of  upstream  blading  rows,  bleed  slots  and 
ports,  combustion  or  burner  distortion, 
and  burner  cans  have  been  major  sources 
recognised  to  date. 


To  illustrate  potential  resonant 
conditions  due  to  this  class  of  excita¬ 
tion,  Campbell  diagrams  for  an  unshrouded 
inlet  fan  rotor,  a  low  aspect  ratio  mid- 
compressor  stage,  and  an  inlet  turbine 
rotor  blade  are  presented  in  Figures  1, 
2,  and  3,  respectively.  As  shown  in 
Figure  1,  frequencies  of  a  fan  rotor 
blade  are  such  that  low  engine  order 
excitations  (2,3,4  of  the  fundamental 
mode  are  possible.  Inlet  struts,  if  pre¬ 
sent,  can  be  numbered  such  tha  excita¬ 
tions  of  the  firs  torsional  and  second 
bending  modes  will  occur.  Chordwise 
bending  mode  excitations  can  result  due 
to  the  proximity  of  the  downstream  vane 
row.  For  a  midstage  rotor  blade,  the 
frequencie  are  higher  than  the  fan  stage 
as  illustrated  by  the  proximity  of  the 
first  bending  mode  with  eighth  engine 
order  as  shown  in  Figure  2.  Bleed  ar¬ 
rangements  create  second  bending  mode 
excitations  in  this  example.  Adjacent 
vane  rows  provide  excitations  to  the  se¬ 
cond  torsional  and  chordwise  bending 
modes.  In  Figure  3,  the  turbine  blade 
natural  modes  can  b  excited  ~by  burner 
distortion,  burner  patterns  resulting 
from  discrete  burner  cans,  and  adjacent 
vane  rows. 

From  these  diagrams  it  is  readily 
seen  that  aerodynamic  distortion  from 
many  sources  can  create  potentially  haz¬ 
ardous  excitations  to  the  rotor  blades. 
Restricting  from  discussion  an  over  the 
blade  tip  bleed  slot  allows  categoriza¬ 
tion  of  all  the  sources  into  two  primary 
areas,  upstream  and  down-stream.  Circum¬ 
ferential  variation  in  the  aerodynamic 
state,  either  upstream  or  downstream, 
result  in  periodic  forces  being  generated 
on  the  rotor  blading  which  can  create 
resonant  responses  of  failure  level 
magnitude.  This  simplistic  statement  de¬ 
fines  the  problem  whic  motivates  experi¬ 
mentalists  and  analysts  in  the  area  of 
forced  vibration  research. 


Flow  Field,  Airfoil  Geometry  and  Mode 
Shape 

Figure  4  presents  the  requirements 
for  obtaining  the  necessary  aerodynamic 
parameters  needed  to  address  the  forced 
vibration  problem.  Definition  of  the 
spatial  variations  in  the  inlet  and  exit 
flow  fields  requires  steady  flow  calcula¬ 
tions  or  measurements,  while  quantifica¬ 
tion  of  the  forces  acting  on  the  oscil¬ 
lating  airfoil  requires  time  based  cal¬ 
culations  or  measurements.  To  illustrate 
the  various  inlet  and  exit  flow  fields 
which  must  be  studied,  the  resonances  for 
the  fan  stage  rotor,  the  midstage  com¬ 
pressor  rotor,  and  the  inlet  turbine 
stage  rotor  shown  in  Figures  1,  2,  and  3 
will  be  examined. 

In  Figure  1  resonances  occur  at 
speeds  below  idle,  in  mid-operational 
range,  and  near  maximum  speed.  Figure  5 
presents  inlet  and  exit  relative  veloc¬ 
ities  (relative  to  the  airfoil  section) 
at  these  resonances  in  the  hypothetical 
example.  Transonic  velocity  in  these 
examples  implies  a  Mach  number  between 
0.95  and  1.05.  Thus,  as  the  fan  rotor 
encounters  various  resonant  conditions, 
the  attendant  relative  flow  fields  range 
from  totally  subsonic  to  totally  super¬ 
sonic  at  the  tip  streamline,  with  mixed 
subsonic  and  transonic  flow  present 
radially  inward  from  the  tip.  For  the 
midstage  compressor  rotor.  Figure  2  de¬ 
fines  the  resonant  speeds  and  Figure  6 
the  relative  velocity  flow  fields  at 
these  resonances.  Generally,  the  tip 
Mach  number  will  be  less  than  1.0  due  to 
increased  temperature  effects  resulting 
from  the  forward  stages  compression  of 
the  air.  In  both  examples  of  compressor 
stages,  the  inlet  and  exit  absolute  ve¬ 
locities  are  subsonic.  ' 
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DEFINE  FORCES  INDUCED 
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Fig.  4.  Requirements  for  Aerodynamic  Quantification  of  Forced  Vibration. 
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Fig.  5.  Transition  of  Inlet  and  Kxit  Relative  Flow  Fields 
as  Various  Resonances  occur  on  Inlet  Fan  Rotor> 
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Fig.  6.  Inlet  and  Exit  Relative  Flow  Fields  at  Various  Resonances 
of  Midstage  Compressor  Rotor  Blade. 
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Pig.  7.  Inlot  and  Exit  Plow  Pioldo  at  Various  Rosonancos  of 
Inlot  Turbino  Rotor  Blado 
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The  inlet  stage  turbine  rotor  re¬ 
sonances  shown  in  Figure  3  can  occur  in 
relative  velocity  flow  fields  as  shown  in 
Figure  7.  The  exit  relative  velocity 
could  range  from  subsonic  to  supersonic 
at  either  idle  or  high  speed  based  on  the 
particular  turbine  design.  The  inlet 
relative  velocity  is  totally  subsonic. 
Unlike  the  compressor,  the  absolute  flow 
at  the  rotor  inlet  can  range  from  sub¬ 
sonic  to  supersonic,  again  dependent  on 
particular  turbine  design. 

Therefore,  referring  to  Figure  4 
which  portrays  the  requirements  for  aero¬ 
dynamic  quantification  of  forced  re¬ 
sponse,  the  inlet  and  exit  flow  fields 
to  be  examined  have  been  shown  to  be 
highly  dependent  on  the  particular  compo¬ 
nent  of  interest.  However,  not  only  the 
flow  fields,  but  also,  the  blade  shapes 
on  the  thrae  examples  cited  are  highly 
varied.  For  the  fan  rotor  tip  section, 
cambers  of  slightly  negative  to  slightly 
positive  would  not  be  uncommon.  At  the 
pitchline  the  camber  would  be  on  the 
order  cf  15  to  30  degrees,  while  at  the 
hub,  camber  of  up  to  50  or  60  degrees 
would  not  be  unreasonable.  For  the  mid¬ 
stage  compressor  the  camber  range  over 
the  airfoil  span  would  be  in  the  area  of 
15  to  30  degrees.  The  inlet  turbine 
rotor  blade  typically  could  have  between 
80  and  130  degrees  of  turning.  Thick¬ 
nesses  of  the  compressor  airfoils  at  the 
tip  could  range  between  2.5  and  6  percent 
of  blade  chord  tapering  toward  the  hub  to 
values  of  8  to  14  percent  of  blade  chord. 
Thickness/chord  ratios  for  an  inlet  tur¬ 
bine  stage  could  range  from  i0  to  20  per¬ 
cent  based  on  cooling  requirements  and 
other  considerations.  Identification  of 
blade  profiles  into  categories  such  as 
double  circular  arc,  multiple  circular 
arc,  and  NACA  Series  65  is  no  longer  pos¬ 
sible  due  to  the  arbitrary  blade  shapes 
resulting  from  improved  computational 
codes . 


The  forces  induced  on  the  airfoils 
by  the  spatial  variations  in  the  inlet  or 
exit  flow  fields  are  dependent  on  both 
the  flow  field  and  blade  geometry.  The 
aerodynamic  forces  created  by  airfoil 
motion  are  also  dependent  on  these  para¬ 
meters  and,  additionally,  the  mode  shape 
of  a  resonant  response.  Figure  8  pre¬ 
sents  sketches  of  modes  of  vibration  dis¬ 
cussed  in  the  three  example  cases.  De¬ 


flections  in  the  first  four  modes  pic¬ 
tured  can  be  approximated  as  in  and  out 
of  phase  rigid  body  rotations  or  deflec¬ 
tions.  The  chordwise  mode  cannot  be 
created  by  superposition  of  rigid  body 
rotation  and  deflection  since  the  mode 
shape  indicates  deflection  pattern  normal 
to  t.he  chord. 


Reduced  Frequency 

Forces  induced  on  the  airfoil  sur¬ 
faces  by  either  the  spatial  variation  in 
the  flow  field  or  by  oscillations  of  the 
airfoil  in  the  airstream  are  functions 
of  the  non-dimensional  reduced  frequency. 
The  reduced  frequency  is  defined  as  the 
product  of  the  airfoil  chord  and  the 
frequency  divided  by  the  relative  veloc¬ 
ity  of  the  flow.  For  compressor  rotor 
stages  reduced  frequencies  based  on  3/4 
span  parameters  at  design  speed  can  range 
from  0.30  for  fundamental  mode  up  to  a 
value  of  20  for  first  chordwise  bending 
modes.  Part  speed  operation  can  increase 
these  reduced  frequencies  by  virtue  of 
the  decrease  in  relative  velocity  from 
design  speed.  For  turbines,  reduced  fre¬ 
quencies  can  range  over  approximately  the 
same  range  when  midspan  inlet  velocities 
and  chords  are  used.  It  must  be  noted 
that  geometrical  considerations  such  as 
aspect  ratio,  spanwise  taper  of  chord  and 
thickness,  and  other  considerations  can 
affect  these  approximate  ranges. 


To  establish  a  range  of  reduced  fre¬ 
quencies  where  forced  vibration  problems 
have  been  noted,  several  compressor  and 
turbine  stages  were  evaluated.  Based  on 
this  evaluation,  the  following  ranges  are 
suggested. 


Mode 


Reduced  frequency  range 


First  bending 
First  torsion 
Second  bending 
Second  torsion 
Chordwise  bending 


0.30-  2.0 
0.8  -  4.0 
1.0  -  6.0 
1.6  -10.0 
2.0  -20.0 


These  values  are  for  rotating 
blades.  For  compressors  the  values  are 
based  on  3/4  span  parameters  and  for  tur¬ 
bines,  midspan  parameters.  Coupled 
wheel-blade  modes  of  most  interest,  gen¬ 
erally  will  fall  into  the  reduced  fre¬ 
quency  range  encompassed  by  0.30  to  6.0. 
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Pig.  8.  Pictorial  Representation  of  First  Piva  Modes  of  Vibration^ 
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for  compressor  stator  vanes,  which  also 
experience  significant  forced  vibration 
problems,  reduced  frequencies  are  higher 
because  of  the  decreased  velocities.  For 
this  discussion,  only  the  rotating  com¬ 
ponents  are  considered. 

In  defining  the  forced  vibration 
problem  in  terms  of  flow  fields,  blade 
geometrical  considerations,  and  reduced 
frequency  in  various  modes,  a  summary  of 
parameter  ranges  for  investigation  can  be 
defined.  Table  1  presents  such  a  sum¬ 
mary. 


Interblade  Phase  Angle 

Having  defined  the  forced  vibration 
problem  in  terms  of  these  parameters, 
consider  now  the  type  of  interactions 
which  can  result  in  spatial  variations  of 
the  flow  fields  surrounding  a  row  of 
rotating  airfoils.  In  Figure  9  are  shown 
the  major  interactions  between  rotating 
blade  row  and  upstream/downstream  sources. 
The  potential  flow  over  upstream  and 
downstream  stationary  vane  rows  create 
unsteady  disturbances  on  the  airfoils. 
Likewise,  the  wakes  created  by  the  up¬ 
stream  vane  row  are  convected  into  the 
blade  row  creating  a  source  for  un¬ 
pressures  along  the  rotating  airfoil 
surfaces . 


Table 

1. 

Summary  of  Parameter 

Ranqes  for 

Forced  Vibration 

Investigations 

Parameter 

Compressor 

Turbine  (inlet  stage) 

Absolute  velocity 

Inlet 

Subsonic 

Subsonic  -  Supersonic 

Exit 

Subsonic 

Subsonic 

Relative  velocity 

Inlet 

Subsonic  - 

Supersonic 

Subsonic 

Exit 

Subsonic  - 

Supersonic 

Subsonic  -  Supersonic 

Camber 

Hub 

<60* 

<130° 

Tip 

Near  zero 

-  20* 

<80* 

Thickness /chord 

Hub 

0.14 

Tip 

0.025 

Reduced  frequency  range 

First  bending 

0.30-  2.0 

First  torsion 

0.80-  4.0 

Second  bending 

1.0  -  6.0 

Second  torsion 

1.6  -10.0 

Chordwioe  bending 

2.0  -20.0 

POTENTIAL  FLOW  INTERACTION 
VISCOUS  (WAKE)  INTERACTION 


POTENTIAL  FLOW  INTERACTION 


STATIONARY 

VANE 

ROW 


ROTATING 

AIRFOILS 


STATIONARY 

VANE 

ROW 


rig.  9.  Interactions  Craating  Aarodynamie  forces  on  Rotating  Airfoil* 


Figure  10  illustrates  the  change  in 
the  relative  velocity  at  the  rotating 
airfoil  inlet  as  a  result  of  a  velocity 
defect  created,  in  this  example-*_by  the 
upstream  wake.  The  retarded  velocity  in 
the  wake  gives  rise  to  unsteady  perturba¬ 
tion  velocities  both  normal  and  tangen¬ 
tial  to  the  undisturbed  relative  velocity 
vector.  These  in  turn  create  a  time 
varying  flow  field  around  the  rotating 
airfoil  surfaces  resulting  in  a  periodic 
forcing  function.  The  presence  of  the 
downstream  vanes  creates  a  time  varying 
exit  boundary  condition  for  the  flow  a- 
cross  the  rotor  airfoils.  Readjustment 
of  flow  through  the  rotating  airfoil  row 
induces  time  varying  loading  on  the  rotor 
airfoil  surfaces. 

The  time  varying  flow  field  around 
each  rotor  airfoil  is  periodic  with  a 
frequency  equal  to  the  product  of  the 
number  of  vanes  (distorted  regions)  and 
the  rotational  speed  expressed  in  revo¬ 
lutions  per  second.  Dependent  upon  the 
number  of  vanes  (distorted  regions)  and 
rotor  airfoils,  there  exists  a  phase 
relationship  between  adjacent  airfoils. 
In  Figure  11,  upstream  vanes  of  number  N 
are  assumed  to  create  wakes  which  are 
reacted  in  an  airfoil  row  having  M 
elements.  The  spacings,  Sg  for  the 
stator  and  Sr  for  the  rotor,  are 
inversely  proportional  to  their  respec¬ 
tive  numbers.  Choosing  a  reference 
alignment  occurring  when  vane  n  aligns 
with  blade  m  and  a  reference  period,  T, 
which  is  the  time  required  for  a  blade  to 
traverse  one  stator  passage,  allows  the 
m+1  airfoil  to  be  examined.  In  the  case 
where  Sa  >  Sr  (M  >  N),  the  m+1  blade 
comes  into  the  alignment  with  vane  n  at 
a  time  t  =  Sr/ss  x  T  later  than  the 
reference  alignment.  At  this  instant  of 
time  the  m+1  ail  roil  would  experience 


the  same  perturbation  as  did  the  m  air¬ 
foil  at  t  =  0  .  Occurrences  then  on  the 
m+1  airfoil  would  lag  the  occurrences  on 
the  m  airfoil  by  time  t  =  SR/ss  x  T 
and  t  <  T  .  When  M  =  N  ,,  Sr  =  Sg  ,  and 
the  occurrences  on  the  m+1  airfoil  lag 
the  occurrences  at  the  n  vane  location 
by  the  time  t  =  Sr/ss  x  T  =  T  .  Thus 
they  lag  by  one  full  period.  For  the 
case  M  <  N  the  lag  time  t  =  Sr/ss  x  T 
is  greater  than  T  since  Sr  >  ss 
Thus,  occurrences  on  blade  m+1  due  to 
vane  n  lag  by  more  than  one  full 
period . 

Assuming  that  alignment  of  any  vane 
and  rotor  airfoil  yields  equal  inter¬ 
actions  and  that  all  airfoils  have  equal 
frequencies  and  damping  implies  that  a 
phased  relation  between  the  motion  of  the 
airfoils  exists.  The  phasing  between 
rotor  airfoils  is  classically  defined  as 
the  interblade  phase  angle.  Therefore, 
in  the  forced  vibration  of  tuned  airfoil 
systems,  the  phased  relationships  ex¬ 
isting  between  airfoil  motion  are  depen¬ 
dent  on  both  the  number  of  periodic 
disturbances  per  revolution  and  the  num¬ 
ber  of  airfoils.  In  turbomachinery,  the 
numbers  of  distorted  regions,  vanes,  and 
blades  are  varied  and,  hence,  inter-blade 
phase  angles  can  range  over  almost  any 
value . 

Consequently,  in  defining  the  aero¬ 
dynamics  of  ^he  forced  vibration  problem, 
the  parametric  ranges  discussed  in  Table 
1  must  be  evaluated  in  the  presence  of 
potential  and  viscous  distortions  of  the 
flow  stream  and  over  a  wide  range  of 
interblade  phase  angles?  Other  blade  row 
characteristics  such  as  airfoil  circum¬ 
ferential  spacing  and  setting  angles  of 
the  airfoils  relative  to  the  centerline 
must  be  included  in  these  evaluations. 


OUT  OF  WAKE 


IN  WAKE 
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EXPERIMENTAL  FACILITY  REQUIREMENTS 
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From  the  definition  of  the  forced 
vibration  problem  presented  in  the  pre¬ 
vious  section,  it  is  readily  obvious  that 
the  measurements  needed  in  forced  vibra¬ 
tion  research  are  most  properly  made  in 
an  operating  engine  environment.  How¬ 
ever,  this  environment  is  hostile  with 
regard  to  instrumentation  and  isolation 
of  parameters  is  difficult.  To  circum¬ 
vent  these  problems,  experimental  inves¬ 
tigators  have  turned  to  specialized 
facilities  and  rotating  rigs  in  which  the 
essential  features  of  the  flow  are 
preserved,  yet  the  environment  and 
conditions  for  acquiring  meaningful 
measurements  are  much  more  favorable. 
For  purposes  of  this  discussion,  four 
types  of  experimental  facilities  are 
considered:  (1)  two  dimensional  recti¬ 
linear  cascades,  (2)  stationary  annular 
cascades,  (3)  low  speed  rotating  rigs  and 
(4)  high  speed  rotating  rigs.  Advantages 
and  disadvantages  of  each  type  of 
facility  will  be  discussed  and  their  role 
in  defining  the  aerodynamics  of  forced 
response  outlined. 

In  order  to  define  these  advantages 
and  disadvantages,  it  is  useful  to  define 
two  quantities,  the  aerodynamic  gust  and 


aerodynamic  damping.  For  this  discus¬ 
sion,  the  aerodynamic  gust  will  be  de¬ 
fined  as  the  time  varying  loading  of  a 
cascade  of  arbitrary  airfoils  which  is 
independent  of  airfoil  movement  and  which 
is  created  by  upstream  or  downstream 
phased  periodic  disturbances.  The  aero¬ 
dynamic  damping  will  designate • the  time 
varying  loading  of  the  cascade  due  to 
harmonic,  phased  motions  of  the  airfoils. 
The  superimposing  of  these  two  fields 
then  yields  the  total  time-varying  aero¬ 
dynamics  in  the  forced  vibration  problem. 


Linear  Cascades 

Representation  of  a  spanwise  section 
of  a  turbomachinery  blade  by  a  finite 
number  of  two-dimensional  airfoil  sec¬ 
tions  has  been  accomplished  in  facilities 
defined  herein  as  linear  cascades.  The 
finiteness  of  the  cascade  introduces  the 
problem  of  periodicity,  which  has  been 
discussed  in  the  previous  chapter 
(Unsteady  Aerodynamic  Measurements  in 
Flutter  Research).  Examples  of  cascades 
featuring  supersonic  and  subsonic  inlet 
Mach  numbers  are  shown  in  Figures  12  and 
13,  respectively.  The  cascade  pictured 
in  Figure  12  was  designed  to  simulate  an 
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outer  span  airfoil  section  ot  an  inlet 
fan  stage,  while  the  cascade  pictured  in 
figure  13  was  designed  to  aerodynamically 
simulate  the  mean  section  of  an  advanced 
turbine  airfoil  design.  In  both  cascades 
the  flow  exits  the  cascade  at  approxi¬ 
mately  3:00  o'clock.  For  the  compressor 
cascade  flow  entry  is  from  approximately 
9:00  o'clock,  while  for  the  turbine  cas¬ 
cade  the  flow  enters  from  approximately 
1:00  o'clock.  Thus,  the  flow  turning  of 
each  cascade  is  consistent  with  the 
engine  environment.  The  cascades  are 

designed  to  simulate  the  velocity —  fields 
relative  to  the  airfoils.  Proper  design 
of  upstream  nozzles  and  the  ability  to 
control  inlet  and  exit  plenum  pressures 
furnish  precise  control  of  these  velocity 
fields.  Sidewall  and  nozzle  bleeds  are 
used  to  ensure  two  dimensional  flows 
through  the  cascades. 

The  linear  cascade  provides  an 

excellent  optical  path  for  examining  both 
steady  and  unsteady  effects  in  the  air¬ 
foil  passages  and  near  their  surfaces. 
Lack  of  centrifugal  and  untwist  stresses 
allow  static  pressure  taps  or  high 
response  pressure  transducers  to  be  loca¬ 
ted  much  nearer  critical  leading  and 

trailing  edge  regions  than  in  a  rotating 
environment.  This  allows  more  precise 
quantification  of  both  the  steady  and 
unsteady  fields. 

Aeroelasticity  research  in  linear 
cascades  has  been  generally  limited  to 
the  aerodynamic  damping  portion  of  the 
forced  vibration  problem.  Techniques  to 
oscillate  cascaded  airfoils  at  precise 
frequencies  and  interblade  phase  angles 


have  been  developed.  Data  obtained  from 
high  response  pressure  transducers  embed¬ 
ded  to  preserve  airfoil  contour  have  been 
used  to  determine  aerodynamic  damping  co¬ 
efficients  as  a  function  of  airfoil 
motion . 

The  major  limitation  in  obtaininq 
aerodynamic  damping  data  by  testing  in 
linear  cascades  has  been  proper  simula- 
lation  of  reduced  frequency.  This  limi¬ 
tation  has  arisen  due  to  the  spanwise 
dynamic  deflections  of  the  airfoils 
becoming  non  two-dimensional,  i.e.,  non- 
rigid  body  motions.  Also,  increasing  the 
reduced  frequency  by  increasing  chord 
lengths  presents  difficulties  in  obtain¬ 
ing  required  tunnel  mass  flow  rates  to 
achieve  proper  inlet  velocities.  De¬ 
creasing  the  inlet  velocity  to  increase 
reduced  frequency  results  in  nonconform¬ 
ance  to  desired  test  goals. 

Achieving  proper  input  gust  loading 
for  a  linear  cascade  is  extremely  dif¬ 
ficult,  unless  extremely  low  reduced 
frequency  data  is  desired.  A  method  to 
oscillate  the  inlet  flow  direction  at  an 
extremely  low  frequency  and  measure  the 
resulting  time  varying  pressures  on  the 
airfoil  surfaces  has  been  used  by  Ostdiek 
(1976).  The  phasing  requirements,  as 
discussed  in  the  previous  section,  are  a 
prerequisite  for  proper  gust  input  load¬ 
ing  to  the  cascaded  airfoils  and  are  not 
met  in  oscillating  the  inlet  velocity 
angle.  To  achieve  proper  phasing  of  gust 
loading  in  the  linear  cascade  would 
require  varying  inlet  or  exit  conditions 
to  each  airfoil  at  controlled  frequency 
and  phasing. 
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rig.  12.  Schematic  of  Cascade  facility 


Stationary  Annular  Cascades 

Representation  of  a  spanwise  section 
of  a  turbomachine  blade  by  stationary 
airfoils  arranged  in  an  annulus  has  been 
accomplished  in  facilities  defined  herein 
as  stationary  annular  cascades.  The 
annular  arrangement  circumvents  the  peri¬ 
odicity  question  arising  in  linear  cas¬ 
cades  . 

Stationary  annular  cascades  can  be 
designed  to  simulate  inlet  flows  ranging 
from  subsonic  to  supersonic,  depending  on 
the  manner  in  which  flow  is  delivered  to 
the  cascade.  Annular  cascades  retain 
several  advantages  of  the  linear  cascade 
such  as  optical  and  instrumentation  ac¬ 
cessibility,  centrifugal  loading  on  the 
airfoils,  and  control  of  the  velocity 
fields.  However,  they  suffer  from  the 
same  type  of  limitations  as  do  linear 
cascades,  i.e.,  obtaining  proper  reduced 
frequencies  at  realistic  velocities  and 
proper  simulation  of  the  gust  loading. 

Low  Speed  Rotating  Rig 

This  category  is  used  to  define  both 
the  rotating  blades  and  stationary  vane 
rows  in  single  or  multiple  stage  test 
vehicles  which  have  low  through  flow 
velocities,  with  axial  Mach  numbers  in 
the  range  of  0.1.  Loadings  in  terms  of 
pressure  ratio  and  equivalent  work  are 
usually  extremely  low.  Primary  advan¬ 
tages  in  low  speed  facilities  include 
optical  and  instrumentation  accessibil¬ 
ity,  low  centrifugal  loadings  on  rotating 
airfoils,  and  low  horsepower  required  for 
drive  considerations.  In  low  speed  rigs, 
both  upstream  and  downstream  g'-sts  can 
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be  simulated,  with  the  exception  of  shock 
impulses  from  supersonic  exit  turbine 
nozzles.  Specially  fabricated  screens, 
rods,  and  vane  rows  can  yield  variations 
in  gust  amplitudes,  reduced  frequencies, 
and  interblade  phasing  relative  to  the 
rotating  airfoils.  Variations  in  num¬ 
bers  of  rotor  and  stator  blades  can  be 
used  to  investigate  interblade  phasing 
and  reduced  frequency  effects  on  either 
the  blading  of  rotor  or  stator  airfoils. 
Spanwise  effects  present  in  rigs  of  this 
type  present  challenges  in  measurement 
not  encountered  in  two  dimensional  linear 
and  annular  cascades.  The  major  disad¬ 
vantage  of  low  speed  rigs  is  the  low  Mach 
number  range  available  for  investigation. 


High  Speed  Rotating  Rig 

High  speed  rotating  cascades,  which 
encompass  a  range  from  single  stage  rigs 
to  full  engines,  are  the  ideal  vehicle  in 
which  to  make  measurements  of  quantities 
pertinent  to  forced  vibration  under 
realistic  inlet  and  exit  flows,  reduced 
frequencies,  and  interblade  phasing.  In 
this  environment,  however,  optical  and 
instrumentation  accessibility  present 
major  difficulties.  The  high  centrifugal 
fields  in  which  the  rotating  airfoils 
operate  limit  locations  of  instrumenta¬ 
tion.  Concepts  to  oscillate  airfoil/  in 
this  environment  to  obtain  aerodyna..;j.o 
damping  information  require  unique  at¬ 
tachment  designs.  Requirements  for 
multi-channel  rotating,  high  speed 
sliprings  to  provide  transfer  of  signals 
and  reference  power  across  the  stationary 
to  rotating  frame  of  reference  introduces 
additional  complexity. 


Pig.  13.  Schematic  of  Turbine  Rotor  Cascade  Hardware 


Each  type  of  research  facility 
currently  used  to  obtain  experimental 
data  relevant  to  forced  vibration  of 
blading  has  both  advantages  and  dis¬ 
advantages.  Experimentalists  have  taken 
advantage  of  the  uniqueness  of  each 
facility  and  have  designed  controlled 
experiments  to  obtain  basic  data  over 
parametric  ranges  offered  by  the  fac¬ 
ility.  Examples  of  the  forced  vibration 
research  being  accomplished  in  the  four 
types  of  facilities  illustrate  the  dis¬ 
cussion  presented. 

EXPERIMENTAL  RESEARCH 

In  spite  of  the  limitations  asso¬ 
ciated  with  each  type  of  facility,  signi¬ 
ficant  research  data  have  been  acquired 
and  measurements  made  for  correlation 
with  theory  and  experience.  Through  use 
of  unique  and  varied  driving  mechanisms, 
measurement  techniques  (pressure.^  dis¬ 
placement,  velocity),  flow  mediums, 
visualization  methods,  and  data  acquisi¬ 
tion  and  reduction  schemes  much  insight 
and  information  on  the  aerodynamic  gust 
and  damping  of  turbomachine  blading  has 
been  acquired.  The  following  is  a  review 
of  a  small  portion  of  what  has  been  done 
to  obtain  these  data  in  each  type  of  fac¬ 
ility. 

Linear  Cascades 

As  mentioned  earlier  Ostdiek  (1976) 
investigated  the  effects  of  an  oscillat¬ 
ing  inlet  flow  at  low  reduced  frequencies 
on  a  five  bladed  cascade.  This  was  done 
in  an  attempt  to  relate  the  pressure 
fluctuation  on  the  center  airfoil  to  the 
varying  directional  change  of  th*  con¬ 
stant  magnitude  inlet  flow.  This  ad¬ 
dresses  the  input  gust  loading  of  the 
airfoil  independent  of  airfoil  movement. 

Fleeter  (1976a)  addressed  the  aero¬ 
dynamic  damping  associated  with  airfoil 
motion  by  controlling  the  frequency  of 
torsional  oscillation  and  interblade 
phase  angle  for  a  cascade  of  five  blades 
in  a  supersonic  inlet  flow  field.  Para¬ 
meters  varied  were  inlet  Mach  number, 
interblade  phase  angle  and  reduced  fre¬ 
quency.  Data  obtained  were  tho  unsteady 
pressure  magnitude  and  phase  by  using 
airfoil  embedded  dynamic  pressure  trans¬ 
ducers  . 

Boldman  (1978)  using  a  mechanical 
cam  driver  to  produce  precise  torsional 
motion  of  a  single  DCA  airfoil  obtained 
achlieren  motion  pictures  showing  shock 
patterns  moving  across  the  blade.  A 
phase  lag  (nominally  100*)  Detween  the 
blade  motion  and  response  of  the  flow 
increased  as  reduced  frequency  increased 
from  1.04  to  1.56. 

Aerodynamic  evaluation  of  turbine 
blade  packets  in  the  first  three  natural 
modes  was  carried  out  by  Kovats  (1979). 
Utilizing  a  shaker  to  input  or  absorb 
energy  from  the  airfoil  packets  and 
measuring  the  resulting  power  flow 
allowed  quantification  of  the  aerodynamic 
force  in  phase  with  the  airfoil  motion. 
He  also  used  interferometry  to  instan¬ 
taneously  (2  x  10-8  sec)  record  9as 
density  variations  around  the  first  air¬ 
foil  of  the  packet.  Twenty  four  records 
were  obtained  for  the  vibration  oyole  and 


were  used  to  obtain  aerodynamic  damping. 
A  special  control  circuit  was  developed 
to  trigger  intef erograms  to  be  taken  at  a 
specified  energy  flow  and  at  specified 
airfoil  cycle  positions. 

Loiseau  (1980)  used  measured  cascade 
unsteady  pressures  from  airfoil  embedded 
transducers  to  calculate  aerodynamic 
damping  for  comparison  with  bandwidth 
damping  measurements  on  the  blades  of  a 
working  compressor.  The  cascade  para¬ 
meters  were  set  to  be  similar  to  those  of 
the  compressor  and  encompassed  the  stall 
flutter  region,  Mn  from  0.5  to  1.0  . 
Good  agreement  in  damping  was  noted  at 
subsonic  Mach  numbers  and  at  Mn  -  1.0  . 
However,  large  differences  were  obtained 
in  the  transonic  region  after  separation 
incidences  had  been  reached. 

ONERA'b  linear  cascade  capabilities 
are  described  by  Szechenyi  (1980).  Two 
dimensional  periodic  flow  is  simulated 
for  Mach  numbers  0.4  through  supersonic 
with  variations  in  Reynolds  number  ob¬ 
tained  by  varying  tunnel  pressure  between 
1.4  and  3  atmospheres.  The  cascade  con¬ 
sists  of  six  airfoils  with  the  two 
central  airfoils  having  the  ability  to 
vibrate  in  torsion  (75-550Hz)  or  bend¬ 
ing  (80-330  Hz)  at  resonance  using  a 
shaker.  One  of  these  two  airfoils  is 
instrumented  with  embedded  dynamic  pres¬ 
sure  transducers.  Data  acquisition  and 
treatment  of  vibratory  motion  and  pres¬ 
sure  measurements  is  obtained  immediately 
in  the  form  of  a  print-out. 

Steady-state,  time-variant  and 
quasi-static  pressure  data  were  obtained 
by  Rothrock  (1981)  from  a  linear  cascade 
of  five  turbine  airfoils  undergoing 
torsional  oscillation.  Unsteady  pres¬ 
sures  were  obtained  from  embedded  trans¬ 
ducers  for  six  values  of  interblade  phase 
angle  and  for  four  expansion  ratios.  The 
major  features  of  the  facility  are  con¬ 
tinuous  operation  for  extended  periods, 
mechanized  test  section  for  changing 
cascade  incidence,  schlieren  optical 

system,  wall  bleed  systems  and  data  ac¬ 
quisition  using  two  digital  mini¬ 
computers.  The  drive  system  is  a  spring 
bar  and  hammer  arrangement  using  an 
electromagnet  on  both  ends  of  airfoil 
trunnions  to  ensure  rigid  body  motion, 
he  data  obtained  showed  correspondence 
Tf  surface  pressure  trends  for  quasi- 
ostatic  and  time-variant  testing. 

Riffel  (1981)  presents  cascade 

modeling  concepts  to  preserve  the 

critical  values  of  the  flow  field  for 
supersonic  inlet  rotor  blade  sections. 
Finite  element  methods  are  used  to  design 
the  airfoil  and  spring  bars  to  attain 
appropriate  reduced  frequencies  for  tor¬ 
sional  and  translational  modes.  The 
cascade  airfoil  is  designed  and  fabri¬ 
cated  of  graphite/epoxy  to  attain  nearly 
rigid  body  motions  and  to  reduce  the 
driving  force  required  to  attain  speci¬ 
fied  amplitudes. 

Unsteady  periodicity  in  a  cascade 
was  demonstrated  by  Carta  (1982)  through 
dynamic  pressure  instrumentation  of 
multiple  blades  and  the  sidewall  at  the 
airfoil  leading  edge  plane.  This  cas¬ 
cade  consisted  of  eleven  NACA  65-series 
airfoils  oscillating  in  torsion.  A 


matrix  of  96  data  points  were  obtained 
based  on  two  incidence  angles  (2*.  6‘), 
three  reduced  frequencies  (1.44,  0.244, 
0.302)  and  eight  interblade  phase  angles 
(0*,  45\  90*.  135*,  180*)  at  a 
constant  inlet  velocity  of  200  ft/sec  (61 
m/sec).  Comparison  of  experimental  data 
with  the  unsteady  Verdon/Caspar  (1980) 
theory  for  cascaded  blades  showed  excel¬ 
lent  agreement. 

Stationary  Annular  Cascades 

Addressing  the  aerodynamic  gust, 
Ada chi  (1979)  used  hot  wires  to  measure 
the  steady  and  unsteady  velocity  distri¬ 
butions  between  stator  vanes  due  to  wakes 
produced  by  moving  cylinders  upstream. 
In  addition,  the  above  flow  field  was 
compared  to  the  measured  unsteady  force 
on  one  stator  using  twenty  four  (24) 
pressure  transducers  embedded  in  the 
airfoil.  A  photoelectric  pickup  was  used 
to  synchronize  the  data  acquisition  to 
obtain  the  in-passage  velocity  distri¬ 
butions  at  five  circumferential  positions 
of  the  moving  cylinder.  The  output  of 
the  pressure  transducers  was  averaged 
periodically  to  remove  random  data 
extracting  the  periodic  component. 

Whitehead  (1980)  shows  good  agree¬ 
ment  of  predictions  of  force  and  moment 
coefficients  from  a  finite  element 
based  program  with  data  from  an  annular 
turbine  blade  cascade.  The  cascade  con¬ 
sisted  of  sixteen  (16)  airfoils  with  each 
blade  excited  by  its  own  driver.  A  con¬ 
trol  system  was  used  to  attain  constant 
intorbladc  phase  angle  between  all  air¬ 
foils.  Specifically  located  strain  gages 
were  used  to  measure  moment  coefficients 
baaed  on  amplitude  and  phase  from  three 
(3)  blades. 

A  transonic  turbine  cascade  designed 
to  simulate  the  first  three  natural  modes 
of  vibration  of  a  blade  is  described  by 
Klrschner  (1980).  Each  blade  is  excited 
by  its  own  electromagnetic  driver  with 
the  capability  to  prescribe  and  maintain 
blade  to  blade  amplitude  and  interblade 
phasing  for  positive  aerodynamic  damping 
values.  Provision  for  measurement  of 
unsteady  pressure  distribution  is  made  on 
one  blade. 

Davies  (1984)  uses  interferometry  to 
visualize  the  shock  location  and  movement 
on  the  airfoil  around  an  annular  cascade 
representing  a  compressor  fan  blade  tip 
section.  This  was  accomplished  by 
synchronizing  the  laser  pulses  to  the 
blade  vibration  cycle  using  an  electronic 
triggering  system.  Individual  blade 
shakers  were  used  to  provide  specified 
interblade  phase  angles  and  amplitude  by 
means  of  negative  feedback. 

bow  bpeod  Rigs 

Unsteady  pressures  on  a  stator  blade 
row  due  to  the  wakes  from  an  upstream 
rotor  were  measured  by  Henderson  (1978). 
The  variation  of  rotor/stator  spacing, 
stator  solidity  and  stator  incidence 
angle  were  investigated.  Recessed  pres¬ 
sure  transducer  data  were  ensemble  aver¬ 
aged  to  obtain  the  periodic  component. 
The  rotor  wake  was  defined  by  using  a  hot 
film  anemometer  probe.  In  addition  the 
unsteady  response  of  the  rotor~due  to  the 
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presence  of  the  stator  blades  was  ob¬ 
tained  by  strain  gage  measurements  at  the 
mid3pan  of  the  rotor  blade. 

Fleeter  (1979)  measured  the  unsteady 
surface  pressure  distribution  near  the 
trailing  edge  of  a  classical  isolated 
flat  plate,  a  forty  (40)  vane  classical 
flat  plate  stator  row  and  a  forty  (40) 
vane  cambered  NACA  Series  65  stator  row 
due  to  the  upstream  rotor  wake.  This  was 
done  at  reduced  frequencies  between  14.0 
and  20.0.  The  data  acquisition  was  based 
on  triggered  data  averaging  over  four 
hundred  rotor  revolutions.  During  this 
time  eighty  (80)  to  one  hundred  (100) 
digitized  data  points  were  obtained.  The 
rotor  wake  was  measured  using  a  crosswire 
probe . 

Screens  were  used  by  Bruce  (1979)  to 
produce  sinusoidal  axial  velocity  com¬ 
ponents  of  specified  number  and  magnitude 
to  investigate  unsteady  response  of  a 
rotor.  Measured  values  of  the  unsteady 
lift  force  and  pitching  moment  coeffi¬ 
cients  and  their  phase  angles  were  ob¬ 
tained  by  strain  gaged  sensing  elements 
on  one  rotor  blade.  Solidity  of  the  un¬ 
cambered  rotor  was  varied  by  choosing  2, 
3,  4,  6  or  12  blades.  Cascade  stagger 
angle,  mean  incidence  angle  and  reduced 
frsquency  were  also  varied.  A  photocell 
was  used  to  trigger  ensemble  averaging  of 
the  data  to  eliminate  random  sources  of 
excitation  (i.e.,  turbulence).  This 
trigger  was  also  used  to  define  phasing 
between  the  force  and  blade  response. 


Interaction  between  rotors  and 
stators  of  a  large  scale  turbine  stage 
was  studied  by  Dring  (1981).  High  re¬ 
sponse  pressure  transducers  and  thin  film 
gages  were  used  on  the  rotor  and  stator 
to  identify  potential  flow  and  wake  ef¬ 
fects  present.  Two  rotor-stator  axial 
gaps  were  investigated.  Also  studied 
were  the  characteristics  of  the  steady 
flow  over  the  rotor  with  varying  inci¬ 
dences.  Fullspan  surface  flow  visualiza¬ 
tion  was  obtained  by  flowing  ammonia  out 
of  rotor  pressure  taps  with  the  surface 
of  the  rotor  covered  by  Ozalid  paper. 

Joslyn  (1982)  used  transversing 
(circumferential  and  radial)  probes  to 
study  the  flow  in  a  one  and  one-half 
stage  axial  flow  turbine  model.  Three 
element  hot  film  probes  were  used  to 
measure  instantaneous  velocity  behind  the 
first  vane,  first  blade  and  second  vane. 
High  response  total  pressure  data  were 
obtained  using  a  transducer  mounted  in  a 
standard  Kiel  probe.  Unsteadiness  and 
three  dimensionality  of  the  flow  were 
investigated. 

Using  embedded  pressure  transducers 
on  a  rotor  airfoil,  O'Brien  (1982) 
quantified  the  unsteady  effects  of  down¬ 
stream  struts  (four  rotor  chord  lengths 
removed)  on  the  rotor.  Tho  downstream 
stator  row  (one  rotor  chord  length)  un¬ 
steady  effects  wsrs  also  observed. 

Capece  (1984)  conducted  an  experi¬ 
mental  study  of  the  unsteady  pressure 
distributions  on  the  first  stage  vane  row 
due  to  upstream  rotor  wakes.  Embedded 
dynamlo  pressure  transducers  were  used 
with  data  reduction  using  FIT  techniques. 


High  Speeds  Rigs 

A  single  stage  axial  flew  compressor 
tost  rig  with  removable  inlet  guide  vanes 
is  described  by  Callus  (1979a).  This  rig 
was  used  to  investigate  blade-stator 
interaction  under  subsonic  conditions. 
Measurements  of  unsteady  pressures  on  the 
mid-span  of  rotor  and  stator  blades  were 
accomplished  with  embedded  dynamic  pres¬ 
sure  transducers.  Rotor  wake  shape 
(midspan)  for  points  of  operation  were 
also  measured  with  a  three-hole  probe 
which  traversed  circumferentially.  The 
data  were  examined  with  respect  to  flow 
parameters  involved  (i.e.,  Mach  number, 
reduced  frequency).  Gallus  (1979b)  also 
obtained  schlieren  visualization  of  the 
flow  upstream  of  a  rotor  in  an  axial 
supersonic  compressor  stage  rig.  This 
was  accomplished  by  a  stroboscopic  con¬ 
trol  system.  A  rig  designed  to  inves¬ 
tigate  the  influence  of  rotor-blade 
solidity  on  the  unsteady  pressure  distri¬ 
bution  of  a  stator  at  various  axial 
distances  downstream  is  described  by 
Gallus  (1981).  Rotor  wake  measurements 
were  made  using  a  traversing  three-hole 
probe.  Microphones  were  employed  to 
measure  sound  pressure  level  downstream. 

A  blow  down  compressor  facility 
which  employs  a  flow  medium  of  Freon- 
Argon  mixture  is  presented  by  Crawley 
(1980).  The  ability  to  drive  the  twenty- 
three  (23)  blades  through  piezoelectric 


crystals  to  controlled  amplitude  and 
phasing  is  provided.  These  crystals  used 
as  displacement  transducers  along  with 
strain  gage  measurements  have  been  used 
to  determine  aerodynamic  damping  by  modal 
analysis.  An  advantage  of  using  such  a 
facility  is  the  lower  centrifugal  and 
bending  stresses  due  to  the  lower  speed 
of  sound  and  low  dynamic  pressures.  The 
short  test  time  of  eighty  (80)  ms  also 
increases  chances  of  rotor  survival  in 
the  event  of  a  flutter  instability. 

This  concludes  the  survey  of  some  of 
the  work  being  done  using  linear  and  an¬ 
nular  cascades,  and  low  and  high  speed 
rigs  to  obtain  meaningful  measurements 
of  forced  vibration  and  flutter  para¬ 
meters.  An  additional  survey  of  research 
activities  in  the  field  of  unsteady  flow 
has  been  made  by  Platzer  (1977). 

CALIBRATION  AND  DATA  ACQUISITION 

In  flutter  and  forced  vibration  ex¬ 
perimental  programs  described  herein  and 
in  the  previous  chapter,  a  variety  of  ex¬ 
perimental  techniques  were  used  by  the 
investigators  to  acquire  time-varying 
data.  Regardless  of  the  technique,  com¬ 
mon  concerns  faced  by  each  investigator 
were  those  of  calibration  and  data  acqui¬ 
sition,  both  of  which  must  be  performed 
accurately  to  ensure  data  quality.  These 
areas  will  addressed  in  the  following 
discussion. 


Fig.  14.  Setup  for  Calibration  of  Hot  Wire  Instrumentation 
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Calibration 

Two  typos  ot  instrumentation,  hot 
wires  anU  high  response  pressure  trans¬ 
ducers,  form  the  measurement  basis  of 
many  investigations  of  time  varying 
aerodynamics.  Thus  a  general  discus¬ 
sion  of  calibration  techniques  necessary 
to  ensure  data  quality  from  each  type 
will  be  presented. 

II nt  Wire  Anemomotry 

figure  14  presents  a  photograph  of 
a  temperature  controlled,  airjet  system 
used  at  Allison  to  calibrate  hot  wires 
for  use  in  several  experimental  subsonic 
facilities.  Pressurized  air,  controlled 
by  a  throttling  valve,  flows  through  a 
heat  exchanger,  then  through  a  calibrated 
orifice.  The  flow  then  passes  through  a 
converging  section,  forming  a  jet  of  air 
with  known  velocity  and  temperature.  Hot 
wire  probes  are  inserted  into  the  jet. 
At  varying  velocities,  the  output  volt¬ 
ages  o  an  anemometry  system  are  re¬ 
corded.  For  crossed-wire  probes,  out¬ 
put  voltages  for  both  wires  are  recorded 
at  varying  velocities  and  probe  angles 
relative  to  the  velocity.  The  data  ob¬ 
tained  forms  the  basis  for  linearization 
via  the  electronic  features  of  the  ane- 
mcmetry  system,  and  for  corrections  to 
be  made  in  data  analysis.  Although  hot 
wire  anemomotry  systems,  properly  tuned, 
have  inherently  high  frequency  response 
capabilities,  the  addition  of  coatings  to 
protect  the  fragile  wires  from  damage  in 
the  operational  environment  can  detri¬ 
mental  ly  affect  their  performance. 


High  Response  Pressure  Transducers 

Techniques  for  calibration  presented 
herein  ore  discussed  using  thin  line 
transducers  as  exampios,  yet  are  applic¬ 
able  to  high  response  pressure  probes  and 
other  pressure  measuring  devices. 

For  static  calibration  of  pressure 
transducers,  a  tank  in  which  the  pressure 
is  variable  ovor  the  desired  working 
love  is  commonly  used.  Output  voltages 
from  the  pressure  transducer  are  recorded 
as  functions  of  the  tank  pressuro  levol 
and  supply  voltage  to  the  transducer. 
Curves  constructed  yield  the  sensitivity 
of  the  transducer  in  terms  of  voltage 
versus  pressure  with  excitation  voltage 
specified . 

High  response  pressure  transducers 
have  inherently  high  frequency  rangos 
availabl  for  accurato  measurement,  yet 
the  addition  of  coatings  and  shields  used 
to  protect  them  from  erosion  and  damage 
in  the  operational  environment  can  detri¬ 
mentally  affect  their  performance.  In 
many  Instances,  tho  pressure  sensitive 
diaphragm  of  a  transducer  is  located  such 
that  drilled  holes,  tubes,  or  cavities 
connect  it  to  the  desired  point  of 
measurement.  Acoustic  transmission  and 
loss  through  those  passages  can  result  in 
a  substantial  decrease  in  tho  accuracy  of 
pressure  measurements.  Thus,  dynamic 
calibration  of  tho  installed  measuring 
devices  Is  necessary. 


*Vf*zo-« fsetirtc:  pressure  transducer 


To  illustrate  one  technique  for  ob¬ 
taining  dynamic  calibration  of  installed 
pressure  transducers,  an  investigation  of 
the  effect  of  a  pliable  coating  over  the 
diaphragm  of  a  thin  line  high  response 
pressure  transducer  is  informative.  Ex¬ 
perience  with  uncoated  transducer  dia¬ 
phragms  indicated  that  to  increase  test 
longevity  of  surface  mounted  transducers, 
coating  of  a  pliable  RTV  was  needed.  The 
effect  of  the  coating  on  the  measurement 
accuracy  of  the  transducer  was  not  known, 
thus  an  installed  dynamic  calibration  was 
performed . 


This  calibration  was  made  using  a 
dynamic  pressure  generator  which  is 
capable  of  varying  the  frequency  and 
amplitude  of  the  input  pressure  signal. 
This  device  is  basically  a  siren-tuned 
oscillator  employing  a  120-hole  rotor 
wheel  controlled  by  the  air  pressure 
level  supplied  to  the  inlet.  The  signal 
frequency  is  simply  controlled  by  the 
rotor  angular  speed.  An  axisymmetric 
contraction  horn  attached  to  the  stator 
exhaust  serves  to  focus  the  pressure 
signal  to  the  smaller  test  section. 
Figure  15  presents  a  schematic  of  the 
system.  In  the  calibration  procedure, 
the  input  signal  was  monitored  for 
amplitude  and  frequency  with  a  piezo¬ 
electric  reference  transducer.  This  high 
frequency  transducer  was  dynamically  cal¬ 
ibrated  by  the  manufacturer  over  a  range 
of  known  pressure  step  inputs.  In  addi¬ 
tion,  the  transducer  was  calibrated  for 
lower  pressure  ranges  using  a  piBton- 
phone  acoustic  generator.  The  output 
signal  from  the  instrumented  test  blade 
was  monitored  and  analyzed  for  signal 
strength  and  frequency  content.  Figure 
16  presents  the  frequency  response  data 
for  two  Kulites*  coated  with  RTV  and 
flush  mounted  on  an  airfoil.  The  ampli¬ 
tude  ratios  were  calculated  over  a  fre¬ 
quency  range  of  400  to  1000  Hz.  The  mean 
RMS  amplitude  ratio  of  the  Kulite  output 
of  the  reference  output  was  approximately 
0.95  in  the  test  frequency  range,  and 
was  independent  of  signal  frequency. 


Many  of  the  investigations  discussed 
in  the  section  on  Experimental  Research 
used  thin  pressure  transducers  installed 
flush  or  slightly  recessed  from  an  air¬ 
foil  external  contour  to  measure  pressure 
fluctuations  arising  from  induced  airfoil 
motion.  Strain  gages  were  used  to  define 
the  oscillatory  motion  of  the  airfoils  in 
order  to  relate  the  time  varying  pres¬ 
sures  with  the  motion.  Dependent  on  the 
mode  shape  and  frequency  investigated, 
pressure  transducers  located  along  the 
chord  of  the  test  airfoils  are  subjected 
to  varying  accelerations,  both  normal  and 
parallel  to  the  pressure  sensitive  dia¬ 
phragm.  Dynamic  strain  fields  vary  along 
the  span  and  chord  of  tho  airfoils  and 
may  induce  time  varying  strains  in  the 
prossure  transducer,  thus  leading  to 
erroneous  data  interpretation.  To  quan¬ 
tify  those  effects  Allison  has  used  an 
in-vacuum  calibration  procedure.  This 
calibration  aystem  has  been  used  exclu¬ 
sively  on  rectilinear  caacade  airfoils, 
but  the  procedure  is  valid  for  other  non¬ 
rotating  airfoils. 


ROTOR  STATOR 
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In  obtaining  time  varying  pressures 
trom  cascaded  airfoils  oscillating  with 
coherent  phase  angles,  Allison  has  used 
tho  concept  of  exciting  the  airfoils  at 
their  resonant  frequency.  This  requires 
exacting  frequency  tuning,  yet  requires 
minimal  power  for  inducing  motion  and 
allows  extended  frequency  ranges  to  be 
investigated.  In  Figure  17,  a  photo¬ 
graph  of  a  bench  rig  developed  to  dupli¬ 
cate  the  resonant  characteristics  of  a 
test  airfoil  when  installed  in  a  cascade 
is  shown.  Frequency  control  is  via  sized 
torsion  rods  on  either  side  of-  the  end 
plates  representing  the  sidewalls  of  the 
windtunnel.  Excitation  at  the  rigid  body 
rotational  natural  frequency  of  the  air¬ 
foil  system  is  provided  by  small  electro¬ 
magnets  in  close  proximity  to  dual 
driving  arms  providing  torque  input  to 
the  system.  Strain  gages,  isolated  from 
magnetic  induced  signals,  are  located  on 
each  torsio  rod  and  are  used  to  define 
the  rotational  amplitude  of  the  test  air¬ 
foil. 

For  calibration  of  acceleration  and 
strain  effects,  the  bench  rig  with  the 
desired  pressure  instrumented  airfoil  is 
placed  in  a  vacuum  chamber.  Power  inputs 
and  instrumentation  leadouts  are  provided 
across  the  vacuum  to  ambient  interface. 
Oscillations  of  the  test  airfoil  are 
induced  by  providing  voltages  to  the 
electromagnets  at  the  resonant  frequency 
of  the  system.  Voltages  from  each  of  the 
installed  pressure  transducers  are  re¬ 
corded  at  varying  amplitudes.  These 
voltages  represent  the  sum  of  the  accel¬ 


eration  and  strain  induced  voltages, 
since  both  are  functions  of  the  first 
power  of  the  deflection.  Analyses  of  the 
signals  provided  an  amplitude  and  phase 
calibration  of  the  transducer  in  terms  of 
airfoil  motion.  Using  this  calibration, 
unsteady  pressure  data  acquired  during 
cascade  testing  is  corrected. 

Calibration  considerations  for  in¬ 
stallation  of  high  response  pressure 
transducers  on  rotating  airfoils  have 
been  reported  by  Grant  and  Lanati  (1978). 
Lambourne  (1980)  presents  a  discussion  on 
measurements  of  unsteady  pressure  in 
which  dynamic  calibration  concerns  are 
noted.  These  investigations  emphasize  the 
necessity  of  developing  quantitative 
techniques  to  ascertain  the  installed  re¬ 
sponse  characteristics  of  high  response 
pressure  transducers. 

Data  Acquisition 

Accurate  characterization  of  the 
frequency  and  phase  response  of  the 
measurement  devices  must  be  augmented  by 
a  similar  characterization  of  the  elec¬ 
tronic  conditioning  necessary  to  record 
the  desired  data.  In  Figure  18  a  dual 
path  data  acquisition  scheme  is  illus¬ 
trated.  Conditioning  equipment  supplies 
required  excitation  voltage  to  the  mea¬ 
suring  device  and  provides  amplif ication 
or  attenuation  of  the  time  varying  sig¬ 
nals  received  from  the  device.  These 
amplified  or  attenuated  analog  signals 
are  processed  via  digital  or  analog  de¬ 
vices  . 
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Fig.  17. 

Hollow  Torsion  Rod  Drive  System,  Bench  Rig. 
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Paramount  among  the,  considerations 
ot  each  of  the  elements  of  an  acquisition 

system  is  that  of  desired  frequency 
ranges.  Dynamic  amplifiers,  real  time 
analyzers,  and  magnetic  tape  recorders 
generally  have  selectable  frequency 
ranges.  Analog  to  digital  converters 
have  digitizing  rates  which  create  ef¬ 
fective  frequency  ranges.  Thus,  before 
final  data  are  acquired,  choices  concern¬ 
ing  the  desired  frequency  range  must  be 
made  bused  on  expected  signal  character. 


As  an  example,  consider  the  pressure 
signal  near  the  leading  edge  of  a  stator 
vane  created  by  the  passage  of  a  rotor 
wake  aa  shown  in  Figure  19.  Harmonic 
analysis  of  the  indicated  raw  signal  was 
performed  and  from  the  analysis,  the 
amplitude  and  phase  of  the  first  three 
harmonics  were  determined  and  plotted, 
the  first  harmonic  corresponding  to  the 
rotor  blade  passage  frequency.  Summing 
the  first  three  harmonics  at  each  time 
value  yields  a  fair  approximation  of  the 
pressure  signal,  yet  true  representation 
was  not  obtained,  indicating  a  necessity 
to  obtain  higher  harmonic  data.  This 
implied  that  all  systems  in  the  data 
acquisition  system  should  have  frequency 
ranges  at  many  times  the  frequency  of  the 
rotor  blades  passage.  In  this  example 
all  acquisition  elements  were  configured 
such  that  a  frequency  range  of  ten  (10) 
times  blade  passage  frequency  was  in¬ 
vestigated  . 

A  second  decision  to  be  made  in 
configuring  a  data  acquisition  system  to 
meet  a  specific  experimental  requirement 
is  that  of  on-line  or  off-line  pro¬ 
cessing.  On-line  processing  has  the 
distinct  advantage  of  providing  immediate 
fcodback  to  the  experimentalist  for  more 
direct  control  of  the  experiment.  Yet, 
in  experiments  with  many  parameters  to  be 
measured,  equipment  demands  and/or  test¬ 
ing  times  arc  large,  and  off-line  pro¬ 


cessing  is  necessary.  Consequently,  a 
common  compromise  Is  real  time  analysis 

of  key  variables  via  oscilloscopes  and 
real  time  analyzers  with  complete  data 
recordings  via  a  multiple  channel  tape 
recorder  furnishing  off-line  analysis 
capability. 

In  Figure  18,  data  in  time  domain  are 
acquired  via  the  analog-digital  converter 
and  oscilloscope  (as  oscillograph)  and, 
generally,  is  acquired  in  the  frequency 
domain  via  the  real  time  analyzer.  Time 
based  data  experimental  observations  such 
as  those  recorded  by  Dring  (1981)  can  be 
used  to  provide  detailed  insight  into 
unsteady  flow  mechanisms.  Frequency  do¬ 
main  data  has  been  extensively  used  to 
determine  the  amplitude  and  phasing  of 
pressure  perturbations  along  oscillating 
airfoil  surfaces  in  supersonic  flutter 
testing  as  documented  by  Fleeter  (1976). 
The  choice  of  using  the  time  or  frequency 
domain  for  data  acquisition,  therefore, 
is  dependent  on  the  analysis  techniques 
used  in  the  particular  investigation.  To 
illustrate  time  and  frequency  domain 
data,  Figures  20  and  21  are  presented. 
These  data  were  acquired  from  airfoils 
undergoing  excitation  from  an  upstream 
stator  row  as  reported  by  Jay  (1984). 
The  analog  data  in  Figure  20  is  pre¬ 
sented  as  strain  gage  voltage  output 
versus  time.  In  this  figure  the  sinu¬ 
soidal  characteristics  imply  blade  reso¬ 
nance,  and  the  coherence  between  the  sig¬ 
nals  from  the  seven  gages  imply  a  phased 
motion.  An  expanded  cross  correlation 
analysis  performed  on  the  same  data  is 
shown  in  Figure  21 .  In  this  figure 
maximum  correlation  between  gages  1  and  8 
identifies  the  resonant  frequency  and  the 
phase  trace  identifies  the  phasing  be¬ 
tween  the  signals  from  the  airfoils.  For 
this  experiment,  on-line  monitoring  was 
performed  using  oscilloscopes  and  the 
data  shown  in  Figures  20  and  21  processed 
off-line . 
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Schematic  of  a  Dual  Path  Data  Acquisition  System 
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Fig.  20.  High  Speed  Oscillograph  at  Resonance  Peaks. 
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Currently,  the  use  of  computer  con¬ 
trolled,  high  speed  analog  to  digital 
converters  to  acquire  high  response  data 
has  been  demonstrated  to  be  exceptionally 
useful  in  experimental  aeroelasticity  in¬ 
vestigations.  Carta  (1980)  presents  a 
schematic  of  such  a  system  and  defines 
the  effectiveness  in  terms  of  experi¬ 
mental  guidance  and  more  rapid  data 
processing.  Fleeter  (1976)  presents  a 
discussion  of  a  computer  controlled  ex¬ 
perimental  program  in  which  the  central 
feature  was  a  high  speed  analog  to  digi¬ 
tal  converter  having  a  digitizing  rate  of 
100,000  points  per  second. 

Fundamentally,  two  types  of  A-D 
systems  are  in  current  use.  For  this  dis¬ 
cussion,  the  two  will  be  referred  to  as 
parallel  and  sequential.  A  parallel  sys¬ 
tem  will  be  defined  as  an  A-D  system  with 
multiple  signal  inputs  and  a  connector 
for  each  input  channel.  A  sequential 
system  will  be  defined  as  having  multiple 
signal  inputs,  but  a  single  time  shared 
converter.  The  differentiation  between 
data  acquired  from  each  of  these  systems 
is  illustrated  in  Figure  22.  — 

Operating  on  identical  sinusoidal 
patterns,  the  parallel  processor  acquires 
data  simultaneously  from  both  inputs  A 
and  B  at  time  increments  of  T  .  The 
quantity  T  is  the  inverse  of  the  digi¬ 
tizing  rate  as  expressed  in  points  per 
second.  In  a  parallel  processor  having  N 
Inputs  and  a  digitizing  rate  of  M  points 
per  second,  an  acquisition  time  of  T 
seconds  will  result  in  an  array  of  MxNxT 
data  points.  Each  signal  would  be  re¬ 
presented  by  a  vector  of  MxT  data 
points . 

Assuming  that  the  digitizing  rate 
M  ,  expressed  in  points  per  second,  is 
the  same  for  a  sequential  processor,  data 
as  shown  in  Figure  22b  would  be  acquired. 
At  time  equal  zero  a  data  point  would  be 
converted  from  signal  A,  followed  by  a 
data  point  at  T  later  in  time  from 
signal  B  .  Thus,  the  data  points  from 


signals  A  and  B  are  not  acquired  at  the 
same  instant  of  time.  In  a  sequential 
processor  having  N  inputs  and  a  digi¬ 
tizing  rate  of  M  points  per  second,  an 
acquisition  time  of  T  seconds  results 
in  acquisition  of  MxT  data  points.  Each 
input  signal  would  be  represented  by 
MxT/N  data  points  which  would  be  dis¬ 
placed  in  time  with  respect  to  other 
signals . 

This  distinction  between  the  two 
systems  is  no  hindrance  to  proper  ac¬ 
quisition,  yet  the  manner  in  which  the 
data  is.  acquired  plays  an  important  role 
in  the  analyses  which  must  later  be 
performed.  Digitizing  rates  must  be 
specified  with  regards  to  both  the  number 
of  points  needed  to  accurately  character¬ 
ize  a  signal  and  the  number  of  points 
which  can  be  stored  via  computer  memory 
for  digital  tape. 

The  final  item  to  be  discussed  in 
the  data  acquisition  system  is  the  mag¬ 
netic  tape  record.  This  recording  system 
finds  widespread  use  because  of  its 
capability  to  faithfully  reproduce  analog 
signals  to  very  high  frequencies.  Re¬ 
cordings  of  signals  provide  a  capability 
to  recreate  events  in  order  to  provide 
additional  details,  furnish  analog  data 
for  off-line  evaluation,  and  provide  a 
means  to  alter  the  time  base  of  the 
recorded  signals. 

In  specifying  a  tape  recorder  for 
use  in  an  acquisition  system,  care  must 
be  taken  to  examine  the  desired  frequency 
range  and  the  resolution  required  from 
the  recorded  signal.  Tradeoffs  between 
frequency  response  and  recording  time 
which  are  functions  of  tape  speed  must  be 
made  in  experiments  where  reloading  of 
tape  reels  is  not  practical.  Phase  lag 
can  occur  between  channels  in  tape  re¬ 
corders  due  to  head  placement.  The  lag 
occurring  due  to  this  phenomenon  is  a 
function  of  frequency.  Therefore,  for 
proper  use  in  experiments  when  phase  de¬ 
termination  ie  desired,  reference  signals 
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with  Known  phasing  can  be  recorded  at  the 
desired  frequency  and  analysis  of  the  re¬ 
corded  signals  used  to  properly  compen¬ 
sate  for  induced  phase  errors.  Resolu¬ 
tion  and  phase  checks  should  be  performed 
at  varying  voltages  and  frequencies  by 
inputting  known  signals,  and  obtaining 
playback  data  for  comparison  with  the 
input  signals .  Calibration  signals 
should  ..e  placed  on  each  reel  of  recorded 
data  prior  to  the  data  acquisition 
sequence,  providing  a  reference  for  data 
analysis  at  a  later  time. 

In  summary,  calibration  techniques 
are  necessary  to  obtain  meaningful  data 
from  the  high  response  instrumentation 
used  in  experimental  efforts  to  under¬ 
stand  the  physical  processes  of  the 
forced  vibration  problem.  No  one  way  is 
the  best  and  only  a  limited  sampling  of 
techniques  have  been  discussed.  Special 
applications  of  transducers  will  require 
special  calibration  procedures.  In 
establishing  data  acquisition  systems, 
the  obvious  primary  drivers  are  those  of 
frequency  capabilities  and  amplitude  re¬ 
solution.  Analog  and  digital  systems  are 
capable  of  obtaining  needed  data  and  each 
experimentalist  must  choose  a  system 
which  delivers  accurate  data  in  the 
proper  format  desired.  High  speed  analog 
to  digital  systems  controlled  b£  com¬ 
puters  with  large  memories  represent  the 
wave  of  the  future,  yet  by  no  means  do 
they  represent  the  only  way  to  acquire 
data  necessary  to  aid  in  the  solution  of 
forced  vibration  problems. 

UXAMPI.ES  OF  INVESTIGATIONS  REGARDING 
AERODYNAMIC  DAMPING  AND  GUST  LOADING 

In  this  and  the  previous  chapter 
(Unsteady  Aerodynamic  Measurements  in 
Flutter  Research),  discussions  of  the 
forced  vibration  and  flutter  problems 
were  used  to  define  the  aerodynamic  para- 
motors  and  reduced  frequencies  of  con¬ 
cern.  The  facilities  used  by  various  in¬ 
vestigators  wore  examined  to  define  the 
manner  by  which  the  facility  could  be 
used  for  gathering  appropriate  unsteady 
aerodynamic  data.  An  overview  of  experi¬ 
mental  efforts  of  those  investigators 
pointed  out  unique  experimental  tech¬ 
niques,  data  acquisition  systems,  and 
methods  of  data  analysis.  Calibration 
and  data  acquisition  concerns  were  pre¬ 
sented,  since  both  must  bo  answered  to 
ensure  data  quality.  In  this  section,  a 
more  detailed  discussion  of  experimental 
efforts  to  ucquiro  aerodynamic  damping 
and  gust  loading  of  airfoils  will  bo 
presented.  For  discussion  of  the  aero¬ 
dynamic  damping,  important  to  flutter  and 
forced  vibration,  efforts  involving  a 
linear,  two  dimensional  cascade  con¬ 
sisting  of  five  high  turning  airfoils 
will  be  presented.  This  research  re¬ 
ported  by  Jay  (i960)  was  sponsored  by  the 
Department  of  the  Navy  through  the  Naval 
Air  Systems  Command.  Definition  of  the 
experimental  program  to  define  the  un¬ 
steady  response  of  a  stator  to  an  up¬ 
stream  gust  created  by  blade  wakes  will 
be  made.  This  experimental  program  was 
sponsored  by  the  Air  Forco  Office  of 
Scientific  Research  and  has  boon  reported 
by  Fleeter  (1976b)  end  Wetfner  (1982). 
Ir>  these  discussions,  the  primary  thrust 
will  be  to  describe  the  techniques  used 
to  acquire  both  steady  state  and  time 


varying  data  and  to  illustrate  the  data 
presentation  used  for  comparison  with 
analytical  nodels. 


Aerodynamic  Damping  Study 
Facility  Description 


A  rectilinear  turbine  cascade  facil¬ 
ity  was  conceived  and  built  as  a  research 
tool  to  evaluate  the  steady  aerodynamic 
characteristics  of  turbine  blade  sections 
having  high  turning.  The  facility  is  a 
continuous-flow,  nonreturn,  presaure- 
vacuum-type  wind  tunnel;  the  test  section 
is  evacuated  by  two  primary  steam 
ejectors.  Up  to  10  lbm/sec  of  filtered, 
dried  and  temperature-controlled  air  can 
be  used. 


The  major  features  of  this  facility 
include  the  following; 

o  Continuous  operation  for  extended  time 
periods 


o  A  mechanized  test  section  for  changing 
cascade  incidence  angle 

o  A  schlieren  optical  system  for  visual 
observation  and  photography  of  the 
facility  in  both  steady  and  unsteady 
operation 

o  Bleed  systems  on  all  four  cascade  in¬ 
let  sidewalls 


o  A  sophisticated  instrumentation  system 
centered  around  two  digital  mini¬ 
computers 


4.  PARMiH.  PROCESSOR 
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Fig,  22.  Illustration  of  Parallel  and 
Sequential  Processors. 


In  the  cascade  facility,  the  en¬ 
trance  flow  to  the  test  section — is  gen¬ 
erated  by  parallel  nozzle  blocks, 
(Figures  13  and  23)  which  set  the  inlet 
flow  direction.  The  upper  nozzle  block 
is  movable  to  ensure  that  all  the  flow  is 
directed  through  the  cascade.  The  cas¬ 
cade  inlet  Mach  number  is  determined  by 
the  cascade  geometry  under  test. 

To  aid  in  the  establishment  of  the 
cascade  inlet  periodicity,  bleed  chambers 
are  provided  in  the  upper  and  lower 
nozzle  blocks.  Adjustments  of  the  bleed 
rate  through  these  chambers  allows  the 
inlet  flow  field  to  t.he  cascade  to  be  af¬ 
fected  . 

Active  cascade-inlet  sidewall 
boundary-layer  control  capability  to  en¬ 
sure  the  two-dimensionality  of  the  cas¬ 
cade  flow  is  effected  by  the  use  of  suc¬ 
tion  strips  in  the  cascade  sidewalls. 
Two  bleed-hose  connections  on  each  strip 
with  separately  variable  valves  provide 
appropriate  bleed  flows  to  the  front  and 
rear  portions  of  the  sidewall.  A  third, 
smaller  steam  ejector  is  used  to  evacuate 
all  of  the  bleed  systems  used. 

The  cascade  has  dummy  end  blades 
presenting  one  surface  to  the  flow,  as 
■shown  in  Figures  23  and  24.  The  front 
dummy  blade  slides  along  the  movable 
upper  nozzle  block  as  the  incidence 
angle  ic  changed.  Adjustable  porous 
tailboards  are  hinged  on  the  aft  ends  of 
the  dummy  blades,  serving  to  set  expan¬ 
sion  ratio  and  exit  periodicity.  The 
porous  tailboards  generate  a  bleed  effect 
because  of  the  lower  exit  plenum  pressure 
on  thoir  outBide  surfaces.  This  bleed 


prevents  shock  wave  reflections  back  into 
the  cascade  during  transonic  exit  opera¬ 
tion. 

For  definition  of  the  steady-state 
operation,  static  pressure  taps  are 
placed  on  the  tunnel  sidewalls  in  the  in¬ 
let  and  exit  planes  of  the  cascade.  Each 
airfoil  passage  is  so  instrumented  to 
allow  checkB  of  cascade  periodicity, 
using  the  static  to  inlet  total  pressure 
ratio.  Upstream  total  pressure  and  temp¬ 
erature  probes  are  used  for  definition  of 
the  upstream  field,  and  a  five  hole 
conical  pressure  probe  is  used  to  scan 
the  exit  flow  field  to  establish  losses 
and  to  check  exit  flow  periodicity. 

This  specific  cascade  was  designed 
to  obtain  the  relative  flow  fields  con¬ 
sistent  with  an  advanced  design  turbine 
rotor.  The  inlet  Mach  number  was 
established  as  0.5,  while  by  control  of 
the  exit  tailboards  and  exit  air  valve, 
exit  Mach  numbers  relative  to  the  air¬ 
foils  ranging  from  0.7  to  1.3  could  be 
obtained. 

The  ability  of  the  high  turning  cas¬ 
cade  to  properly  simulate  a  turbine 
rotor,  coupled  with  the  need  to  acquire 
aerodynamic  damping  measurements  in  terms 
of  unsteady  surface  pressures  in  this 
flow  regime,  led  to  the  formulation  of  an 
experimental  program.  Obtaining  realis- 
ic  torsional  reduced  frequencies  for  in¬ 
vestigation  required  developing  tech¬ 
niques  to  oscillate  the  airfoils  in 
phased,  harmonic  motion.  Additionally, 
designs  to  incorporate  surface  pressure 
transducers  were  conceived  and  imple¬ 
mented. 


Fig.  23.  Photograph  of  Turbine  Rotor  Cascade  Hardware 


Air foi  1  Ca  a  eg  tie  and  Instrumentation 

The  two-dimensional  cascade  used  in 
this  investigation  comprises  five  air¬ 
foils  that  have  the  profile  of  a  high- 
turning  turbine  rotor  section.  Trun¬ 
nions  were  attached  to  both  ends  of  each 
airfoil  for  support  in  the  cascade  side- 
walls.  The  physical  dimensions  of  the 
airfoils  aro  a  3.00-inch  span,  a  2.59- 
inch  chord,  a  maximum  thickness  of  0.53 
inch,  and  112*  of  turning.  The  cascade 
physical  parameters  are  listed  in  Table 
2 


Table  2. 

Description  of  Turbine  Airfoil 

Cascade 

Physical  Parameters 

Chord 

2.59  in. 

Solidity 

1.891 

Setting  angle 

25.5  deg 

Maximum  thickness/chord 

0.205 

Leading  edge  radius/chord 

0.024 

Trailing  edge  radius/chord 

0.009 

Axial  Chord  projection 

2.34  in. 

Torsion  axis  location 

35. 5% (from 

L.E.  ) 

The  cascade  airfoils  consisted  of 
injection-molded  fiberglass  with  a  Kevlar 
outer  wrap.  Steel  trunnions  were  at¬ 
tached  to  both  ends  of  each  airfoil  with 
screw  clamps  and  pins .  These  trunnions 


were  supported  in  bearings,  and  the  air¬ 
foil  setting  angle  was  maintained  by  the 
clamps  of  the  cascade  drive  system. 
Paths  for  the  instrumentation  wires  and 
pressure  tubes  were  machined  into  the 
blade  surface,  and  the  trunnions  of  the 
instrumented  blades  were  hollow  to  allow 
the  wires  and  tubes  to  exit  the  cascade. 

For  the  steady-state  testing,  the 
center  blade  of  the  cascade  was  instru¬ 
mented  with  nine  static  pressure  taps  per 
surface  for  definition  of  the  surface 
pressure  distributions.  For  the  time- 
variant  phase  of  the  experiment,  the 
center  blade  of  the  cascade  was  instru¬ 
mented  with  12  miniature  high-response 
Kulite  pressure  transducers.  These 
Kulites  were  staggered  across  the  center 
50%  span  of  the  airfoil,  five  on  the 
pressure  surface  and  seven  on  the  suction 
surface.  The  instrumented  airfoil  is 
shown  in  Figures  25  and  26  for  the  loca¬ 
tion  of  the  transducers  on  the  suction 
and  pressure  surfaces,  respectively. 

Oscillation  Mechanism 

The  desired  range  of  reduced  fre¬ 
quency  for  investigation  was  established 
by  examining  resonances  of  turbines 
having  coupled  bending  and  torsion 
(blade/disk)  modes.  From  this  study  a 
value  of  reduced  frequency  in  torsion  of 
approximately  1.0  was  desired.  This  led 
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rig.  24.  Airfoil  Cascade  in  Windows 


to  the  design  of  a  torsional  oscillation 
system  having  a  resonant  frequency  of 
approximately  350  Hz. 

An  analytical  model  as  shown  in 
Figure  27  was  constructed  to  determine 
the  torsional  stiffness  required  to  mount 
the  airfoils  to  obtain  a  rigid  body  tor¬ 
sional  (rotational)  motion  of  the  airfoil 
at  the  prescribed  350  Hz  frequency. 
These  requirements  could  be  met  by 
installing  precision  bearings  on  each  of 
the  airfoil  trunnions,  providing  bearing 
accommodation  and  sealing  arrangements  in 
the  tunnel  sidewalls  for  each  airfoil, 
and  by  connecting  the  trunnions  to  a 
grounded  plate  through  sized  spring  bars. 
To  provide  the  capability  to  oscillate 
the  airfoil,  an  arrangement  was  used 
whereby  electromagnets  on  each  trunnion 
acted  on  steel  targets  located  at  a  fixed 
distance  from  the  centerline  of  rotation 
as  established  by  the  bearings.  A  bench 
rig  used  in  calibration  studies  featuring 
these  arrangements  is  pictured  in  Figures 
28  and  29. 

Calibration  Procedures 

Calibrations  were  performed  before 
the  time-variant  data  were  acquired  so 
that  the  transfer  functions  throughout 
the  measurement  system  could  be  deter¬ 
mined.  Included  in  these  calibration 
measurements  were  strain  gage  dynamic 


sensitivities,  Kulite  static  sensitiv¬ 
ities,  Kulite  amplitude  and  phase  shift 
components  due  to  oscillation,  amplifier 
and  signal  conditioner  gains  and  phase 
shifts,  and  phase  shifts  between  channels 
of  the  magnetic  tape  recorder. 

For  the  calibration  of  the  strain 
gages  on  the  spring  bars,  the  torsion 
drive  system  bench  rig  shown  in  Figure 
29  was  used.  The  system  was  first  tuned 
to  the  desired  frequency  with  a  specific 
pair  of  spring  bars,  and  then  the 
amplitude  of  the  strain  gage  Bignal  was 
read  by  a  minicomputer.  The  amplitude 
of  the  blade  motion  was  obtained  by 
using  a  dial  indicator  and  height  gage 
to  measure  the  difference  between  the  up¬ 
ward  peak  height  of  the  trailing  edge  and 
at-rest  position.  The  difference  between 
the  downward  peak  height  and  at-rest  was 
similarly  obtained.  The  linear  motion  at 
the  trailing  edge  was  thus  the  sum  of 
these  measurements,  which  was  converted 
to  torsional  amplitude  by  using  the 
length  of  the  blade  from  axis  to  trailing 
edge.  This  procedure  was  repeated  for 
several  amplitudes,  resulting  in  a  linear 
plot  of  voltage  versus  torsional 
amplitude.  The  slope  is  the  BenBitivity 
expressed  in  mV/V/radian  when  the  bridge 
voltage  is  divided  out.  The  sensitivity 
of  each  pair  of  spring  bars  was  cali¬ 
brated  in  this  fashion.  In  addition, 
measurements  along  the  span  were  used  to 
ensure  rigid  body  rotation. 


Fig,  25.  Kulite  Transducer  Installation  -  Suction  Surface. 


rig.  27.  Torsion  Airfoil  Analytical  Modal 
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The  Kulite  pressure  transducer 
static  sensitivities  were  obtained  with 
a  vacuum-jar  calibration  rig.  A  quartz 
manometer-controller  was  used  to  evacuate 
the  jar  containing  the  Kulite-instrument- 
od  blade  to  the  desired  pressure.  The 
d-c  voltage  output  of  each  Kulito  was 
measured  over  a  range  of  pressures,  re¬ 
sulting  in  plots  of  voltage  versus  pres¬ 
sure.  The  sensitivities  in  mV/psi  were 
the  slopes  of  these  linear  plots.  These 
sensitivities  compared  closely  with 
manufacturer-supplied  data . 


with  the  airfoil  surface  as  shown  in 
Figures  25  and  26.  This  method  demon¬ 
strated  an  acceleration  sensitivity  of 
approximately  half  that  obtained  with  an 
RTV  diaphragm  coating  previously  used  for 
cascade  airfoils. 

The  dynamic  response  of  the  blade- 
mounted  Kulites  to  an  oscillating  pres¬ 
sure  was  not  obtained.  Experience  with 
mounted  Kulites  had  shown  that  the 
dynamic  characteristics  of  the  Kulites 
are  sufficient  for  measurements  at  the 
frequency  used  in  this  testing. 


To  complete  the  calibration  for  the 
experiment,  the  gains  and  phase  shifts  of 
all  the  other  electronics  were  determined 
and  stored  in  the  computer  for  on-line 
corrections . 

Data  Acquisition  and  Analysis 

The  primary  components  of  the  data 
acquisition  system,  including  the  equip¬ 
ment  for  on-line  and  off-line  analysis, 
are  shown  schematically  in  Figure  30. 


A  Kulite  pressure  transducer  mount¬ 
ed  on  an  o3ci llating  airfoil  is  subjected 
to  forces  resulting  from  acceleration  of 
the  transducer  diaphragm  and  strain 
transmitted  to  the  transducer  through  its 
mounting  a3  well  as  to  forces  from  the 
pressure  to  be  measured.  To  determine 
the  acceleration/strain  contribution  to 
the  Kulite  signal,  the  instrumented  blado 
was  oscillated  in  the  bench  rig  in  a 
vacuum.  Under  those  conditions,  no  pres¬ 
sure-induced  signal  was  prSsent.  The 
remaining  signal  was  therefore  the  result 
of  acceleration/strain  effects  alone. 
The  minicomputer  was  used  to  measure  the 
amplitude  ar.d  phase  shift  of  each  Kulite 
signal  over  a  range  of  rotational  blade 
amplitudes.  The  data  plots  of  signal 
versus  torsional  amplitude  were  linear. 
A  calibration  of  acceleration  effects  was 
thus  obtained  and  stored  in  the  computer 
data  analysis  program  to  allow  correc¬ 
tions  to  the  final  data.  These  effects 
wore  loss  than  5«  of  a  typical  pressure 
measured  during  time-variant  testing. 

The  transducer  mounting  technique 
used  for  this  cascade  instrumented  air¬ 
foil  featured  a  perforated  metal  screen 
cover  ovor  each  transducer,  made  flush 


With  the  tunnel  in  operation,  the 
steady-state  data  were  measured,  using 
the  minicomputer  system  interfaced  with  a 
Scanivalve  pressure  cabinet  and  crossbar 
scanner.  Steady-state  periodicity  was 
established  at  the  desired  expansion 
ratio,  and  a  cone-probe  exit  survey  was 
made  to  yield  the  aerodynamic  perform¬ 
ance,  wake  definition,  and  mass-averaged 
properties.  Schlieren  photographs  were 
also  taken  at  the  transonic  exit  opera¬ 
ting  points  to  show  trailing  edge  shock 
structures.  The  computer  listed  each 
measured  pressure,  including  the  surface 
static  presaure  of  the  instrumented 
center  airfoil. 
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rig.  30.  Schematic  of  Data  Acquisition  System. 


Koi  the  oscillating  airfoil  testing, 
the  center  airfoil  was  replaced  with  the 
airfoil  instrumented  with  high  response 
pressure  transducers.  Operating  condi- 
t ions  as  described  by  the  steady-state 
data  obtained  previously  were  re¬ 
established  and  the  airfoils  were  oscil¬ 
lated  at  varying  intcrblade  phase  angle 
with  amplitudes  controlled  consistent 
with  available  driving  energy.  To  obtain 
the  phased  motion,  the  8K  Word  Memory 
Computer  was  programmed  to  switch  power 
to  each  pair  of  electromagnets  on  each  of 
the  five  blades  in  the  cascade.  Since 
perfect  tuning  of  the  cascade  airfoil 
suspension  systems  was  not  possible,  each 
airfoil  operated  near  its  resonance  fre¬ 
quency.  The  phase  shifts  occurring  in  a 
lightly  damped  system  in  the  neighborhood 
of  its  resonant  peak  amplitude  resulted 
in  discrepancies  in  the  blade  to  blade 
desired  intcrblade  phase  angles.  A  cross 
correlation  analysis  programmed  on  the 
16K  Work  Memory  Computer  was  used  in 
conjunction  with  the  sequential  A-D 
system  to  obtain  actual  phasing  between 
the  blade  motions  as  indicated  by  the 
strain  gages  on  each  spring  bar.  This 
on-line  feature  allowed  phase  corrections 
to  be  entered  via  the  smaller  computer. 

After  the  desired  interblade  phase 
angle  was  established,  the  signals  from 
the  Kulite  pressure  transducers  were 
recorded  on  the  magnetic  tape  recorder 
with  a  center-blade  strain  gage  signal 
for  phase  reference. 

The  recorded  Kulite  signals  were 
analyzed  off-line  with  the  aid  of  the 
analog-to-digital  multiplexer  and  the 
minicomputer.  An  averaging  technique  was 
used  to  establish  raw  signals.  These 
signals  were  then  corrected  as  described 
by  calibration  information.  Pressure 
amplitude  and  phase  angles  were  thus 
obtained  for  each  Kulite  on  the  airfoil 
surfaces . 

Iri  the  processing  of  the  Kulite  sig¬ 
nals,  a  data  enhancement  scheme  was  used. 
A  recorded  reference  signal,  the  square 
wave  voltage  delivered  to  the  electro¬ 
magnets  on  the  center  airfoil,  was  elec¬ 
tronically  shaped  and  provided  a  trigger 
to  the  A-D  system.  Upon  triggering, 
digitizing  of  the  analog  signals  was 
performed  over  a  time  period  equal  to  six 
cycles  of  oscillation.  The  digitizing 
process  and  the  number  of  points  acquired 
was  controlled  by  the  computer.  These 
data  were  arranged  internally  in  the 
computer  and  the  computer  then  initiated 
acquisition  of  a  similar  data  sot  from 
the  taped  signals.  One  hundred  data  sets 
were  thus  acquired,  representing  samples 
from  different  timeo  in  t'  rocorded  test 
sequence.  Averaging  eac)  digitized  data 
point  corresponding  to  a  precise  time  of 
acquisition  and  transducer  for  the  100 
samples  was  accomplished  to  obtain  a  six 
cycle  enhanced  digital  representation  of 
the  analog  signal.  This  digital  repre¬ 
sentation  was  then  analyzed  using  Fourier 
techniques  to  furnish  both  amplitude  and 
phase  of  all  signals  referenced  to  the 
motion  of  the  center  airfoil.  All  phase 
and  amplitude  corrections  necoasary  based 
on  calibration  information  ao  described 
previously  wore  made  via  tho  computer  to 
obtain  representation  of  the  data  in 
engineering  unite.  — — 


Presentation  of  Data 

To  provide  experimental  data  for 
examination  of  the  adquacy  of  various 
analytical  models,  a  presentation  format 
in  which  normalized  pressure  coefficients 
and  phase  lags  for  each  of  the  trans¬ 
ducers  was  adopted.  The  normalized 
pressure  coefficient  was  defined  as  the 
amplitude  of  the  measured  unsteady  pres¬ 
sure  divided  by  the  product  of  twice  the 
inlet  dynamic  head  and  the  rotational 
amplitude  of  the  instrumented  airfoil. 
The  phase  lag  for  each  transducer  was 
referenced  to  the  motion  of  the  same 
airfoil.  These  coefficients  and  phase 
lags  were  plotted  versus  their  position 
along  the  projected  chord  of  the  airfoil. 
Typical  plots  are  shown  in  Figures  31  and 
32  . 

Further  data  analysis  yielded 
similar  plots  representing  the  pressure 
differences  and  phasing  across  the  air¬ 
foil.  Integration  of  these  pressure 
differences  over  the  chord  length  could 
then  be  accomplished  to  furnish  the  un¬ 
steady  lift  and  moment  coefficients  due 
to  the  rigid  body  rotation  of  the  air¬ 
foil,  and  thus  determine  the  aerodynamic 
damping. 
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Fig.  31.  Normalised  Pressure 
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Fig.  32.  Phase  Lag,  Pressure  Surface.  Fig.  33.  Low  Speed  Compressor  Rig 

Facility. 
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Table  3. 

Low  Speed  Compressor  Design  Input 


In  this  investigation,  a  Low  Speed 
Compressor  Facility  (LSCF)  wan  used.  The 
binding  and  flow  path  of  the  LSCF  have 
been  designed  to  reflect  realistic  aero¬ 
dynamic  values  of  blockage,  blade  loading 
and  loss  levels,  and  tip  clearance,  along 
with  realistic  geometric  design  para¬ 
meters  that  are  typical  of  aft  stages  of 
modern  multistage  compressors.  Also,  the 
Reynolds  number  at  the  compressor  inlet 
is  typical  of  moderh  compressors,  i.e., 
greater  Than  200,000.  The  blading  and 
flow  path  are  physically  largo  enough  to 
allow  high-quality,  detailed  endwall 
boundary  layor  measurements  to  be  mado 
over  the  entire  endwall. 

Resulting  geometric  and  design  point 
aerodynamic  conditions  for  the  low  speed 
compressor,  along  with  representative 
airfoil  geometry,  are  listed  in  Table  3. 
Forty-two  blades  were  used  in  the  rotor 
design.  The  design  features  high  camber 
with  fairly  largo  deviation  angles  near 
the  hub  region.  Maximum  thickness  varies 
from  nearly  7%  of  chord  at  the  hub  to  4% 
at  the  tip.  The  blade  chord  varies 
linearly  with  radius  and  yields  a  solid¬ 
ity  of  about  1.6  at  the  hub  to  1.3  at  tho 
tip.  Blade  incidence  was  set  between 
♦1.2  to  -1.0  dogree  limits.  Fiberglass 
material  was  used  for  the  blade  profile 
and  platform.  Tho  fiberglass  material 
was  molded  around  a  flat  steel  spar  that 
passed  from  tho  tip  section  of  the  blado 
down  through  the  blade  and  was  welded  to 
a  steel  base  plate.  The  blades  are  held 
in  tho  wheel  by  a  T-shaped  base  arrange¬ 
ment  that  allows  blades  to  be  easily 
changed  In  the  wheel  without  disturbing 
the  basic  wheel  design. 


Flow  rate,  W/e/6 
Tip  speed,  Ut//6 
Rotational  speed,  N//o 
Stago  pressure  ratio,  Rc 
Stage  efficiency,  htt 
Inlet  tip  diameter,  Dt 
Hub/tip  radius  ratio,  tg,/rt 
Blado  span,  t 
Blade  chord,  Cb 
Blade  aspect  ratio 
Blade  solidity,  Cb/s 
Vane  chord,  Cv 
Vane  aspect  ratio,  «/Cv 
Vane  solidity,  Cv/e 


31.01 

lb/sec 

183.50 

ft/sec 

876.30 

rpm 

1.0125 

88. 1» 

48.00 

in. 

0.80 

4.80 

in. 

4.589 

in. 

1.046 
1.435 
5.089  in. 
0.943 
1.516 


Nearly  the  entire  axial  length  of 
tho  flow  path  features  a  transparent 
Plexiglas  casing  sector  that  covers  a 
circumferential  extent  of  108  degrees. 
This  transparent  casing  permitB  a 
utilisation  of  flow  visualisation  tech¬ 
niques. 

The  assembled  test  rig  with  1.0 
aspect  ratio  blading  is  shown  installed 
in  the  test  facility  in  Figure  33.  Fore 
and  aft  center  bodies  are  supported  and, 
hence,  blado  and  vane  end  clearances  ore 
established  by  five  struts  located  in  the 
far  front  of  the  flow  path  and  five 
struts  located  downstream  of  the  stator. 
The  struts  are  101  thick  65  series 
symmetric  airfoil  contours. 

Table  3  shows  that  both  the  overall 
rig  and  the  airfoils  are  large.  Tho 
large  airfoils  permit  detailed,  accurate 
studies  to  be  accomplished  without 
having  to  resort  to  extreme  miniaturisa¬ 
tion  of  instrumentation. 
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Figure  34  illustrates  the  low  speed 
compressor  path,  showing  the  blade  and 
vane  locations  along  with  the  trans¬ 
parent  windows  and  the  arrangement  of  the 
rotating  components.  The  flow-path  hub/ 
tip  radius  ratio  was  held  constant  at  0.8 
for  a  large  distance  both  upstream  of  the 
rotor  and  down-stream  of  the  stator. 
This  flow-path  contour  not  only  simpli¬ 
fied  inlet  and  exit  station  instrumenta¬ 
tion  design  but  also  provided  the  axial 
length  upstream  of  the  rotor  to  dictate 
the  characteristics  of  the  rotor  inlet 
boundary  layer. 

Vane  Design 

The  vane  features  a  large  camber 
angle  variation  in  the  hub  region,  a 
radially  constant  maximum  thickness/chord 
distribution,  and  incidence  that  varies 
from  about  0  to  -1  deg.  Vane  solidity 
varies  from  1.68  at  the  hub  to  1.35  at 
the  tip.  Forty  vanes  were  incorporated 
in  the  stage  design.  Fiberglass  material 
forms  the  airfoil  profile.  It  is  molded 
around  a  steel  spar  that  passes  radially 
through  the  vane  and  is  welded  to  the 
steel  trunnion.  The  vane/casing  inter¬ 
face  design  allows  the  vanes  to  be  reset 
over  r20  deg.  from  design  setting  angle. 
Figure  34  shows  the  vanes  cantilevered 
from  the  casing  with  a  stationary  endwall 
under  the  vane  hub.  Table  4  summarizes 
the  compressor  design  by  presenting  mean- 
section  aerodynamic  and  geometric  design 
va  1  ties . 


Table  4. 

Atrfoi 1  Moan-Section  Mechanical 
and  Aerodynamic  Characteristics 


Type  of  airfoil 

65  ser. 

65  ser 

Chord,  C — in. 

4.589 

5.089 

Solidity,  o  »  C/s 

1.435 

1.516 

Camber,  $--deg 

20.42 

48.57 

Aspect  ratio,  All  «  L/C 

1.046 

0.943 

Leading  edge  radiuo/C 

0.0044 

0.0049 

Trailing  edge  radius/C 

0.0028 

0.0030 

Inlet  angle,  fq — dog 

59.38 

37.84 

Lxlt  angle, 

42.41 

0.00 

Loss  coefficient,  u 

0.043 

0.056 

Diffusion  factor,  lit 

0.449 

0.410 

Steady-State  Instrumentation 

Steady-state  instrumentation  con¬ 
sists  of  multiple— element  total  pressure 
rakes  distributed  circumferentially  a- 
round  the  annulus  at  the  stage  inlet, 
stator  inlet,  and  stage  exit  planes; 
boundary  layer  rakes  on  the  hub  and  tip 
walls  at  the  rotor  inlet  and  stator  exit; 
multiple-element  total  temperature  rakes 
at  the  stator  inlet  and  exit;  and  static 
pressure  taps  distributed  around  the 
annulus  on  the  hub  and  tip  walls  and 
axially  through  the  stage.  This  in¬ 
strumentation  arrangement  is  illustrated 
in  Figure  35.  In  addition,  15  static 
pressure  taps  are  arranged  on  the  tip 
wall  of  one  stator  passage  to  allow 
mapping  of  the  vane  tip  static  pressure 
distribution.  The  stage  inlet  total 
temperature  is  measured  in  the  plenum 
chamber  located  upstream  of  the  flow-path 
annulus.  All  of  the  pressure  instrumen¬ 
tation  is  connected  to  a  six-unit  48- 
channel  Scanivalve,  interfaced  with  a 
Digitec  scanner  and  driven  by  a  Hewlett- 
Packard  (HP)  Model  2117F  computer. 
Differential  (0-1.0  psid)  Druck  pressure 
transducers  are  employed  in  the  Scani¬ 
valve.  A  deadweight  system  provides 
reference  pressures  of  0.0,  0.5,  and  1.0 
psia  to  the  Scanivalve  transducers  for 
continuous  on-line  calibration  of  the 
pressure  measurement  system. 

Radial/circumferential  hot-wire  ane¬ 
mometer  surveys  are  performed  in  the  exit 
planes  of  the  rotor  and  stator.  In  addi¬ 
tion,  radial/circumferential  surveys  can 
bo  performed  at  two  axial  locations  in¬ 
side  the  Btator  passage.  Streamwise 
velocity  and  air  angle  are  determined  by 
positioning  the  probe  at  a  fixed  axial, 
circumferential,  and  radial  location,  and 
then  by  yawing  the  probe  until  the  output 
voltages  of  the  two  hot-wires  are  the 
same  value.  DISA  constant-temperature 
hot-wire  anemometry  equipment  is  used. 
The  outputs  are  linearized  and  compen¬ 
sated  for  temperature  differences  that 
exist  between  the  velocity  calibration 
jet  air  stream  and  the  rig  flow  field 
environment. 
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KUj.  J4 .  Low  speed  Compressor  Flow  Path. 
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Applicability  of  LSCI-'  Gust 
Investigations 

This  facility  was  examined  relative 
to  its  potential  in  carrying  out  experi¬ 
ment.  1  studies  relative  to  forced  vibra¬ 
tion,  namely  the  effects  of  gust  loading 
on  the  stator  vanes  created  by  the  rotor 
wake  and  the  potential  interaction  ef¬ 
fects  between  the  rotor  and  stator  which 
creates  unsteady  loading  on  the  rotor 
airfoils.  The  large,  thick  blades  and 
stators  were  ideal  for  installing  high 
response  pressure  transducers  and  a  hot¬ 
wire  system  was  available  for  quantifica¬ 
tion  of  the  rotor  wake  velocity  defects. 
The  low  axial  Mach  number  of  approxi¬ 
mately  0.1  was  viewed  as  low  relative  to 
the  data  base  from  engine  testing,  yet 
was  deemed  acceptable  since  gust  data  was 
critically  needed  to  provide  an  experi¬ 
mental  data  base  for  examining  the 
accuracy  of  analytical  models.  The  blade 
passage  frequency  of  630  Hertz  yielded  a 
reduced  frequency  based  on  the  stator 
vane  chord  and  inlet  relative  velocity  of 
approximately  14.0,  a  value  consistent 
with  engine  experience.  Therefore,  the 
LSCF  was  selected  to  carry  out  investiga¬ 
tions  regarding  gust  loading  of  the 
stator  vane  and  potential  interaction 
effects  on  the  rotor  airfoil.  In  this 
discussion,  only  the  investigation  re¬ 
garding  gust  loading  will  be  presented. 

Dynamic  Instrumentation 

For  time-variant  measurements  on  the 
stator,  miniature  pressure  transducers 
and  a  cro3sed-wire  probe  were  used. 


Kulite  thin-line  transducers  were  located 
on  the  surfaces  of  four  stator  airfoils. 
These  transducers  were  flush-mounted  by 
grooving  the  surface.  The  grooves, 
designed  to  accommodate  the  transducer, 
bonding  agent,  and  lead  wires,  extend 
from  the  particular  transducer  through 
the  stator  trunnion.  The  grooves  are 
clearly  seen  in  Figure  36  on  two  of  the 
mean-section  instrumented  airfoils  used 
in  this  experimental  program.  Figure  37 
shows  the  location  of  Kulite  pressure 
transducers  on  the  hub  and  tip  sections 
and  leading  and  trailing  edge  regions  of 
two  additional  instrumented  airfoils.  A 
view  of  the  crossed-wire  probe  used  in 
the  experiment  is  shown  in  Figure  38.  In 
this  photograph  the  wire  is  located  near 
the  center  span  instrumented  airfoils. 

Data  Acquisition  System  and  Calibration 

The  central  element  in  the  acquisi¬ 
tion  of  the  time-variant  and  steady- 
state  data  in  this  experiment  is  a 
digital  computer  with  itB  specialized 
peripheral  hardware.  An  HP  Model  2117F 
computer  operating  under  RTE1VB  software 
is  used  with  a  Preston  GMAD-2  analog-to- 
digital  (A/D)  conversion  system  to  ac¬ 
quire  data  at  a  rate  of  up  to  248,000 
points  per  second.  For  data  acquisition 
in  the  steady-state  mode,  the  computer  is 
interfaced  with  a  Digitec  scanner,  which 
allows  conversion  of  Scanivalve  voltages 
to  appropriate  pressures  as  well  as  cal¬ 
culation  of  operating  temperatures. 

Calibration  of  the  steady-state 
pressure  measuring  system  is  accomplished 


Fig.  35.  Steady  and  Dynamic  Instrumentation. 


ant or.iat lea l ly  and  on-line.  A  deadweight 
system  provides  reference  pressures  of  0, 
0.5,  and  1.0  psia  to  the  Scanivalve 
transducers.  When  the  computer  reads 
these  pressures,  a  linear  curve  fit  is 
used  to  establish  a  calibration  curve  for 
each  of  the  six  transducers.  Then  the 
data  channels  are  interpreted,  based  on 
the  proper  curve.  For  time-variant  pres¬ 
sures,  the  instrumented  stators  were 
placed  in  a  pressure  chamber,  and  five 
levels  of  pressure,  ranging  from  8  psia 
to  slightly  above  ambient,  were  used  to 
construct  a  calibration  curve  for  each  of 
the  installed  transducers.  These  curves 


were  read  into  the  computer  for  trans¬ 
ducer  voltage  conversions  to  pressure. 

Calibration  of  the  crossed— wire 
probe  is  obtained  via  a  controlled  temp- 
temperature  air  jet  capable  of  furnishing 
velocities  over  the  range  of  interest. 
Data  at  standard  temperature  (room 
ambient)  are  obtained  and  represent  a 
baseline  velocity  versus  wire  output 
voltage  curve.  This  curve  is  linearized 
electronically  using  built-in  features  of 
the  anemometry  system.  Corrections  for 
temperature  are  made  internally  in  the 
computer  based  on  the  temperature  dif¬ 
ference  from  the  baseline  value. 
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Fig.  36.  Vano  Maan  Section  Dynamic  Instrument  Locations 
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Calibration  of  the  unsteady  pressure 
transducers  electronic  network  was  per¬ 
formed  by  applying  sinusoidal  voltages  at 
expected  amplitudes  from  the  Kulites  over 
a  frequency  range  of  100  ter- 10 ,000  Hertz. 
Tliis  procedure  yielded  the  electronic 
amplified  gains  and  phase  shifts  which 
were  later  used  in  data  reduction.  The 
A-D  connector  was  calibrated  by  the  same 
process . 

Data  Acquisition 

The  steady-state  data  acquisition 
followed  the  standard  compressor  eval¬ 
uation  procedure.  At  a  selected  cor¬ 
rected  speed,  the  compressor  was  stabi¬ 
lized  for  approximately  5  minutes.  Fol¬ 
lowing  this  period,  the  on-line  computer 
was  used  to  initiate  the  acquisition  of 
the  temperatures  and  pressures  necessary 
to  generate  the  corrected  mass  flow  rate, 
overall  pressure  ratio,  and  corrected 
speed.  A  scanning  of  the  reduced  data 
was  then  made  to  assure  data  uniformity 
and  to  ascertain  the  operating  point. 

The  time-variant  data  acquisition 
and  analysis  technique  used  was  based  on 
a  data  averaging  or  signal  enhancement 
concept.  The  key  to  such  a  technique  is 
the  ability  to  sample  data  at  a  preset 
time.  For  this  investigation  the  signal 
of  interest  was  generated  at  the  blade 
passing  frequency.  Hence,  the  logical 
choice  for  a  time  or  data  initiation 
reforonco  was  the  rotor  shaft  and  an 
optical  encodor  was  mounted  on  the  rotor 
shaft  for  this  purpose.  This  encoder 
delivered  a  square  wave  voltage  signal 
having  a  duration  of  1.5  microseconds. 
The  computer  analog-to-digital  converter 
was  triggered  from  the  positive  voltage 
at  the  leading  edgo  of  the  pulse,  thereby 
initiating  the  acquisition  of  the  time 
unsteady  data  at  the  rate  of  up  to 
248,000  points  per  second.  The  data  were 


sampled  for  N  blade  passages  and  over  M 
rotor  revolutions.  These  rotor  revolu¬ 
tions  were  not  consecutive  because  a 
finite  time  was  required  to  operate  on 
the  N  blade  passage  data  before  the 
computer  returned  to  the  pulse  acceptance 
mode  which  initiated  the  gathering  of  the 
data. 

Preliminary  Fourier  analysis  of  the 
wake  data  at  the  blade  passage  frequency 
obtained  from  oscilloscope  traces  from 
the  hot  wires  indicated  that  the  fifth 
harmonic  had  a  content  approximately  0.2 
of  that  of  the  first  harmonic  (blade 
passage  frequency).  Therefore,  the 
sampling  rate  of  the  A-D  converter  was 
controlled  such  that  at  least  twenty 
harmonics  of  the  time  varying  signals 
could  be  acquired.  Computer  algorithms 
were  established  to  control  the  number 
of  data  points  acquired  at  varying  rotor 
speeds  based  on  the  rotor  blade  passage 
frequency,  the  harmonic  resolution  de¬ 
sired,  and  the  number  of  rotor  blade  pas¬ 
sages  to  be  in  a  sample. 

A  slight  variation  in  wake  profile 
existed  from  blade  to  blade,  as  deter¬ 
mined  by  examining  the  averaged  data  for 
up  to  12  blade  passages.  At  the  reduced 
frequencies  of  these  experiments,  the 
vane  surface  was  influenced  primarily  by 
three  blade  wakes.  Hence  data  was 
initially  acquired  for  three  blade 
passages.  Also,  it  was  found  that  the 
unsteady  data  were  essentially  unchanged 
when  averaged  for  100,  200,  or  400 

samples.  Based  on  this,  200  rotor 
samples  were  used  for  the  dynamic  data 
acquisition.  Later  studies  indicated 
that  only  two  blade  passages  were  neces¬ 
sary. 

From  the  Fourier  analyses  performed 
on  the  data  both  the  magnitude  and  phase 
angles  referenced  to  the  data  initiation 
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View  of  Typical  Hot-Wire  Installation  in  Low  8peed  Compressor  Vane  Row 


VELOCITIES  WITH  NOMINAL  FLOW 
VELOCITIES  IN  WAKE  REGION 


Fig.  39.  Reduction  in  Relative  Velocity  Created  by  Blade 
Wake  Creates  Corresponding  Velocity. 


Fig.  40.  Schematic  of  Flow  Field  used  in  Dynamic  Data  Analysis. 


l’uluo  were  obtained.  To  then  relate  the 
wake  generated  velocity  profiles  with 
the  surface  dynamic  pressures  on  the 
instrumented  vanes,  the  rotor  exit  veloc¬ 
ity  triangles  were  examined.  Figure  39 
shows  the  change  in  the  rotor  relative 
exit  velocity  which  occurs  as  a  result  of 
the  presence  of  the  blade.  A  deficit  in 
the  velocity  in  this  relative  frame 
creates  a  change  in  the  absolute  velocity 
vector  as  indicated.  This  velocity 
change  is  measured  via  the  crossed  hot¬ 
wires.  From  this  instantaneous  absolute 
angle  and  velocity,  the  rotor  exit 
relative  angle  and  velocity —  and  the 
magnitude  and  phase  of  the  perturbation 
quantities  are  determined. 

For  wake  measurements,  the  hot-wire 
probe  was  positioned  between  the  rotor 
and  stator.  To  relate  the  time  based 
events  as  measured  by  this  hot  wire 
probe  to  the  pressures  on  the  vane 
surfaces,  the  assumptions  were  made 
that!  (1)  the  wakes  were  identical  at 
the  hot-wire  and  the  stator  leading  edge 
planes;  (2)  the  wakes  were  fixed  in  the 
relative  frame.  Figure  40  presents  a 
schematic  of  the  rotor  wakes,  the  instru¬ 
mented  vanes,  and  the  hot-wire  probe. 
The  rotor  blade  spacing,  the  vane 
spacing,  the  length  of  the  probe,  and  the 
axial  spacing  between  the  vane  leading 
edge  plane  and  the  probe  holder  center- 
line  are  known  quantities.  At  a  steady 
operating  point  the  hot-wire  data  were 
analyzed  to  yield  the  absolute  flow  angle 
and  the  rotor  exit  relative  flow  angle. 
Using  the  two  assumptions  noted,  the  wake 
was  located  relative  to  the  hot  wires  and 
the  leading  edges  of  the  instrumented 
vane  suction  and  pressure  surfaces.  From 
this,  the  times  at  which  the  wake  is 
present  at  various  locations  was  de¬ 
termined.  The  incremented  times  between 


occurrences  at  the  hot-wire  and  the  vane 
leading  edge  plane  were  then  related  to 
phase  differences  between  the  perturba¬ 
tion  velocities  and  the  vane  surface 
pressures,  using  concepts  illustrated  in 
a  previous  section. 

To  simplify  the  experiment-theory 
correlation  process,  the  data  were  ad¬ 
justed  in  phase  so  that  the  transverse 
perturbation  was  at  zero  degrees  at  the 
vane  suction  surface  leading  edge.  From 
the  geometry  indicated  in  Figure  40,  the 
time  at  which  this  would  occur  was 
calculated  and  transposed  into  a  phase 
difference.  This  difference  was  then 
used  to  adjust  the  pressure  data  from  the 
suction  surface.  A  similar  operation  was 
performed  on  the  pressure  surface  data  so 
that  the  surfaces  of  the  vanes  were  tine 
related;  i.e.,  time  relating  the  data 
resulted  in  data  equivalent  to  that  for  a 
single  instrumented  vane.  Following  this 
procedure  the  time  varying  pressure  dif¬ 
ferences  across  a  single  vane  at  all 
transducer  locations  were  calculated. 

In  addition  to  the  unsteady  pressure 
measurements,  radial  and  circumferential 
scans  using  the  crossed  hot  wires  allowed 
determination  of  the  complete  steady  and 
unsteady  velocity  fields  in  the  region 
immediately  upstream  of  the  stator  row. 
Illustrations  of  the  steady  field  in 
terms  of  absolute  velocity  (vane  relative 
velocity)  and  inlet  angle  are  shown  in 
Figures  41  and  42,  respectively.  In 
Figures  43  and  44,  the  time  varying  vel¬ 
ocity  components  along  and  normal  to  the 
steady  flow  vectors  are  shown.  These 
components  represent  the  harmonic  fluctu¬ 
ations  occurring  at  a  frequency  equal  to 
the  rotor  blade  passage. 


Fig.  41  .  Vane  beading  Kdge  Absolute  Velocity  Contours  at  Near-Design 

Operating  Conditions. 


Fig.  42.  Vane  Leading  Edge  Air  Angle  Contours  at  Near-Design 

Operating  Conditions. 
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Fig.  43.  Vane  Lead  Edge  Streamwise  Fluctuating  Velocity  Component 
aU  at  Near-Design  Operating  Condition. 
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Pig.  44.  Vane  Leading  Edge  Transverse  Fluctuating  Velocity  Component 
AV  at  Near-Design  Operating  Conditions. 


DATA  PRESENTATION 

for  the  quantification  of  the  un¬ 
steady  loading  of  the  stator  vane  due 
to  the  upstream  generated  wake,  the  use 
of  normalized  pressure  coefficients  and 
phase  lags  allowed  the  chordwise  distri¬ 
bution  of  unsteady  pressures  to  be  de¬ 
scribed.  The  normalization  was  ac¬ 
complished  by  dividing  the  pressure 
fluctuation  magnitudes  at  particular 
harmonics  of  blade  passage  frequency  by 
the  product  of  twice  the  stator  inlet 
dynamic  head  and  the  appropriate  harmonic 
transvcrso  volocity  perturbation  expres¬ 
sed  as  a  fraction  of  tho  inlet  velocity. 
Typical  formats  for  the  presentation  of 
these  data  are  illustrated  in  Figures  45 
and  46  for  tho  pressure  and  suction 
surfaces  of  tho  transducers  located  at 
tho  stator  mid  span.  Arrangement  of  data 
in  this  form  allows  analytical  predic¬ 
tions  to  be  evaluated  on  a  surface  to 
surfaco  basis.  Arrangement  of  the  data 
in  terms  of  unsteady  pressure  difference 
and  unsteady  lift  and  moment  was  also 
made . 

The  discussion  of  these  two  experi¬ 
mental  programs  was  used  to  illustrate 
some,  not  all,  of  the  concerns  involved 
in  the  experimental  aspects  of  aoro- 
elastlcity  pertinent  to  forced  vibration 
and  flutter.  Specifically,  they  were 
used  to  provide  physical  examples  which 
are  not  always  obvious  in  summary  dis¬ 
cussions. 

SUMMARY 

By  defining  the  operating  environ¬ 
ment  of  turbomachinery  blading  in  terms 
of  absolute  and  relative  velocity 
fields,  airfoil  dynamic  mode  shapes,  and 
reduced  frequency  ranges,  the  applic¬ 
ability  of  various  flow  facilities  in 


establishing  critical  time  varying  aero¬ 
dynamic  data  needed  for  the  solution  of 
flutter  and  forced  vibration  problems  was 
examined.  For  illustration  of  pertinent 
research  being  accomplished  in  each  type 
of  facility,  a  sampling  of  investigations 
documented  in  the  literature  was  used. 
Unique  features  of  data  acquisition  tech¬ 
niques,  methods  to  induce  blade  oscil¬ 
lations,  and  instrumentation  concepts 
were  presented  to  provide  an  awareness  of 
the  different  approaches  which  could  be 
used.  Common  concerns  regarding  calibra¬ 
tion  and  data  acquisition  systems  were 
discussed  in  a  broad  overview.  The 
multiple  aspects  of  experimental  flutter 
and  forced  vibration  research  were 
focused  by  examination  of  a  linear  cas¬ 
cade  and  low  speed  compressor  experi¬ 
mental  programs. 

From  this  chapter,  a  scope  of  the 
parametric  ranges  and  the  methods  which 
could  be  used  to  construct  meaningful 
forced  vibration  research  programs  has 
been  established.  Supplementary  to  the 
coherent  gathering  of  time  varying  data 
should  be  quantification  of  the  steady 
flow  fields  in  sufficient  detail  to 
define  wakes,  potential  disturbances, 
and  the  other  mechanisms  creating 
spatially  oriented  disturbances  which 
act  to  excite  blades  to  resonance,  then 
to  failure. 

Recommendations  for  future  experi¬ 
mental  research  could  be  stated  simply 
as  the  need  to  gather  data  in  the 
correctly  simulated  operational  environ¬ 
ment  of  actual  turbomachinery  blading. 
Notable  among  the  experimental  programs 
discussed  has  been  the  omission  of  ex¬ 
perimental  programs  directed  toward 
establishing  a  data  base  for  blade 
motions  involving  chordwise  bending. 
Thus,  research  in  this  direction  should 
be  accomplished. 
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INTRODUCTION 

The  development  of  modern  turbo-jet 
engines  is  tending  increasingly  towards 
tho  use  of  inlet  fans  having  blades  with 
sharp  leading  edges  and  relatively  low 
natural  frequencies  of  vibration.  These 
characteristics  increase  the  propensity 
of  the  blades  to  flutter. 

Tests  on  actual  machines,  Loiseau  et 
al  (1975),  have  shown  that  a  variety  of 
blade  instabilities  can  exist.  For  in¬ 
stance,  flutter  can  occur  on  one  or  more 
blades  independently  of  the  neighboring 
blades  of  each,  or  else  flutter  vibra¬ 
tions  can  affect  all  the  blades  of  a 
rotor  which  then  vibrate  as  "rotor 
modes".  In  this  case,  the  deformations 
and  frequencies  of  all  the  blades  are  the 
same  and  they  vibrate  with  a  constant 
relative  phase  angle. 

Fan  blade  flutter  also  occurs  in 
different  flow  regimes.  Four  different 
forms  of  flutter  can  thus  be  distin¬ 
guished,  though  the  differences  in  some 
cases  might  well  be  rather  tenuous. 

Fan  blade  mode  shapes  are  frequently 
fairly  pure  in  either  bending  or  torsion 
and  flutter  in  tho  different  flow  regimes 
will  usually  appear  for  one  or  other  of 
those  mode  as  simple  degree  of  freedom 
flutter . 

The  four  known  flutter  regimes  can 
be  described  as  follows i 

(1)  Sub  and  transonic  torsional  flutter. 
This  is  generally  Known  as  stall  '  flutter , 
but  as  later  descriptions  will  show,  the 
term  "stall"  is  somewhat  incorrect  as  the 
flutter  is  not  so  much  dependent  on  stall 
as  on  flow  separation. 

Flutter  appears  when  back  pressure 
(angle  of  attack)  is  increased.  One  or 
more  blades  will  start  vibrating  at  large 
amplitudes  and  as  back  pressure  increases 
still  further  all  the  blades  will  eventu¬ 
ally  vibrate,  possibly  according  to  a  ro¬ 
tor  mode  if  they  are  sufficiently 
closely  tuned  in  frequency. 

(2)  Supersonic  .unstarted  flow  flutter  in 
bending.  This  form  of  instability  Is  fre- 
quentiy  known  as  "supersonic  stall 
flutter"  but  here  again  the  justification 
of  the  term  "stall"  Is  questionable.  The 
aeroolastic  behaviour  of  a  fan  under 
these  flow  conditions  is  at  present  not 
very  well  known. 

( 3 )  Supersonic  started  flow  flutter  in 
torsion,  cTTa ra ct'erlstic  of  low  pressure 
operation .  This  instability  often  deter¬ 
mine*  the  operating  limit  of  a  fan  since 
Its  limit  crosses  ths  operating  line 
(Fig.  II. 


(4)  Supersonic  started  flow  flutter  in 
bending,  characteristic  of  the  high  back 
pressures  approaching  the  limit  of  un- 
started  flow.  The  fundamental  mechanism 
of  this  instability  may  well  be  closely 
akin  to  unstarted  flow  flutter  (see  regime 
(2)  above). 


These  four  distinct  forms  of  fan 
blade  flutter  are  shown  on  the  typical  op¬ 
erating  diagram  of  Figure  1.  It  must  be 
stressed  that  there  ir  at  present  nothing 
absolute  about  this  classification  but 
that  it  does  seem  to  encompass  the  clearly 
detected  forms  of  flutter  occurring  in 
modern  fans. 

This  paper  attempts  to  give  some  phy¬ 
sical  insight  into  the  causes  and  origins 
of  these  different  flutter  regimes.  The 
discussion  is  based  on  experimental  data 
obtained  in  a  linear  cascade.  For  sub/ 
transonic  flutter  the  validity  of  the  cas¬ 
cade  measurements  is  tested  by  compar¬ 
ing  these  with  actual  compressor  data. 


In  order  to  interpret  the  test  re¬ 
sults,  some  understanding  of  the  experi¬ 
mental  "philosophy"  sb  veil  as  of  the 
facility  used  is  necessary.  These  will  be 
described  before  actually  discussing 
flutter. 


rig.  1  Maas  Flow-Pressure  Ratio  field  of 
Compressor.  Stability  Limits* 
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AEROELASTIC  TESTING 


General 

Different  forma  of  aeroelaatic  test¬ 
ing  can  be  employed  depending  on  the  pur¬ 
pose  of  the  tests.  A  manufacturer  may 
wish  to  predict  the  flutter  behaviour  of 
a  future  fan  while  still  at  the  design 
stage,  or  else  he  may  require  flutter 
boundaries  on  an  existing  machine.  In 
both  cases  the  testing  can  be  relatively 
simple  and  limited  to  the  measurement  of 
the  free  vibrations  of  the  blades  as  a 
function  of  compressor  parameters. 

However,  this  form  of  testing  is  in¬ 
sufficient  for  a  physical  insight  into 
aeroelastic  behaviour.  This  type  of  re¬ 
search  requires  that  at  least  some  know¬ 
ledge  of  the  actual  aeroelastic  forces 
is  obtained. 


Of  the  advantages  of  linear  cascades, 
simplicity  overrides  all  others*  simplic¬ 
ity  in  design?  simplicity  of  in¬ 
strumentation?  simplicity  in  applying  a 
well-defined  vibrational  motion  to  the 
blades?  simplicity  in  the  analysis  and  in¬ 
terpretation  of  results.  This  is  what 
makes  the  linear  cascade  the  most  widely 
used  tool  in  aerodynamic  or  aeroelastic 
turbomachinery  research. 


Aeroelastic  Testing  in  the  Present  Study 

The  Linear  Cascade  Facility 

In  attempting  to  understand  the 
causes  of  flutter  it  is  essential  to  be 
able  to  analyze  in  detail  the  aeroelastic 
forces  acting  on  the  blades  for  varying 
flow  parameters.  The  linear  cascade  is 
ideally  suited  for  this  purpose. 


Aeroelastic  testing  may  be  carried 
out  in  fixed  annular  cascades,  linear 
cascades  or  simply  on  an  existing  com¬ 
pressor.  Each  has  its  advantages,  incon¬ 
veniences,  and  applications? 


Full  compressor  rig  testing  allows  for 
the  measuring  of  the  true  behaviour  of 
the  blades  and  gives  the  real  flutter 
limits.  Obviously  it  can  in  no  way  be  a 
predictive  tool  and  is  thus  not  applica¬ 
ble  in  the  compressor  development  stage. 
Moreover,  the  complexity  of  the  instru¬ 
mentation  usually  limits  measurements  to 
blade  vibration  levels. 

Cascades  have  a  more  "research  and  devel¬ 
opment"  vocation.  Annular  cascades 
usually  consist  of  a  fixed  rotor- repre¬ 
senting  the  fan  to  be  tested.  The  blades 
are  instrumented  at  will  (strain  gauges, 
pressure  transducers)  and  in  some  cases 
are  mounted  on  electrodynamic  shakers 
st>  as  to  enable  true  aeroelastic  measure¬ 
ments,  Whitehead  et  al  (1976),  Kobayashi 
(1983),  Boelcs  and  Schlaefli  (1984). 
The  inlet  flow  is  given  the  necessary 
rotation  by  means  of  guide  vanes.  The 
advantage  of  annular  cascader  over  full 
compressor  rigs  is  thac  instrumentation 
is  much  simpler  to  implement  thus  allow¬ 
ing  for  research  studies.  On  the  negative 
side  a  number  of  points  can  be  made* 
the  flow  simulation  neglects  centri¬ 
fugal  effects?  aeroelastic  measurements 
on  cantilevered  blades  are  not  easy  to 
interpret?  three-dimensional  effects  can 
give  an  overcomplicated  unsteady  pressure 
distribution  picture  when  attempting  to 
obtain  some  physical  insight. 

Linear  cascades  are  used  exclusively  for 
resear'cR  and'  predictions,  Boldman  et  al 
(1981),  Caruthars  and  rifft-l  (1980), 
Arnoldl  et  al  (1977),  fiM  itz  (1976), 
Tanaka  et  al  (1984).  Blade  profiles  are 
two-dimenslonai  and  thus  results  are 
strictly  speaking  applicable  to  only  one 
section  of  a  fan  blade.  The  cascade  is  by 
definition  finite  as  against  a?  annular 
cascade  Which  is  infinite  as  seen  by  the 
flow.  This  need  not  be  a  very  important 
handicap  if  the  number  of  bladeo  in  the 
linear  cascade  is  sufficiently  large  for 
all  interactive  forces  to  be  measured. 
However,  good  flow  periodicity  can  b#  dif¬ 
ficult  to  generats  whlls  In  an  annular 
cascada  perfect  periodicity  is  inherent. 


The  linear  cascade  wind  tunnel  built 
at  ONERA  in  1977  for  aeroelastic  research 
is  shown  in  the  photograph  of  Figure  2  and 
schematically  in  Figure  3. 

The  tunnel  is  of  the  blow-down  typo 
and  is  connected  to  a  compr. seed  air 
source  at  9  atmospheres.  The  total  volume 
of  the  compressed  air  reservoirs  is  such 
that  test  run  times  in  excess  of  10 
minutes  can  be  achieved  at  transonic  flow 
speeds . 


Fig.  2  View  of  the  Cascade  Wind  Tunnel. 


Fig.  3  Schematic  View  of  the  Straight 
Cascade  Tunnel. 
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The  linear  cascade  should  simulate 
the  rotor  as  closoly  as  possible  to 
enable  the  study  of  the  action  of  the 
various  parameters  on  blade  stability. 
The  most  important,  and  most,  easily  varied 
parameters  are  considered  here,  namelyi 
flow  speed,  angle  of  attack  (deviation), 
frequency  of  vibration,  chordwiao 
position  of  the  pitching  axis  (torsional 
modes),  pressure  ratio  (for  started 
supersonic  flow  only) . 

The  wind  tunnel  can  be  fitted  with 
three  different,  nozzles:  for  Mach  numbers 
1.2  and  1.4,  and  for  sub/transonic  flow 
giving  Mach  numbers  from  0.4  to  1.0. 

The  facility  is  so  designed  that  the 
angle  of  attack  can  be  adjusted  by  rotat¬ 
ing  the  entire  cascade  (with  t.he  dif¬ 
fuser)  about  its  center  which  is  set.  on 
the  leading  edge  line.  This  allows  vari¬ 
ations  in  the  angle  of  attack  while  leav¬ 
ing  solidity  and  stagger  angle  unaltered. 
Angle  of  attack  variations  simulate  the 
effect  of  choking  at  t.he  inlet,  of  the 
compressor  at  constant,  turning  speeds  for 
subsonic,  transonic,  and  unst.art.ed  super¬ 
sonic  flow. 

The  cascade  is  composed  of  from  7  to 
9  blades.  The  blade  length  (tunnel 
width)  is  120  mm.  The  chord-length 
depends  on  the  stagger  angle  and  solidity 
of  the  cascade  and  is  normally  between 
80  and  100  mm. 

Principles  Underlying  Aeroelast.ic  Testing 

Aeroelastic  forces  in  a  cascade  are 
those  induced  on  a  blade  by  its  own  vi¬ 
brating  motion  or  by  the  vibrations  of 
neighbouring  blades. 

Aeroelastic  measurements  yield  un¬ 
steady  coefficients  of  lift,  and  moment. 
These  are  either  '■direct.'',  as  in~£he  case 
of  forces  acting  on  the  vibrating  blade, 
or  "coupling"  coefficients  when  the  in¬ 
fluence  of  the  vibration  of  neighbouring 
blades  is  considered. 

The  aeroelast.ic  force  coefficients 
are  determined  as  the  transfer  functions 
between  the  vibratory  motion  and  t.he 
resulting  lift,  moment,  or  pressure: 
complex  coefficient. 

J  F  ( t )  e  dt. 

C-C  'tiC"  -  -  _ - _ _ 

9  •  —  iti)t. 

( 1/2 ) pV  s /  +(t)e  dt 
o 

where  P(t.)  and  i^(t.)  are  the  time 
histories  of  the  aeroelastic  force  and  of 
the  vibratory  motion  producing  it., 
respectively. 

The  imaginary  coefficient  C"  is  the 
measure  of  aeroolast.ic  damping.  If 
C"  <  0,  there  is  an  aeroelastic  instabil¬ 
ity  (flutter). 

In  the  present  testing  technique,  the 
assumption  is  mado  that  the  direct  and 
coupling  torms  combino  linearly  so  that  a 
vectorial  addition  of  these  forces  can  bo 
made.  In  other  words,  one  assumes  that 
the  principle  of  superposition  is  valid. 
Thus,  the  total  coefficient  for  a  blade  in 
an  Infinite  cascade  iai 


CT  “  I  rn  eino 
n»-» 

or 


Re(CT)=  CSJ.  »  n^_,.(Cn  cos  ne  -  Cft  sin  ne ) 


Im(Oj>)“  C>j  =  nI_„(cn  ain  n8  +  Cft  cos  n8 ) 

where  n  is  the  blade  index: 

n  -  0  is  t.he  vibrating  blade 

n  <  0  are  the  "upstream"  blades 

n  >  0  are  t.he  "downstream"  blades 

Cn  is  t.he  complex  coefficient,  measured  on 
blade  n 

8  is  t.he  blade-to-blade  phase  angle. 


This  assumption  considerably  simpli¬ 
fied  the  experimental  set-up  but  above  all 
it  allows  a  more  intimate  analysis  of 
aeroelast.ic  behaviour  as  direct  and  coup¬ 
ling  terms  are  measured  and  assessed  sep¬ 
arately.  It  should  also  be  noted  that 
blade-to-blade  phase  angle  is  not  an  ex¬ 
perimental  parameter  but  merely  appears 
in  the  calculation. 

The  practical  consequence  of  thia 
assumption  is  that  only  one  blade  muBt  be 
made  to  vibrate  and  only  one  blade  needs 
to  be  instrumented  in  order  to  measure 
aeroelastic  coefficients.  The  relative 
positions  of  these  two  blades  in  the  cas¬ 
cade  must  be  variable  in  order  to  measure 
all  the  terms.  When  measuring  the  direct 
coefficients  these  two  blades  are  of 
course  one  and  the  same. 

In  practice  the  vibrating  blade  has  a 
fixed  position  approximately  half  way  down 
the  cascade  while  the  instrumented  blade 
can  take  up  any  of  the  blade  positions  in 
the  cascade. 

If  this  assumption  of  superposability 
were  not  made,  all  the  bladeB  of  the  cas¬ 
cade  would  have  to  vibrate  at  exactly  the 
same  frequency  and  amplitude  with  any 
given  constant  blade-to-blade  phase  angle. 
Whilst  the  complexity  of  the  design  of 
such  a  test  rig  is  tremendous  Boldman 
et  al  (1981),  the  tests  yield  results 
that  do  not  allow  an  assessment  of  the 
relative  importance  of  direct  and  coupling 
terms . 

Moreover,  it  must  be  stressed  that 
the  separation  of  these  components  is  phy¬ 
sically  significant  as  flutter  often 
appears  on  isolated  blades  (i.e.,  flutter 
where  only  direct  aeroelastic  forces  act 
as  in  the  case  of  mist.uned  blades). 

Superposability  may  seem  to  be  an  un¬ 
founded  simplifying  assumption,  but  it  has 
been  adopted  by  a  number  of  researchers 
and  notably  Hanamura  et  al.  (1980)  who  de¬ 
monstrated  its  validity  by  theory  for  an 
infinite  cascade  in  ideal  flow.  No  abso¬ 
lute  proof  of  it.e  universal  validity 
exists  but.  an  experimental  verification 
was  made  at.  Mach  -  1.4  by  making  two 

neighbouring  blades  vibrate  eimultaneously 


Ill--) 


and  measuring  the  total  coefficient  (Cy) 
on  one  of  the  blades.  The  result  was  com¬ 
pared  with  the  calculated  total  coeffi¬ 
cient  obtained  with  only  one  blade 
vibrating 


1 

(eT  =  )'  e„  eino>- 

ii=0 


This  was  done  for  throe  blade-to-blade 
phase  angles.  The  agreement  is  very  good 
as  shown  in  Figure  4  for  two  different 
frequencies  of  vibration. 


Modulus 


Fig.  4  Comparison  between  the  Measured 
Aeroelastic  Coefficient  obtained 
by  Linear  Superposition  of  the 
Coefficients  of  the  2  Blades. 


Blade  Instrumentation 

Aeroelastic  testing  requires  the  mea¬ 
suring  of  unsteady  forces.  This  can  bo 
performed  by  a  balance  or  other  force 
transducers,  but  results  cannot  yield 
pressure  distributions  which  are  funda¬ 
mental  in  an  attempt  at  understanding  the 
aeroelastic  phenomena. 


sections  a  specially  designed  flat  model 
is  used  (thickness:  0.5  mm).  This  trans¬ 
ducer  can  be  implanted  at  blade  locations 
where  the  thickness  is  down  to  0.6  mm  and 
thus  allows  measurements  very  near  the 
leading  and  trailing  edges  (Figure  5). 


Blade  Vibration  Mechanism 


A  complete  aeroelastic  study  on  a 
two-dimensional  profile  requires  separate 
measurements  in  the  presence  of  plunging 
and  pitching  motion.  The  frequency  of  vi¬ 
bration  must  be  such  that  the  reduced  fre¬ 
quency  (kft)  is  the  same  as  that  of  the 
normal  modes  of  the  fan  blades  being 
simulated. 


The  vibratory  motion  of  the  blade 
must  be  truly  two-dimensional  plunging  or 
pitching.  Blade  deformations  must  be 
avoided  as  far  as  possible  as  they  produce 
unwanted  three-dimensional  effects;  the 
input  to  the  aeroelastic  transfer  function 
is  then  no  longer  perfectly  known  or  de¬ 
fined  . 


In  practice,  the  possible  ranges  of 
frequency  in  the  facility  are  approxi¬ 
mately: 

-  pitching  motion:  from  70  to  600  Hz, 

-  plunging  motion:  from  70  to  300  Hz, 

giving  maximum  reduced  frequencies  of  0.6 
and  0.3  in  pitching  and  plunging  re¬ 
spectively  at  a  flow  speed  of  Mach  »  1. 


Blade  vibration  is  obtained  by  means 
of  four  linear  hydraulic  actuators,  two  on 
either  end  of  the  vibrating  blade  (Figure 
6).  A  position  control  of  each  actuator 
is  ensured  by  high  frequency  servo-valves 
using  a  feedback  signal  delivered  by  dis¬ 
placement  transducers. 


The  four  actuators  are  made  to  vi¬ 
brate  with  relative  amplitudes  and  phases 
such  as  to  give  the  required  plunging  (all 
in  phase)  or  pitching  motion  (two  in 
phase,  two  in  counter-phase). 


Miniature  pressure  transducers  tech¬ 
nology  is  now  sufficiently  developed  to 
allow  reliable  good  quality  unsteady 
pressure  measurement  on  fixed  or  vibrat¬ 
ing  blades.  In  this  study,  aeroelastic 
force  measuring  instrumentation  consists 
of  a  set  of  pressure  transducers  placed 
in  a  single  cross-section  of  the  blade. 
Between  20  and  26  transducers  are  used 
depending  on  the  blade  profile  and  on 
the  chord- length .  This  number  is 
sufficient  for  a  good  representation  of 
the  unsteady  pressure  distribution  and 
hence  of  the  lift  and  moment  coefficients 
obtained  by  integration. 


Tr*mducer 


The  transducers  employed  are  manufac¬ 
tured  by  Kullto.  At  ehordwloe  positions 
where  the  thickness  exceeds  2.1  fwn  stan¬ 
dard  cylindrical  (1.6  ntn  diameter)  trans¬ 
ducers  are  used.  Por  thinner  blade 


Fig.  5  Pressure  Transducer  Mountings 
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Data  Acquisition  and  Reduction 

Wind  tunnel  data,  the  vibrational 
motion  of  the  blade  and  unsteady  pressure 
measurement  are  all  filtered,  simul¬ 
taneously  sampled,  multiplexed,  digitized, 
and  recorded  on  disc.  Thence,  the  aero¬ 
dynamic  transfer  functions  are  calculated 
giving  complex  lift,  moment,  and  pressure 
coefficients.  The  results  are  immediately 
available  in  the  form  of  a  print-out.  If 
desired,  unsteady  pressure  distribution 
plots  can  be  obtained  within  a  few 
minutes  of  a  test  run. 

Measurements  on  a  Compressor  Blade 

Aoroelastic  measurements  were  carried 
out  on  one  of  the  fans  simulated  in  the 
straight  cascade.  Tho  purpose  of  this 
test  was  to  ostimato  the  validity  of 
straight  cascade  measurements.  Tho 
suction  surface  of  one  blade  of  the  fan 
was  instrumented  with  a  strain  gauge  and 
five  flat  unsteady  pressure  transducers 
of  tho  same  type  as  In  tho  straight 
cascade,  discussed  in  section  "Blade 
Instrumentation".  The  strain  gauge 
was  calibrated  to  give  amplitudes  of 
torsional  vibration  at  tho  pressure 
transducer  section. 

Transfer  functions  betwoen  strain 
gauge  and  pressure  transducer  signals 
gave  tho  required  pressure  coefficients 
which  could  then  bo  compared  to  tho 
straight  cascade  measurements  for  the 
same  aerodynamic  conditions. 

This  test  was  limited  to  sub/tran- 
sonlc  flow  conditions. 

Presentation  of  Results 

The  experimental  results  discussed 
below  are  mainly  based  on  the  direct 
coefficients  as  these  illustrate  most 
clearly  the  aoroelastic  phenomena  and 
their  dependence  on  tho  various  com¬ 
pressor  parameters.  Coupling  terms  aro 
discussed  in  so  far  as  their  presence 
influences  flutter  limits. 

All  results  are  shown  in  tho  form 
of  complex  aeroelastlc  coefficients  (see 
"Principles  Underlying  Aeroelastlc  Test¬ 
ing").  These  are  generally  plotted  as 
modulus  and  phase  diagrams  slnco  these 
usually  give  the  most  insight  into  physi¬ 


cal  behavior,  though  in  some  cases  real 
and  imaginary  parts  are  also  given. 

The  pressure  distributions  are  mostly 
shown  for  the  blade  surface  where  the  main 
aeroelastlc  forces  are  generated.  Rarely 
are  both  suction  and  pressure  surface  dis¬ 
tributions  given. 

The  phase  reference  for  lift  and  mo¬ 
ment  is  taken  so  that  there  is  instability 
for  n  <  $  <  2  n .  The  phase  reference  for 
tho  pressure  coefficients  is  such  that  the 
suction  surface  pressures  ahead  of  the 
pitching  axis  are  always  dissipative  for 
n<$<2it  .  Note  that  for  plunging  motion 
the  pitching  axis  is  considered  to  be  at 
infinity  downstream. 

SUB/TRANSONIC  FLOW  FLUTTER  IN  TORSION 


General 


In  this  chapter,  aub/transonic  flut¬ 
ter  is  analysed.  The  pressure  distribu¬ 
tions  shown  and  used  for  discussion  are 
restricted  to  the  suction  surface  as  the 
pressure  surface  values  are  virtually  in¬ 
variant  with  the  various  parameters  and 
thus  play  no  role  in  the  appearance  of 
flutter.  An  example  of  pressure  surface 
distributions  is  shown  in  Figure  7. 

The  bulk  of  the  results  is  for  a 
pitching  axis  at  mid-chord  but  the  effect 
of  the  position  of  this  axis  is  discussed. 


Fig.  7  Example  of  Pressure  Surface 
Distributions  at  M  ■  0.9. 

The  Influence  of  Angle  of  Attack 

Figures  8  and  9  show  that,  whatever 
the  Mach  number  or  the  frequency  of  vibra¬ 
tion,  an  increasing  angle  of  attack  always 
brings  the  blade  nearer  to  a  condition  of 
instability. 

The  cause  of  this  is  easily  under- 
stood  aftsr  examining  pressure  distribu¬ 
tions  such  as  those  in  Figure  10.  One 
finds  that  flutter  can  exist  only  whsn  the 
phase  distribution  has  changtd  its  shape. 


CM  4 
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Fig.  8  Cm  against  Angle  of  Attack  at 
Different  Flow  Speeds. 


The  theoretical  inviscid  flow  on  a  flat 
plate  gives  a  positive  slope  for  the 
phase  distribution  curve  (propagation 
from  the  trailing  edge  towards  the  lead¬ 
ing  edge).  In  Figure  10,  one  can  see  this 
slope  progressively  changing  as  the  angle 
of  attack  increases  to  the  point  where 
the  whole  distribution  curve  has  a  neg¬ 
ative  slope  (propagation  from  the  leading 
edge  toward  the  trailing  edge). 


Fig.  10  Pressure  Distribution  (Upper 
Surface)  for  Different  Angles 
of  Attack. 


This  change  in  phase  angle  brings 
certain  large  pressures  (e.g.  near  the 
leading  edge)  into  a  phase  quadrant  where 
they  act  as  an  exciting  force  and  are  thus 
destabilizing. 


Comparisons  with  steady  pressure  dis¬ 
tributions  and  surface  flow  visualizations 
show  that  a  negative  phase  distribution 
slope  generally  corresponds  to  an  area  of 
flow  separation.  This  is  vital  informa¬ 
tion  as  it  shows  how  stability  conditions 
depend  on  flow  separation  and,  hence,  on 
the  angle  of  attack. 


The  Influence  of  Flow  Speed 


Figure  11  shows  typical  plots  of  Cm 
against  Mach  number.  Three  different  an¬ 
gles  of  attack  are  shown i 

(i)  7*  where  flow  at  the  leading  edge  is 
not  separated  (save  for  the  usual 
bubble ) , 

(ii)  9*  where  the  flow  is  at  the  limit  of 
total  separation, 

(iii)  11*  where  the  flow  is  completely 
separated  over  the  entire  chord  of 
the  blade. 


For  all  three  angles  of  attack  the 
influence  of  the  flow  speed  in  the  sub¬ 
sonic  region  is  monotonic.  At  transonic 
speeds  the  action  of  shock  waves  becomes 
noticeable  for  angles  of  attack  where  flow 
separation  is  not  complete  but  at  11*  they 
have  no  visible  influence. 


The  pressure  distributions  in  Figures 
12  and  13  show  this  even  more  clearly.  At 
i-7*  the  flow  speed  has  a  strong  influence 
on  both  modulus  and  phase  while  at  i»ll* 
(complete  flow  separation)  the  influence 
of  Mach  number  is  small  on  the  modulus  and 
insignificant  on  the  phase  angles. 
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Fig.  12  Pressure  Distribution  at 
ent  Flow  Speeds  and  i=7* 
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Fig.  13  Pressure  Distribution  at  Differ¬ 
ent  Flow  Speeds  and  i«*ll*  . 


The  Influence  of  the  Frequency  of 
Vibration 
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One  can  see  from  Figure  9  that  sta¬ 
bility  increases  with  frequency.  This  is 
not  due  to  any  important  change  in  the 
unsteady  flow  characteristics,  but  prin¬ 
cipally  to  an  increasing  phase  lag.  The 
pressure  distributions  of  Figure  14  are 
obtained  for  the  same  flow  conditions  but 
at  different  frequencies.  They  show,  with 
increasing  frequency,  an  ever-increasing, 
negative  slope  of  the  phase  angle  plot. 


Fig.  14  Pressure  Distribution  at  Differ¬ 
ent  Frequencies. 


The  Influence  on  Stability  of  the  Position 
of  the  Pitching  Axis 

Stability  is  clearly  closely  depend¬ 
ent  on  the  position  of  the  pitching  axis. 
Figure  15  shows  the  real  and  imaginary 
parts  of  Cm  as  a  function  of  the  position 
of  the  pitching  axis  (0,  50,  and  92%  of 
chord),  but  they  suffice  to  dstsrmlns  the 
effect  of  this  parameter. 


At  small  angles  of  attack  the  blade 
is  always  stable.  As  this  angle  increases 
the  blade  first  becomes  unstable  for  axes 
located  on  the  upstream  half-chord.  At 
high  angles  of  attack  (complete  flow  sep¬ 
aration)  the  blade  is  unstable  for  all 
pitching  axes.  Figure  16  shows  Cm  plotted 
against  angle  of  attack  for  the  three 
pitching  axes. 
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Fig.  15  Components  in  Phase  and  in  Quad¬ 
rature  as  a  Function  of  the 
Position  of  the  Pitching  Axis. 
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Fig.  16  Cm  as  a  Function  of  the  Angle  of 
Attack  at  Different  Pitching 
Axes . 


Cm(o)  and  Cl(o)  are  the  moment  and 
lift  respectively,  induced  by  pitching 
about  the  reference  axis 


cL(h)  and  CM(h)  are  the  lift  and  mo¬ 
ment  respectively,  induced  by  plunging 
motion 


x  is  the  normalized  distance  between 
the  reference  axis  (o)  and  the  axis  a. 


Fig.  17  Unsteady  Pressure  Distributions 
for  Three  Pitching  Axes. 


It  is  interesting  to  note  that  the 
pressure  distribution  (Figure  17)  is  vir¬ 
tually  independent  of  the  position  of  the 
pitching  axis. 


Pitching  Axis  Prediction 
by  Linear  Transposition 

It  is  well  known  that  for  flow  having 
linear  steady  characteristics^  the  un¬ 
steady  moment  due  to  pitching  about  any 
axis  can  always  be  predicted  by  linear 
superposition  of  the  moment  relative  to 
another  axis  and  the  lift  due  to  plunging 
motion! 


CM(a)  -  Cb(h)*z  +  Cb{o)  ♦  CM(h))x  +  Cm(o) 


where  C^fa)  Is  the  moment  due  to  pitching 
about  axl*  a 


Although  the  assumption  of  steady 
linearity  is  not  verified,  the  principle 
of  superposition  has  been  tested  and  it 
gave  the  results  shown  in  Figures  18  and 
19. 

It  is  clear  from  these  figures  that 
the  linear  superposition  of  plunging  and 
pitching  gives  excellent  predictions  for 
any  other  pitching  axis  no  matter  what  the 
angle  of  attack. 

Thus  the  linear  combination  is  just 
as  valid  for  completely  separated  flow  as 
it  is  for  perfect  unseparated  flow.  This 
is  an  important  result  facilitating  pre¬ 
dictions  for  true  fan  blade  mode  shapes. 


Blade-to-Blade  Coupling  and  Total  Cascade 
Coefficient's -  - 

Figure  20  shows  some  typical  coupling 
coefficients  as  a  function  of  the  angle  or 
attack.  Only  the  coupling  with  the  imme¬ 
diately  adjacent  blades  was  measured  (C-i 
and  C+i ) . 
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Fig.  18  Comparison  between  Measurement 
and  Transposition  of  the  Axis  by 
Computation. 


From  the  figure,  it  is  clear  that 
these  coefficients  are  much  less  sen¬ 
sitive  to  the  angle  of  attack  than  in 
the  case  of  the  direct  coefficients  { Cq ) . 
This  is  also  true  of  the  Mach  number  in¬ 
fluence.  The  effect  of  frequency  is  the 
same  as  for  the  direct  coefficients,  that 
is,  that  increasing  frequency  causes  an 
increasing  phase  lag. 


Fig.  19  Comparison  between  Measurement 
and  Transposition  of  the  Axis  by 
Computation. 


The  total  coefficients  can  be  calcu¬ 
lated  according  to  the  formulae  in  sec¬ 
tion  "Principles  Underlying  Aeroelastic 
Testing".  However,  the  results  will  de¬ 
pend  on  the  assumed  blade-to-blade  phase 
angle,  0.  To  assess  the  importance  of  the 
coupling  terms  on  cascade  stability,  it 
is  simplest  to  assume  for  each  case  the 
value  of  6  giving  the  largest  coupling 
effect,  i.e.,  the  minimum  value  of  C". 


Together  with  the  coupling  coeffi¬ 
cients,  Figure  20  also  shows  C"min  as  a 
function  of  the  angle  of  attack,  result¬ 
ing  from  the  above  computation.  It  is 
clear  from  the  figure  that  C"min  follows 
the  same  trend  as  Cq"  (direct  coeffi¬ 
cient)  relative  to  the  angle  of  attack. 
Of  course,  the  flutter  limit  appears 
at  a  much  smaller  angle  of  attack  but  the 
curve  seems  to  be  merely  shifted  down. 


Sub/Transonic  Flow  Flutter  Limits 

From  the  sections  "The  Influence  of 
Angle  of  Attack"  and  "The  Influence  of 
Flow  Speed",  it  is  clear  that  the  angle 
of  attack  at  the  limit  of  flutter  dimin¬ 
ishes  with  frequency.  Strangely  enough, 
at  any  particular  angle  of  attack  this  is 
the  only  parameter  to  have  a  noticeable 
effect  on  flutter  limits.  The  effect 
of  flow  speed,  though  not  totally  negli¬ 
gible,  is  very  weak. 


The  flutter  limit  diagram  (Figuro  21) 
is  thus  rather  a  plot  oT~  angle  of 
attack  against  frequency  and  not  the 
conventional  reduced  frequency  (kg)  as 
would  normally  be  expected.  The  non- 
dimensional  frequency  parameter  on 
which  the  limit  of  flutter 


Fig.  20  Direct  Coupling  and  Total  Moment 
Coefficients  for  Pitching  Motion 
in  Sub/Transonic  Flow. 


depends  is  some  propagation  velocity  in 
separated  flow  which  seems  only  weakly  de¬ 
pendent  on  flow  speed.  This  question 
needs  further  investigation. 


Conclusions  on  Sub/Transonic  Flutter  in 
Torsion 

The  principal  characteristics  of  sub 
and  transonic  "stall”  flutter  can  be  sum¬ 
marised  by  the  following  findings i 


o  Tho  unsteady  pressures  causing 
stall  flutter  of  thin  compressor  blades 
are  mainly  situated  on  the  upper  surface 
and  on  the  forward  half  chord. 

o  Flutter  conditions  can  only  occur 
when  the  flow  over  the  blade  is  com¬ 
pletely,  or  almost  separated.  Since  the 
conditions  enabling  flutter  are  dependent, 
solely  on  flow  separation,  they  are 
directly  related  to  the  angle  of  attack. 

o  When  the  flow  is  separated,  the 
presence  or  absence  of  flutter  depends 
only  on  the  frequency  of  vibration.  The 
higher  this  frequency,  the  larger  the 
limiting  angle  of  attack. 

o  A  linear  superposition  of  unsteady 
coefficients  obtained  with  pitching  and 
plunging  motions  will  give  correct  values 
for  moment  coefficients  about  any  other 
arbitrary  pitching  axis.  This  is  true  at 
all  angles  of  attack  whether  the  flow  is 
separated  or  not, 

o  The  name  of  "stall  flutter"  for 
this  instability  is  not  strictly  correct 
since  flutter  depends  on  flow  separation 
and  not  on  a  stall  phenomenon. 


SUPERSONIC  STARTED  FLOW  FLUTTER 
General 


Flutter  is  known  to  appear  separately 
for  torsional  and  bending  modes,  the 
former  at  low  and  the  latter  at  high 
pressure  ratios.  These  two  forms  of  flut¬ 
ter  are  studied  separately  with  pitching 
and  plunging  vibrations  respectively  at  a 
Mach  number  of  1.4. 

A  brief  description  of  steady  flow 
at  this  Mach  number  and  at  different 
pressure  ratios  is  necessary  in  order 
to  understand  the  flutter  conditions 
discussed  below. 

In  started  supersonic  flow  the  angle 
of  attack  is  unique  and  is  given  by  the 
slope  of  the  suction  surface  near  the 
leading  edge.  The  flow  determined  by  the 
upstream  Mach  number  and  by  this  angle  of 
attack  is  identical  in  each  channel  and 
thus  constitutes  a  periodic  flow  pattern. 

The  pressure  ratio  plays  a  fundament¬ 
al  role  in  shaping  the  steady  flow  field. 
Pigure  22  shows  typical  steady  flow 
configurations  for  four  values  of  pressure 
ratio.  These  patterns  were  deter¬ 
mined  in  the  cascade  by  means  of 
shadowgraph  views.  The  leading  edge 
shock  wave  reflects  on  the  suction  sur¬ 
face  of  tho  neighboring  "upstream"  blade 
while  the  suction  surface  trailing  edge 
shock  reflects  on  the  pressuro  surface 
of  the  "downstream"  blado.  As  the 
pressure  ratio  (compression)  increases, 
the  reflected  leading  edge  shock  and  the 
suction  surface  trailing  edge  shock  both 
progressively  straighten  and  finally  coa¬ 
lesce  and  move  up  to  the  channel  throat. 
This  occurs  at.  the  limit  of  started  flowi 
any  attempt  at  increasing  the  pressure 
ratio  beyond  this  point  causes  the  flow 
to  become  unstarted  and  the  flow  in  the 
channel  becomes  totally  subsonic. _ 


Fig.  21  Typical  Sub/Transonic  Torsional 
Flutter  Limits  Considering  "Di¬ 
rect"  Terms  Only. 


The  positions  of  the  various  shock 
waves  and  of  their  reflections  are 
obviously  sensitive  to  variations  in  Mach 
number  and  pressure  ratio  and  are  thus 
sources  of  pressure  fluctuations  when  the 
blades  vibrate. 


Figures  23  a  and  b  show  the  suction 
and  pressure  surface  steady  pressure 
distributions  for  the  four  examples  of 
Figure  22. 


Pig.  22  Shock  Wave  Patterns  at  Different 
Pressure  Ration. 
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Fig.  23  (a)  Steady  Pressure  Distribution  -  Suction  Surface? 

(b)  Steady  Pressure  Distribution  -  Pressure  Surface. 


The  Nature  of  the  Flutter  and  the 
influence  of  Pressure  Ratio 


Pitching  Motion 

Figure  24  shows  the  influence  of 
pressure  ratio  on  the  direct  and  coup¬ 
ling  moment  coefficients.  It  is  clear 
that  the  direct  coefficients  (vibrating 
blade)  are  by  far  the  most  influenced  by 
pressure  ratio  .  This  is  corrfirmed  by 
the  plotting  of  the  smallest  value  (most 
unstable)  of  the  total  coefficient  Cif 
against  pressure  ratio  (Figure  24)  after 
the  calculation  presented  in  "Principles 
Underlying  Aeroelastic  Testing".  The 
total  curve  runs  virtually  parallel  to 
that  of  the  direct  coefficient. 


V  2 


Kig.  24  Direct,  Coupling  and  Total  Moment 
Coefficient  for  Pitching  Moment 
in  Supersonic  Started  Flow. 


A  better  understanding  of  the  physi¬ 
cal  grounds  for  this  flutter  is  gained 
through  the  study  of  unsteady  pressure 
distributions.  Practically,  this  means 
the  evaluation  of  a  vast  amount  of  data 
(local  pressures  for  each  blade),  but  ex¬ 
perience  has  shown,  as  in  subsonic  flut¬ 
ter,  that  the  change  from  flutter  condi¬ 
tions  to  no  flutter  and  vice-versa  is 
essentially  governed  by  the  direct  coeffi¬ 
cients.  The  pressure  distributions  on  the 
vibrating  blade  can  thus  give  reasonably 
adequate  insight  into  the  physical  phenom¬ 
ena  . 


Figures  25  and  26  show  suction  and 
pressure  surface  pressure  coefficient  dis¬ 
tributions  in  the  form  of  modulus  and 
phase.  According  to  the  quadrant  in  Which 
the  phases  of  the  pressures  are  situated, 
the  contributing  moment  is  either  exciting 
or  damping  (see  figures). 


The  pressure  surface  (Figure  25) 
shows  no  particular  overall  tendency  to¬ 
ward  damping  or  excitation  and  the  pres¬ 
sure  ratio  does  not  have  a  marked  effect. 
However,  the  suction  surface  (Figure  26) 
shows  a  very  large  unsteady  pressure  near 
the  trailing  edge  with  a  phase  angle  al¬ 
ways  situated  in  an  exciting  quadrant.  As 
pressure  ratio  increases  the  magnitude  of 
this  trailing  edge  pressure  drops  rapidly. 
It  is  clear  that  the  main  contribution  to 
flutter  conditions  for  T  <  1.6  is  this 
large  trailing  edge  pressure. 


A  glance  at  Figure  22  shows  that  this 
very  large  unsteady  pressure  is  situated 
at  the  foot  of  the  trailing  edge  shock. 
The  movement  of  the  shock  with  blade  vi¬ 
brations  and  the  magnitude  of  the  pressure 
difference  across  the  shock  are  the  fac¬ 
tors  determining  the  magnitude  of  the  un¬ 
steady  pressure.  The  fact  that  the  posi¬ 
tion  of  the  pressure  peak  does  not  vary 
with  pressure  ratio  confirms  the  responsi¬ 
bility  of  the  trailing  edge  shock  wave. 

Thus,  one  can  safely  conclude  that 
the  upper  surface  trailing  edge  shock  mo¬ 
tion  is  the  primary  motor  of  pitching 
flutter  in  supersonic  started  flow. 
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Fig.  25  Unsteady  Pressure  Distribution 
for  Pitching  Motion  -  Pressure 
Surface . 

Plunging  Motion 


The  aeroelastic  behavior  in  plunging 
is  quite  different  from  that  in  pitch¬ 
ing  (above);  however,  the  participation 
of  the  coupling  terms  relative  to  the 
direct  terms  in  the  total  coefficient  is 
very  similar. 


Fig.  26  Unsteady  Pressure  Distribution 
for  Pitching  Motion  -  Suction 
Surface. 


Figure  27  (like  Figure  24)  shows  a 
very  much  more  marked  effect  of  varying 
pressure  ratio  on  the  direct  coefficients 
than  on  the  coupling  terms.  ThiB  is,  of 
course,  reflected  in  the  total  minimum  co¬ 
efficient  which  (like  in  pitching)  behaves 
very  much  in  the  same  way  relative  to 
pressure  ratio  as  the  direct  coeffi¬ 
cients. 
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Fig.  27  Direct,  Coupling  and  Total  Lift 
Coefficients  for  Plunging  Motion 
in  Supersonic  Started  Plow. 


The  total  minimum  coefficient  curve 
shows  possible  flutter  limits  for  t  <  1.38 
and  t  >  1.58.  As  for  pitching  motion,  the 
direct  coefficient  pressure  distribution 
will  be  studied  in  order  to  understand  the 
source  of  flutter. 


Figures  28  and  29  show  the  suction 
and  pressure  surface  distributions  respec¬ 
tively. 


Figure  28  illustrates  clearly  the 
approach  of  flutter  as  the  pressure  ratio 
increases i  the  phase  angle  reaches  into 
the  exciting  quadrant  while  the  corre¬ 
sponding  pressure  peak  is  large.  This 
pressure  peak  does  not  have  the  same  ori¬ 
gin  as  in  the  case  of  pitching!  it  is  the 
point  of  impact  of  the  reflection  of  the 
loading  edge  shock  wave  produced  by  the 
neighboring  blade.  Judging  from  this  fig¬ 
ure  alone,  the  blade  should  become  in¬ 
creasingly  stable  as  the  pressure  ratio 
decreases.  This  is  true  to  a  point*  a 
look  at  Figure  29  shows  an  increasingly 
greater  portion  of  the  pressure  surface 
pressure  distribution  in  the  exciting 
quadrant  with  diminishing  pressure  ratio. 
The  rapid  change  of  phase  near  the  leading 
edge  is  due  to  the  position  of  the  recom¬ 
pression  shock  on  the  pressure  surface.  As 
this  shock  wave  moves  aft  with  decreasing 
pressure  ratio,  the  extent  of  the  exciting 
tone  increases  and  flutter  conditions  once 
again  appear. 
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Fig.  28  Unsteady  Pressure  Distribution 
for  Plunging  Motion  -  Suction 
Surface. 


Fig.  29  Unsteady  Pressure  Distribution 
for  Plunging  Motion  -  Pressure 
Surface. 


The  Influence  of  Frequency 


-For  the  case  of  pitching  motion, 
Figure  30  shows  the  direct  coefficient  as 
a  function  of  frequency.  This  parameter 
introduces  a  time  (or  phase)  lag  so  that 
the  pressure  ratio  range  showing  flutter 
conditions  will  progressively  shrink  with 
increasing  frequency. 


-The  effect  of  frequency  on  flutter 
conditions  in  plunging  motion  is  virtu¬ 
ally  negligible  as  illustrated  by  Figure 
31.  There  is  a  noticeable  influence  on 
the  magnitude  of  the  coefficient  but  the 
phase  angle  remains  practically  speaking 
constant.  — 
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Conclusions  on  Flutter  in  Started  Super- 


The  characteristics  of  flutter  in 
started  supersonic  flow  depend  on  the 
mode  of  vibration  concerned! 


Fig.  30  Direct  Moment  Coefficient  for 
Pitching  Motion. 


-Pitching  flutter  occurs  at  low  pres¬ 
sure  ratios  and  disappears  as  this  para¬ 
meter  increases.  The  flutter  is  mainly 
due  to  the  movement  of  the  suction 
surface  trailing  edge  shock  wave,  induced 
by  the  pitching  motion.  As  pressure  ratio 
Increases  the  shock  foot  has  probably 
an  increasingly  stable  position  and  thus 
generates  less  unsteady  destabilising 
pressures. 


-Plunging  flutter  Is  found  at  both 
high  and  low  pressure  ratios.  At  high 
pressure  ratios  the  main  cause  is  the 
motion  of  the  impinging  shock  wave  origi¬ 
nating  from  the  leading  edge  of  the 
neighboring  "upstream"  blade.  This 
effect  disappears  at  lower  pressure 
ratios  where  a  weaker  destabilising  pro¬ 
cess  takes  over  on  the  pressure  surface. 
This  is  due  to  the  aftward  movement  of 
the  final  recompression  shock  wave  with 
decreasing  pressure  ratio. 
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Fig.  31  Direct  Lift  Coefficient  for  Flung 
ing  Motion. 
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The  effect  of  frequency  on  flutter 
limits  is  important  in  the  casifof  pitch¬ 
ing.  An  increasing  phase  lag  with  in¬ 
creasing  frequency  reduces  the  likelihood 
of  flutter.  In  plunging,  frequency  has 
little  influence  on  flutter  limits. 


SOME  IDEAS  ON  SUPERSONIC  UNSTARTED  FLOW 
FLUTTER 

Good  periodicity  in  a  linear  cascade 
for  unstarted  supersonic  flow  is  very 
difficult  to  obtain.  However,  it  was 
achieved  across  four  adjacent  blades,  but 
to  date  only  one  preliminary  aeroelastic 
test  has  been  carried  out  with  plunging 
motion . 


Results  obtained  seem  to  indicate 
that  the  most  significant  aeroelastic  be¬ 
havior  appears  on  the  aft  half-chord  of 
the  suction  surface  at  the  point  where 
the  bow  shock  of  the  "downwind"  blade  re¬ 
flects  . 

The  aeroelastic  pressure  measurements 
shows 

-on  the  suction  surface,  a  distribu¬ 
tion  having  a  very  similar  character  to 
that  of  started  supersonic  flow  with 
plunging  motion  (see  Figure  28); 

-on  the  pressure  surface,  a  dis¬ 
tribution  closely  akin  to  the  case  of 
transonic  flow  (Figure  7).  This  is  not 
surprising,  as  the  pressure  surface  is 
totally  subsonic. 


One  can  tentatively  conclude  that 
unotarted  flow  flutter  will  esientially 
resemble  started  supersonic  flow  high 
pressure  ratio  bending  flutter.  This 
conclusion  would  be,  in  fact,  quite 
logical  since  started  supersonic  flutter 
appears  as  pressure  ratio  rises  and  the 
flow  approaches  the  limit  of  started  flow 
conditions.  A  certain  continuity  would 
not  be  surprising.  However,  more  measure¬ 
ments  and  a  much  more  profound-  analysis 
are  required  before  definite  conclusions 
can  be  drawn. 


CASCADE  RESULTS  AND  PREDICTIONS 


Reduced  frequency  =  0.23 
Pressure  ratio  =  1 

Fig.  32  Total  Moment  Coefficient  for 
0  •£  e  <  2n  in  Pitching  Motion. 

Figure  32  illustrates  this  very  sim¬ 
ply.  Here  are  two  results  for  supersonic 
bending  with  C"  plotted  against  C‘  for  0* 
<  6  <  360*.  The  combined  effect  of  five 
blades  (Cq,  C±i»  C±2)  has  been  accounted 
for.  The  points  around  the  loops  are  for 
the  different  blade-to-blade  phase  angles 
and  the  single  point  inside  each  loop  is 
the  direct  value.  Experience  shows  that 
the  usual  parameters  (frequency,  angle  of 
attack,  Mach  number,  pressure  ratio)  have 
a  much  more  significant  influence  on  *the 
position  of  the  direct  coefficient  point 
than  on  the  size  of  the  loops.  Hence, 
the  parameter  dependence  of  the  direct 
forces  is  the  principal  factor  leading  to 
flutter  conditions. 


In  an  actual  compressor,  the  real 
effect  of  the  coupling  terms  will  depend 
largely  on  the  frequency  tuning  of  the 
blades.  The  above  discussion,  of  course, 
supposes  perfect  tuning. 


Mistuning  is  a  frequently  employed 
method  for  attempting  to  avoid  flutter 
problems  and  this  can,  in  fact,  be  a  very 
powerful  tool.  However,  it  has  a  severe 
limitation  in  that  mistuning  can  change  or 
shrink  a  loop  such  as  in  Figure  32  but  can 
never  change  its  position  relative  to  the 
axes  of  the  figure.  In  other  words,  a 
case  with  single-blade  flutter  cannot  be 
remedied  by  mistuning.  Theoretical  stud¬ 
ies  on  mistuning,  as  for  example  by  Craw¬ 
ley  and  Hall  (1984),  have  come  to  this 
same  conclusion. 


The  Relative  Importance  of  Cascade 
Effects  on  Flutter,  Szechenyi  (l9d3) 


The  above  results  show  that  coupling 
coefficients  can  be  of  the  same  order  of 
magnitude  as  direct  coefficients,  in  par¬ 
ticular  for  neighboring  blades  (C»i). 
These  terms  can  thus  largely  contribute 
to  the  presence  of  flutter. 


However,  it  is  clear  that  flutter  is 
neither  entirely  nor  oven  essentially  an 
unsteady  cascade  effect,  since  all  the 
studied  forms  of  blado  flutter  can  exist 
as  fltnglo-degreo-of-froodom  sinqlo-blado 
instabilities.  The  blade-to-blade  coup¬ 
ling  effects  appear  as  vectorial  addi¬ 
tions  (to  the  single  blado  forcos)  which 
either  increase  or  reduce  stability, 
according  to  the  blado-to-blade  phase 
angle. 


Comparison  between  Linear  Cascade  and 
Actual  Fan  Measurements 

One  blade  of  the  fan  simulated  in  the 
sub/transonic  flutter  research  reported  in 
the  section  "SUB/TRANSONIC  FLOW  FLUTTER  IN 
TORSION"  was  instrumented  with  five  pres¬ 
sure  transducers  in  the  same  manner  as  the 
linear  cascade  blade  (see  "Measurements  on 
a  Compressor  Blade”). 

Pressure  measurements  on  the  com¬ 
pressor  blade  can  be  compared  directly 
with  those  obtained  in  the  linear  cascade 
wind  tunnel.  The  results  are  presented  in 
the  some  form,  that  is,  modulus  and  phase 
of  the  complex  pressure  coefficients. 

The  maximum  frequency  of  vibration  in 
the  cascade  is,  in  fact,  approximately  30% 
lower  than  the  first  torsional  natural 
frequency  of  the  fan  blade. 
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Fig.  33  Pressure  Distributions  on  a 

Blade  in  a  Compressor 


Fig.  34  Pressure  Distributions  on  a  Blade 
in  the  Wind  Tunnel. 


A  comparison  of  pressure  distribu¬ 
tions  at  Mach  0.8  in  Figures  33  (fan)  and 
34  (cascade)  shows  very  similar  shapes. 
The  pressure  levels  are  equivalent  and 
the  change  of  shape  of  the  phase  curve 
(positive  slope  becoming  negative) 
occurs  at  about  the  same  angle  of  attack! 
between  7  and  8*. 


The  comparison  at  transonic  speeds 
(Figures  35  and  36}  gives  rise  to  the 
same  comments  as  above  but  the  phase 
curves  for  the  compressor  are  noticeably 
less  steep  than  those  for  the  cascade 
(faster  propagation)  and  particularly  on 
the  downstream  half-chord.  This  differ¬ 
ence/  though  seemingly  not  very  signif¬ 
icant  from  a  qualitative  point  of  view/ 
is  all  the  more  important  in  that  the 
frequency  of  vibration  of  €Ke  fan  blade 
is  higher  than  that  in  the  cascade  and 
should  logically  produce  a  greater  phase 
lug  (see  "Presentation  of  Results"). 


This  phase  discrepancy  on  the  down¬ 
stream  half-chord  has  obviously  some  in¬ 
fluence  on  stability  limits.  However/  in 
all  cases  the  actual  fan  is  more  stable 
than  cascade  measurement  predictions. 


Use  of  Cascade  Data  for  Fan  Blade  Flutter 
Predictions 


The  application  of  cascade  test 
result  to  a  real  compressor  can«  at 
the  present  time/  only  be  made  by  strip 
theory.  Aerodynamic  damping  can  be  ob¬ 
tained  fairly  simply  from  cascade  results 
by  the  following  equation i 


where  N  is  the  number  of  strips. 

A  comparison  between  aerodynamic 
damping  measured  directly  on  a  fan  blade 
and  the  above  calculations  based  on  linear 
cascade  measurements  was  made  for  subsonic 
flow.  The  result  presented  in  Figure  37 
shows  that  qualitative  predictions  are 
generally  good.  Predicted  damping  values 
are  close  for  Mach  -  0.8  but  are  always 
lower  than  those  actually  measured.  This 
discrepancy  may  well  be  due  to  the  pres¬ 
sure  distribution  differences  shown  in 
"Comparison  between  Linear  Cascade  and 
Actual  Fan  Measurements”  above. 

THE  FUTURE 

The  physical  understanding  of  fan 
blade  flutter  can  be  considered  at  differ¬ 
ent  levels.  A  straightforward  parametric 
study  of  aeroelastic  damping  will  give 
some  insight  into  parameter  dependence  but 
cannot  reveal  the  aerodynamic  behavior 
leading  to  this  dependence.  Aeroelastic 
pressure  distributions  go  a  step  further 
and  give  some  understanding  of  the  aero¬ 
dynamics  behind  the  aeroelastic  behavior. 
This  is  the  state  of  the  art  described  in 
this  article.  One  could  go  further  by 
looking  at  the  causes  of  the  observed 
aeroelastic  behavior.  For  instance,  in 
the  case  of  subsonic  flow,  it  is  olear 
that  flutter  conditions  are  created  when 
the  direction  of  propagation  on  the  suc¬ 
tion  surface  is  reversed r  but  what  causes 
this  change  of  direction  When  the  flow 
separates? 


There  is  some  way  to  go  yet  before 
fully  understanding  all  the  underlying 
mechanisms  of  fan  blade  flutter. 


Research  must  progress  in  this  di¬ 
rection  in  order  to  give  a  physical  back¬ 
ground  to  the  development  of  theoret¬ 
ical  predictive  tools  and  in  order  to 
establish  reliable  flutter  free  design 
criteria. 
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Fig.  35  Pressure  Distributions  on  a  Blade 
in  a  Compressor 


Pig.  36  Pressure  Distributions  on  a 

Blade  in  the  Wind  Tunnel 
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Pig.  37  Aerodynamic  Damping  aa  a  Function 
of  Flow  Rata  (Angle  of  Attack). 
Comparison  between  Compreesor  and 
Linear  Cascade. 
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INTRODUCTION 

From  the  above  chapters  on  "Unsteady 
Aerodynamic  Measurements  in  Forced  Vibra¬ 
tion  Research"  and  "Unsteady  Aerodynamic 
Measurements  in  Flutter  Research,"  respec¬ 
tively,  it  has  become  obvious — that  four 
types  of  experimental  facilities  are  in 
use  to  simulate  and  investigate  the  un¬ 
steady  aerodynamic  aspects  of  forced 
vibration  and  flutter  in  axial-flow  turbo¬ 
machines,  These  are 

-  Linear  Cascades 

-  Stationary  Annular  Cascades 

-  Low  Speed  Rotating  Rigs 

-  High  Speed  Rotating  Rigs. 


These  test  facilities  have  been  de¬ 
veloped  in  order  to  overcome  the  diffi¬ 
culties  due  to  accessibility  problems  in 
real  machines.  Moreover,  they  make  it 
easiei  to  isolate  and  vary  the  major  para¬ 
meters  of  importance.  Most,  experimental 
studies  have  been  conducted  in  linear 
cascades.  They  represent,  a  spanwise  sec¬ 
tion  of  a  turbomachinery  blading  by  a 
finite  number  of  two-dimensional  airfoils. 
Linear  cascades  provide  the  most  con¬ 
venient  and  cost-effective  way  to  study 
subsonic,  transonic,  and  supersonic  flow 
phenomena  and  to  vary  the  profile  and  cas¬ 
cade  parameters.  Further  advantages  are 
the  easy  access  for  flow  visualization  and 
the  accommodation  of  large  blade  dimen¬ 
sions  for  detailed  measurements  of  the 
steady  and  unsteady  effects  in  the  blade 
passages  and  on  the  blade  surfaces.  The 
limitations  of  linear  cascades  arise  from 
the  difficulty  to  achieve  flow  periodicity 
with  a  finite  blade  number  and  to  produce 
the  proper  input  gust  loading  or  simula¬ 
tion  of  the  reduced  frequency  necessary  to 
obtain  the  desired  aerodynamic  damping 
data . 

Several  successful  applications  of 
linear  and  stationary  annular  cascades  in 
the  field  of  flutter  investigations  have 
been  described  in  the  previous  chapters. 
However,  with  regard  to  forced  vibration 
research  both  types  of  cascades  imply 
limitations  in  obtaining  proper  reduced 
frequencies  at  realistic  velocities  and 
satisfactory  simulation  of  the  gust 
loading.  The  latter  is  defined  as  the 
time  varying  mot  ion-indepondeTTT.  aerody¬ 
namic  loading  of  a  cascade  of  airfoils 
which  is  created  by  upstream  or  downstream 
moving  periodic  disturbances.  The  physics 
of  this  interaction  can  bo  studied  by 
arranging  rotating  blade  rows  and  station¬ 
ary  vane  rows  in  "rotating  rigs"  similar 
to  thslr  arrangement  in  real  turbo- 
machines,  but  with  the  advantage  of  being 
able  to  make  use  of  scale  model  rotors  and 
stages  and  of  special  rig  constructions 
which  provide  easy  access  for  all  the 
instrumentation  needed  to  identify  and 
quantify  the  e/ents  in  spatial  unsteady 


flow  fields.  Variations  in  gust,  ampli¬ 
tudes,  reduced  frequencies,  and  interblade 
phasing  relative  to  the  rotating  airfoils 
can  be  realized  quite  easily.  Using  vari¬ 
ous  numbers  of  rotor  and  stator  blades 
permits  the  investigation  of  int.erblade 
phasing  and  reduced  frequency  effects  on 
both  the  blading  of  rotor  and  stator  air¬ 
foils.  Rotating  rigs  also  allow  the 
experimental  analysis  of  spanwise  effects 
which  are  of  increasing  influence  for 
large  aspect  ratio  twisted  bladings  with 
highly  varying  inlet  and  exit  flow  fields 
along  the  blade  span  including  tip  leakage 
and  secondary  flow  effects  due  to  viscous 
flow.  Another  very  important  advantage  of 
rotating  rigs  is  the  possibility  of  study¬ 
ing  periodical  flow  separation  and  stall 
effects  which  may  cause  large  dynamic 
blade  loads.  These  studies  are  necessary 
to  improve  the  mathematical  modelling  of 
the  complex  three-dimensional,  viscous, 
unsteady  flows  which  occur  in  the  real 
turbomachine  and  to  obtain  the  rotor  and 
stator  blade  surface  loads.  However, 
these  studies  require  -in  addition  to  the 
techniques  for  unsteady  flow  measurements 
in  stationary  cascades  presented  in  the 
preceding  chapters  -further  efforts  to 
measure  the  unsteady  flow  on  the  rotor  and 
in  the  rotating  frame  of  reference, 
respectively.  This  chapter  is  restricted 
to  these  very  difficult  measurements.  An 
attempt  will  be  made  to  give  an  overview 
of  the  various  techniques  and  their  appli¬ 
cation  in  selected  examples.  In  view  of 
the  great,  amount  of  available  material,  a 
certain  selectivity  is  unavoidable. 


OBJECTIVES  OF  EXPERIMENTAL  ROTOR  AND  STAGE 
UNSTEADY  AERODYNAMIC  RESEARCH 

The  major  objectives  of  experimental 
aeroelastic  research  in  t.urboma chines  are« 

a.  flutter  measurements 

b.  forced  vibration  measurements 

including 

-  aerodynamic  gust  measurements 

-  aerodynamic  damping 
measurements 

-  measurements  of  both  effects 
occurring  simultaneously. 

Such  measurements  serve  to  provide 
the  designer  with  advanced  empirical  or 
semi-empirical  design  systems,  e.g.,  with 
a  systematic  flutter  boundary  data  bank. 
However,  it.  is  more  helpful  and,  indeed, 
also  applicable  to  other  than  aeroelastic 
problems,  such  as  noise,  performance,  and 
efficiency  questions,  to  develop  less 
empirically  based  prediction  methods  that 
can  be  utilized  outside  the  limits  of 
available  experience.  The  recent  advances 
in  computational  fluid  dynamics  encourage 
efforts  to  develop  unsteady  aerodynamic 
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i;io.io  1  a  which  also  account  for  viscous  flow 
have  been  neglected  up  to  now. 

Therefore,  detailed  unsteady  aerody¬ 
namic  measurements  in  rotors  and  rotating 
rigs  which  simulate  the  environment  of  the 
real  machine  are,  although  very  costly, 
unavoidable  for  both  guiding  the  develop¬ 
ment  of  satisfactory  models  and  proving 
their  validity.  In  many  cases,  disagree¬ 
ments  between  such  measurements  and  pre¬ 
dictions  from  simplified  mathematical 
models  are  due  to  the  omission  of  major 
features  of  the  blade  row  phenomena 
occurring  in  the  real  machine. 

From  this  point  of  view,  a  number  of 
additional  objectives  of  unsteady  aerody¬ 
namic  measurements  in  rotors  and  stages 
become  important.  They  cover  the  whole 
range  of  parameters  influencing  the  steady 
and  unsteady  spatial  viscous  flow  field 
around  rotor  and  stator  bladesT-  Some  of 
them  are  listed  below: 

-  blade  row  interactions  (potential 
flow  and  viscous  (wake) 
interaction) 

-  rotor  and  stator  blade  wake 
transport  and  decay 

-  unsteady  boundary  layers,  flow 
separation  and  stall  behavior, 
transition  to  rotating  stall 

-  endwall  influences  and  secondary 
flow  effects 

-  turbulence  effects 

-  shock/boundary-layer  interaction 

-  unsteady  aerodynamic  blade  forces 
and  momenta 

-  on  tho  flxod  bladina  duo  to  oust 


-  on  tho  vibrating  blading  in 
uniform  inlet  flow  (aerodynamic 
damping/ flutter) 

-  on  tho  vibrating  blading  with 
gust  loads. 

Representative  measurements  are  often 
taken  at  the  midspan  section  or  at  75  per¬ 
cent  span.  However,  in  low  pressure 
axial-flow  compressor  or  turbine  stages 
the  airfoil  and  cascade  geometry  of  the 
adjacent  blade  rows  (spanwise  taper  of 
chord,  thlcknoss,  and  stagger)  as  well  as 
the  aerodynamic  gust  loads  vary  consider¬ 
ably  from  hub  to  tip.  Therefore,  for  the 
solution  of  the  forced  response  problem 
theso  spanwise  variations  have  to  bo  taken 
into  account.  Similarly,  the  blade 
deflections  caused  by  the  surface  pressure 
loads  show  strong  spanwise  variations  for 
the  various  natural  blade  modos. 

In  addition  to  theso  spanwise  changes 
in  geometry  and  gust  loads  further  con¬ 
siderable  variations  may  occur  in  tho 
spanwise  distribution  of 

-  dynamic  boundary  layer  l>ehavior 
and  position  of  separation  along 
the  alrfolle 

-  shock  position  and  shock/boundary 
layer  Interaction  in  the  case  of 
transonic  or  supersonic  flow. 


All  this  information  is  needed  for 
the  whole  operating  range.  The  resulting 
time-dependent  spanwise  aerodynamic  load 
distribution  -as  demonstrated  in  Fig.  1  - 
can  then  be  introduced  as  time-depending 
forcing  function  into  the  equation  of 
motion  of  the  elastic  blade  system.  At 
resonant  conditions,  i.e.,  equal  fre¬ 
quencies  of  the  forcing  function  and  one 
of  the  natural  blade  frequencies,  the 
response  of  the  system  will  be  governed  by 
the  damping  forces.  The  knowledge  of  max¬ 
imum  stress  levels  at  resonant  conditions 
is  a  major  requirement  due  to  the 
inability  of  avoiding  all  the  usonant 
conditions  in  a  multi-stage  compressor. 
Therefore,  intolerably  high  stress  levels 
have  to  be  eliminated  by  design  changes. 


Fig.  1.  Spanwise  Unsteady  Aerodynamic 
Airfoil  Load  Distribution 


In  this  chaper,  the  discussion  of 
measurements  in  rotors  and  rotating  rigs 
will  be  restricted  mainly  to  aerodynamic 
measurements  and,  in  a  few  cases,  to  blade 
vibration  measurements  as  they  affect  the 
unsteady  flow  field  and,  therefore,  influ¬ 
ence  aerodynamic  damping  or  flutter. 

Surely,  this  approach  to  improve  the 
prediction  methods  and  modela  by  measure- 
monte  in  rotating  test  rigs  with  blade 
operating  environments,  representing  those 
in  the  real  machine,  is  a  very  difficult 
and  costly  one.  However,  it  will  ulti¬ 
mately  save  a  lot  of  money  because  the 
number  of  required  experimental  steps  in 
the  development  of  an  acceptable  prototype 
can  be  reduced.  Many  such  efforts  have 
already  been  reported  in  the  open 
literature.  Several  examples  of  utilised 
rotating  test  rige,  measurement  techniques 
as  well  as  achieved  results  will  be 
presented  in  the  following  sections  in 
order  to  provide  an  overview  of  the  state- 
of-the-art. 
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MEASUREMENT  TECHNIQUES  ON  ROTORS  OF 
TURBOMACHINES 

The  study  of  the  unsteady  flow, 
forced  vibration,  aeroelastic  damping  and 
flutter  in  rotating  blade  rows  requires 

-  techniques  to  measure  the  vibration 
of  rotating  blades,  i.e.  mode 
shapes,  amplitudes  and  angles  of 
displacement,  as  well  as 

-  techniques  to  investigate  the 
unsteady  aerodynamics  of  the  flow 
leading  to  forced  vibration  and 
flutter . 

This  can  be  accomplished  by  measuring 
either  on  the  rotor  itself,  i.e.,  in  the 
rotating  frames  of  reference,  or  in  the 
stationary  frame  by  using  highly  sensitive 
fast  response  techniques. 

Rotating  frame  measurements  need  a 
reliable  data  transfer  out  of  the  rotating 
to  the  stationary  frame.  Transfer 
problems  arising  from  low  signal  to  noise 
ratios  can  be  overcome  by  providing  both 
signal  conditioning  and  amplification  on 
board  the  rotor.  Subsequently,  the  high 
level  signals  can  be  transmitted  to  the 
data  system  via  low-noise  slip  ring 
devices  or  by  radio-telemetry, 

Lakshminarayana  et  al  (1980),  O'Brien  et 
al  (1974),  Adler  (1978),  Kemp  (1978), 
Jones  (1970).  To  compare  unsteady  flow 
data  with  time-averaged  values  in  the 


relative  flow  field  of  the  rotor,  pneuma¬ 
tically  measured  signals  from  rotating 
probes  or  pressure  taps  on  the  rotor  blade 
surface  are  usually  transmitted  out  of  the 
rotor  by  a  rotating  scanivalve  system. 


TECHNIQUES  FOR  DISPLACEMENT  AND  VIBRATION 
MEASUREMENT  ON  ROTOR  BLADES 

The  widely  used  technique  of  applying 
strain  gauges  together  with  slip  rings  has 
been  documented  in  many  publications.  A 
short  review  of  this  technique  has  been 
presented  by  F.O.  Carta  and  R.L.  O'Brien 
(1980).  Although  this  technique  has 
proved  its  usefulness  to  monitor  the 
alternating  stresses  on  rotating  and 
stationary  bladings  or  the  onset  of 
flutter,  the  strain  gauge  provides  no 
information  on  the  vibration  mode  involved 
or  on  the  deformation  mode  shape  of  the 
blade.  In  particular,  it  cannot  detect 
the  blade  surface  load  distribution.  For 
the  determination  of  deformation  mode 
shapes  optical  methods  have  been  devel¬ 
oped.  Stargardter  (1977)  measured  the 
deflections  of  a  rotating  fan  blade  with 
embedded  mirrors  on  the  blade.  The  key  to 
the  method  iB  the  unique  blade  and  disk 
deflection  occurring  with  any  of  the 
potential  motions.  Detailed  data  on  the 
blade  and  disk  vibration  mode  shapes  of 
fans  up  to  2.2  m  diameter  has  been  mea¬ 
sured  by  Hockley  et  al.  (1978)  who  used 
double  pulse  laser  holography.  Both  axial 
and  tangential  components  of  the  blade 


Fig.  2.  cut-away  view  of  the  test  section,  showing  the  rotor  and  pieto- 
electrie  crystal  assemblies,  the  center-body,  and  support  struts 
(from  Crawley  1982). 
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atui  tangential  components  of  the  blade 
mode  shape  were  obtained  by  taking  holo¬ 
grams  from  two  directions.  The  analysis 
of  the  holograms  was  performed  with  the 
aid  of  a  computer  linked  televison  system 
which  generated  the  required  blade  mode 
shapes  directly  from  the  photographs  of 
the  hologram  reconstructions.  The  appli¬ 
cability  of  these  methods  is  limited  to 
fans  or  isolated  rotor  bladings. 
Neiberding  and  Pollack  (1977)  worked  on 
optical  detection  of  blade  flutter.  They 
used  a  casing  optics  systems  to  accurately 
detect  the  passage  of  blade  leading  and 
trailing  edges.  The  importance  of  vibra¬ 
tion  measurements  on  rotor  blades  by 
optical  probes  from  the  casing  is  also 
emphasized  by  II.  Roth  (1980).  Kurkov 
(1980)  performed  flutter  spectral  measure¬ 
ments  using  case-mounted  pressure  trans¬ 
ducers  . 

Aerodynamic  damping  measurements 
using  a  specially  instrumented  version  of 
the  MIT  Transonic  Compressor  were  per¬ 
formed  and  reported  by  E.F.  Crawley 
(1982).  In  runs  at  the  operating  point, 
the  rotor  was  aerodynamically  excited  by  a 
controlled  two-per-revolution  fixed  up¬ 
stream  disturbance.  Analysis  of  the  data 
in  terms  of  multiblade  modes  led  to  a 
direct  measurement  of  aerodynamic  damping 
for  three  interblade  phase  angles.  Fig.  2 
shows  a  cut-away  view  of  the  rotor,  shaft, 
and  forward  centerbody.  Aeroelastic  test¬ 
ing  was  conducted  in  the  MIT  Blowdown 
Compressor  facility, providing  quasi-steady 
flow  conditions  in  the  test  section  for  a 
limited  period  of  time.  In  aeroelastic 
studios,  a  24  channel  slip  ring  assembly 
is  housed  in  a  centerbody  supported  by 
three  struts  ahead  of  the  rotor.  The 
above  mentioned  time  varying  upstream  dis¬ 
turbance  was  creatod  by  the  interaction  of 
the  primary  flow  with  a  series  of  small 
Jets  injected  normal  to  the  surface  of 
streamlined  struts  upstream  of  the  rotor. 
Thus,  the  symmetric  disturbance  along  the 
struts  causes  a  region  of  velocity  defect 
behind  the  injector.  The  disturbance  was 
terminated  at  100  msec  after  test  start 
and  could  be  shut  off  within  1  msec,  thus 
providing  a  well  defined  and  sharp  termi¬ 
nation  of  the  upstream  disturbance.  Fig. 
3  shows  a  detail  of  Fig.  2,  concerning  the 
rotor  instrumentation.  Piezo-electric 
displacement  transducers  were  mounted  on 
the  disk  recording  the  local  displacement 
of  each  of  the  23  blade  roots.  In  addi¬ 

tion,  4  strain  gauges  measured  the  blado 
response  In  bending.  The  transducer  sig¬ 
nals  could  be  calibrated  linearly  against 
tip  displacement  for  each  of  the  natural 
blade  modes.  Thus,  one  independent  dis¬ 
placement  measurement  per  blade  is 
provided.  From  these  data  and  from  the 
structural  analysis  of  the  MIT  Rotor,  it 
was  possible  to  resolve  the  multiblade 
modal  response  of  the  blade-disk  modes 
associated  with  one  family  of  circumfer¬ 
ential  modes.  Tho  response  to  forced 
vibration  at  the  design  point  due  to  up¬ 
stream  disturbances  was  investigated. 
After  sharp  termination  of  tho  dis¬ 
turbance,  tho  subsequent  froe  vibration 
ring  downstream  of  the  rotor  served  as  a 
measure  of  the  aerodynamic  plus  structural 
damping.  Additionally,  the  aerodynamic 
response  of  tho  rotor  to  the  disturbance 
was  investigated  by  use  of  high  frequency 
response  wall  static  pressure  transducers 
upstream  of  the  rotor  indicating  the 


increase  of  the  local  bow  shock  strength 
when  the  blade  passes  through  the  region 
of  velocity  defect  in  the  disturbed  flow. 


Fig.  3.  Details  of  root  attachment  show¬ 
ing  the  location  of  the  piezo¬ 
electric  displacement  transducer 
(from  Crawley  1982). 


TECHNIQUES  FOR  UNSTEADY  FLOW  MEASUREMENT 
ON  ROTORS 

In  principle,  the  majority  of  un¬ 
steady  flow  measuring  methods  on  rotors 
can  be  classified  as  follows i 

a.  Measurements  by  direct  physical 
connections  of  a  high  response 
measuring  element  to  the 
measurement  point,  such  as 

-  high  response  pressure 
transducers 

-  high  response  hot  wires  or  hot 
films  that  can  be  used  both  on 
rotor  blade  and  paasage  end  wall 
surfaces  to  detect  surface 
distributions.  They  can  also  be 
introduced  into  probes  and 
mounted  to  probe  holders  that 
can  be  shifted  in  the  rotating 
or  stationary  frame  of  reference 
to  provide  unsteady  flow  data  of 
the  blade  paeaage  and  the  flow 
field  in  front  and  aft  of  the 
blade  row.  Since  such  probes 
and,  in  particular,  the  probe 
holders  intrude  into  the  flow 
field  It  must  be  required  that 
these  instruments  are  kept  as 
small  in  size  as  feasible. 

b.  Optical  methods  of  flow 
measurement  and  visualization, 
such  as 

-  Flow  Visualization,  e.g.,  by 
smoke  or  dye  injection 

-  Oas  Fluorescence 

-  Schlieren  -  or  Shadowgraph 
Methods 

-  Holographic  Intsrfsromstry 
•  Lassr  Vslocimetry 


These  non-intrusive  measurement  sys¬ 
tems  have  many  advantages,  as  will  be 
indicated  in  the  next  section  by  present¬ 
ing  some  typical  examples  of  performed 
measurements.  However,  there  are  also 
limitations  that  mako  it  necessary  to  use 
the  measuring  techniques  of  the  first 
category  as  well. 

In  the  next  section,  a  short  review 
of  the  various  methods  mentioned  above  is 
presented  and  the  pertinent  literature  is 
cited,  so  that  the  reader  may  consult 
these  publications  for  details  of  the  mea¬ 
suring  devices,  calibration  procedures, 
data  acquisition  and  processing. 


EXAMPLES  FOR  THE  APPLICATION  OF  UNSTEADY 
FLOW  MEASURING  TECHNIQUES  ON  ROTOR 

During  the  last  three  decades,  great 
progress  in  the  field  of  microelectronics, 
particularly  high  frequency  response 
microsensors  as  well  as  electronic  data 
acquisition  and  evaluation,  has  led  to 
significant  improvements  in  the  measure¬ 
ment  of  the  unsteady  flow  and  blade  vibra¬ 
tions  in  the  rotating  frame.  In  this 
chapter  it  will  only  be  feasible  to  select 
some  typical  examples  of  key  measurements 
which  provide  a  physical  understanding  of 
the  complicated  three-dimensional,  viscous 
unsteady  flow  in  blade  passages  and  of  the 
structural  dynamic  response  in  the  forced 
vibration  problem.  Experimental  blade 
flutter  investigations  on  rotors  will  be 
excluded  here  because  they  were  already 
dealt  with  in  the  previous  chapter  on 
"Unsteady  Aerodynamic  Measurements  in 
Flutter  Research." 

UNSTEADY  BLADE  STATIC  PRESSURE 
MEASUREMENTS 

The  development  of  miniature,  high 
response  pressure  transducers  which  are 
small  enough  to  be  embedded  in  the  surface 
of  the  blade  has  generated  great  progress 
in  unsteady  aerodynamic  investigations. 
Arranging  several  of  these  transducers 
around  the  airfoil  enables  one  to  measure 
unsteady  surface  blade  loads  and  to  obtain 
information  on  the  forcing  function  in  the 
forcod  vibration  problem,  parallel  use  of 
pneumatic  pressure  taps  on  the  surfaco  of 
an  adjacent  rotor  blade  allows  one  to  com¬ 
pare  unsteady  and  steady  static  pressure 
distributions  on  the  airfoil. 

The  electromechanical  configuration 
of  the  pressure  transducers  and  their 
installation  in  slots  or  grooves  which 
have  to  bo  provided  in  the  blade  surface, 
is  well-known  from  the  literature,  Carta  i> 
O’Brien  (I960),  Callus  (1975),  and  will 
not  be  repeated  here.  However,  it  should 
be  remarked  that  such  grooves  and  inner 
holes  in  rotor  blades  can  reduce  the  blade 
strength  considerably.  This  causes  a  cer¬ 
tain  limitation  in  the  use  of  this  tech¬ 
nique  on  high-speed  rotors.  Therefore, 
new  attempts  should  bo  made  to  provido  a 
type  of  surface-film  pressure  transducer 
which  can  be  fixed  onto  the  blado  surface 
without  grooves  but  which  is  thin  enough 
not  to  disturb  the  surfaco  conditions  on 
the  airfoil. 

Unsteady  static  blade  pressure  mea¬ 
surements  are  in  use  for  flutter  investi¬ 
gations  on  isolated  fans  as  well  as  for 


the  determination  of  aerodynamic  blade 
forces  due  to  rotor-stator  interaction. 

Increasing  knowledge  of  the  physics 
of  rotor-stator  interaction  and  improved 
mathematical  models  to  predict  the  time- 
dependent  flow  field  as  well  as  the  in¬ 
duced  dynamic  blade  forces  are  fundamental 
objectives  of  unsteady  aerodynamic 
research.  Rotor-stator  interactions  are 
an  inherent  property  of  turbomachines  due 
to  the  relative  motion  of  blade  rows. 
Even  if  viscous  effects,  such  as  wakes, 
could  be  neglected,  the  relative  motion  of 
blade  rows  produces  a  periodically  fluctu¬ 
ating  flow  field  around  the  airfoils  and 
induces  dynamic  forces  on  the  airfoil  sur¬ 
faces.  These  potential  flow  interactions 
of  blade  rows  (rotor-stator  or  counter¬ 
rotating  rotors)  are  quite  amenable  to 
two-dimensional  flow  calculations  using 
the  cascade  flow  model  which  is  obtained 
by  unwrapping  an  annulus  of  infinitesimal 
radial  height  from  the  flow  passage  of  an 
axial-flow  turbomachine.  It  is  well-known 
that  this  potential-flow  interaction 
causes  dynamic  blade  forces  upstream  and 
downstream  which  are  very  strong  in  the 
case  of  very  small  axial  gaps  between  the 
blade  rows  but  which  rapidly  diminish  with 
increa*.  •  j  axial  blade  row  distances. 
This  etiect,  well  explained  by  potential 
flow  theory,  has  also  been  measured  in 
various  investigations  of  axial-flow  com¬ 
pressor  and  turbine  stages. 

In  addition  to  potential-flow  inter¬ 
action,  wake  flow  interaction  has  to  be 
considered  in  order  to  determine  the  aero¬ 
dynamic  load  of  an  airfoil.  Assuming  uni¬ 
form  machine  inlet  flow,  except  for  the 
first  upstream  rotor  blade  or  stator  vane 
row,  all  subsequent  rows  of  airfoils  are 
exposed  to  a  periodically  unsteady  inlet 
flow  field  due  to  the  wakes  created  by  the 
upstream  blade  or  vane  rows.  These  wakes 
are  convected  into  the  downstream  row 
creating  unsteady  pressure  distributions 
along  the  airfoil  surfaces. 

Fig.  4  displays  the  scaled  midBpan 
section  of  a  subsonic  axial-flow  compres¬ 
sor  stage  investigated  by  Oallus  et  al. 
(1980).  Four  pressure  transducers  were 
integrated  into  the  suction  surface  of  a 
rotor  blade  and  three  into  the  pressure 
surface.  In  Fig.  5  the  local  time  histor¬ 
ies  of  the  fluctuating  portions  of  the 
static  airfoil  surface  pressures  are 
plotted  versus  time  for  one  blade  passing 
period  both  with  the  inlet  guide  vanes  be¬ 
ing  present  and  removed.  For  the  latter 
case,  the  dashed  lines  indicate  that  there 
exists  a  slight  periodic  upstream  influ¬ 
ence  of  the  stator  vanes  on  the  rotor 
blades  due  to  potential  flow  interaction, 
although,  as  can  be  seen  from  Fig.  4,  the 
axial  gap  between  rotor  exit  and  stator 
inlet  is  large  (30,5  ran)  compared  to  the 
axial  chord  of  the  stator  vane  (61,9  ran). 
At  this  rotor  part  speed  of  only  6500  rpm, 
i.o.,  about  68  percent  of  the  nominal 
spcod  (9500  rpm),  the  strain  gauges  at  the 
rotor  blade  root  indicated  no  noticeable 
vibrations.  Due  to  the  wakes  of  the  inlet 
guide  vanes,  the  peak  local  pressure 
fluctuation  of  about  2000  Pascal  appears 
at  position  RSI  located  on  the  rotor  blade 
suction  surface  close  to  the  leading  edge. 
The  electrical  signals  of  the  high 
response  pressure  transducers  (Kulite) 
were  transferred  from  the  rotating  frame 
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«°  the  stationary  frame  by  a  sliprinq 
transmitter.  Tho  local  time-averaged 
static  airfoil  surface  pressures  at  rotor- 
blade  nudspan  were  determined  by  an  arrav 
of  pneumatic  static  pressure  taps.  in 

tran.f >rSf'  ‘-he  pneumatic  pressure  signal 
transfer  from  the  rotating  to  the  station¬ 
ary  frame  was  achieved  by  means  of  a  ro¬ 
tating  Scaniva 1 ve  system  on  the  rotor 
shaft.  The  centrifugal  effect  on  the 
columns  of  air  in  the  rotating  piping 
between  pressure  tap  location  and  rotor 
shaft  axis  was  taken  into  account  by  an 
appropriate  correction  of  the  measured 
pressure  values.  These  measurements  on  a 
rotor  blade  surface  were  described  bv 
Callus  et  al.  (1978).  Machine  data, 
details  of  the  measuring  device,  and  data 
Were  rePorted  by  T.  Wallmann 
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t'iy.  4.  Scaled  midpoan  section  of  a  sub¬ 
sonic  axial-flow  compressor  stage 
(from  Callus  et  al .  1980) 


ft  j.  Piuctu.it  tug  portions  of  static 

rotor  airfoil  pressures  deviating 
from  local  t tmo-avoragcd  values, 
plotted  versus  time  of  one  blade 

passing  period. 

Pull  linos  correspond  to  lOVs 
mounted,  dashed  linos  to  lOV’s 
removed  (from  r, alius  et  al.jOflO) 
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Attempts  have  been  made  to  calculate 
“**  U?SI'eady  Pressure  distributions  due  to 
, ,  o7ii *nt®ract*on»  e.g.,  by  Naumann  and  Yeh 
(1973),  Lotz  (1965),  and  Henderson  (1972). 
Callus  et  al.  (1981)  applied  these  predic¬ 
tion  methods  to  the  axial-flow  compressor 
stage  without  IGVs,  as  shown  in  Fig.  4, 
and  compared  with  measured  unsteady  static 
airfoil  pressure  distributions  on  the 
stator  vanes.  The  results  are  presented 
in  Fig.  6  in  terms  of  Fourier  coefficients 
of  the  lift  fluctuation  plotted  versus  the 
harmonic  components.  From  this  comparison 
it.  becomes  obvious  that  with  respect  to 
the  first  and  second  harmonic  components 
the  predicted  values  are  only  in  very 
rough  agreement  with  the  measurements. 
For  flow  rates  between  0.8  to  0.7,  pre¬ 
dicted  and  measured  coefficients  differ 
even  more..  Fig.  6  also  includes  the  com¬ 
parison  with  results  predicted  by  the 
potential  flow  interaction  theory  accord¬ 
ing  to  Lotz  (1965).  For  very  large  axial 
spacing  between  rotor  and  stator,  the 
potential  flow  interaction  is  negliqibly 
small. 


Fig.  6.  Analysis  of  rotor-stator  inter¬ 
action  for  flow  rate  coefficients 
of  0.8  and  0.7 
(from  Callus  et  al.  1981) 


In  the  moan  time,  improved  computa¬ 
tional  methods  baaed  on  the  solution  of 
tho  two-dimonsionai  unsteady  Euler  equa¬ 
tion  have  boen  established  to  predict  the 
aerodynamic  blade  forces  caused  by  tho 
measured  unsteady  inlet,  flow  conditions, 
such  as  velocity  and  angle  distribution  in 
the  periodic  upstroam  wake  flow,  e.g.,  by 
Ispas  et  al.  (1980).  This  requirement 
makes  it  necessary  to  know  the  wake  flow 
field  downstream  of  stator  and  rotor  blade 
rows  either  by  measurements  or  by  computa¬ 
tional  approaches. 
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Measurements  of  the  wake  flows,  in 
particular  the  study  of  their  differing 
character  and  decay  downstream  of  rotor 
blades  and  stator  vanes,  have  been  con¬ 
ducted  by  various  authors  with  the  aid  of 
rotating  pneumatic  or  rotating  as  well  as 
stationary  probes  provided  with  high 
response  pressure  transducers  or  hot 
wires,  and  by  laser  velocimet.ry,  respec¬ 
tively.  These  techniques  will  be  con¬ 
sidered  in  the  following  sections. 


bring  et.  al .  (1982)  studied  the  aero¬ 
dynamic  interaction  between  the  rotor  and 
stator  airfoils  of  a  large  scale  axial 
turbine  stage.  The  data  included  jneasure- 
ments  of  the  time-averaged  and  instan¬ 
taneous  surface  pressures,  and  was  ac¬ 
quired  with  rot.or-stator  axial  gaps  of  15 
and  65  percent  of  axial  chord.  Fig.  7 
shows  the  airfoil  geometry  and  the  trans¬ 
ducer  locations.  The  measured  results 
reveal  the  upstream  potential  flow  influ¬ 
ence  of  the  rotor  on  the  stator  as  well  as 
the  downstream  potential  flow  and  wake 
influences  of  the  stator  on  the  rotor,  as 
presented  in  Fig.  8,  where  the  stator  and 
rotor  unsteady  pressure  envelopes  are 
plotted  in  addition  to  the  time-averaged 
static  pressure  distribution. 


Fig.  7.  Turbine  stage  at.  15  percent. 

axial  gap  (Kullt.e  sites) 
(from  bring  et  al.  1982) 


Fig.  8.  Stator  and  rotor  unsteady  pres¬ 
sure  envelopes,  15  percent  gap, 
(Cx/U)  -  0.78 
(from  Dring  et  al.  1982) 


Beside  these  high  response  blade 
static  pressure  measurements  there  are 
also  results  from  thin  film  gauge  measure¬ 
ments  on  stat.or  and  rotor  blades  reported 
by  Dring  et  al.  (1982).  Samples  of  the 
rotor  thin  film  gauge  data  for  the  three 
rotor  inlet  flow  angles  (35,  40,  and  45 
degrees)  are  presented  in  Fig.  9  for  the 
15  percent  gap.  Data  are  shown  for  sitos 
5  and  7  located  on  the  suction  surface 
toward  the  leading  edge.  For  the  rotor, 
periodic  events  occurred  at  the  stator 
passing  frequency.  It  becomes  obvious 
that  the  strong  unsteadiness  at  site  7 
near  the  leading  edge  is  greatly  reduced 
at  site  5  further  downstream.  At  both 
sites,  regions  of  large  random  fluctuation 
due  to  the  turbulence  in  the  stator  wake 
are  superimposed  on  the  periodic 
fluctuation.  Zones  of  smaller  randomness 
increased  with  reduced  turning.  The 
reduced  leading  edge  overspoed  produced  a 
laminar  boundary  layer  on  the  rotor 
suction  surface  which  was  periodically 
interrupted  by  the  impingement  of  the  tur¬ 
bulent  upstream  stator  wake.  The  periodic 
oscillation  between  laminar  and  turbulent 
boundary  layer  flow  on  the  rotor  suction 
surface  was  found  in  good  agreement  with 
similar  observations  mentioned  in  the 
literature. 


Fig.  9.  Kotor  thin  film  data,  15  percent, 
yap  (from  Dring  et  al.  1902) 

The  influence  of  both  the  axial  gap 
between  rotor  and  stator  and  tho  rotor- 
otator  blade  number  ratio  on  the  aerody¬ 
namic  blade  load  measured  with  high  re¬ 
sponse  pressure  transducers  has  also  been 
investigated  by  Grollius  (1901)  and  Callus 
et  al .  (1902). 

W.  K.  O'Brien  et  al.  (1900)  used  on- 
rotor  high  response  transducers  for  their 
study  of  distorted  inflow  behavior  on  tho 
dynamic  response  of  the  flow  over  the 
rotor  blades.  A  rotating  telemetry  system 
provided  the  data  transfer. 


HIGH  RESPONSE  PRESSURE  TRANSDUCERS  FOR 
UNSTEADY  PRESSURE  FIELD  MEASUREMENTS 
ON  THE  CASING  WALL 

This  technique  is  favoured  for  the 
study  of  rotating  Gtall  and  for  tho  deter¬ 
mination  of  shock-wave  configurations  at 
the  tip  of  frann-or  supersonic  compressor 
bladings . 

Larguler  (1900)  reports  on  a  rotating 
stall  study  with  20  piezoelectric  ceramic 
pressure  transducers  mounted  In  a  casing 
zone  located  in  tho  rotor  section.  As 
long  ns  no  rotating  stall  colls  appear, 
each  of  thane  transducers  emits  a  signal 
periodically  modulated  by  tho  passage  of 
tho  rotor  blades.  When  rotating  stall 
occurs  the  passage  of  the  separated  zone 
It*  front  of  n  transducer  causes  a  consid¬ 
erable  change  of  response  and  a  reduct  Ion 


of  tho  amplitude  of  the  modulation  due  to 
the  blade  passage,  while  the  mean  pressure 
level  varies.  From  the  measurement  of 
instantaneous  pressure  distributions  on 
the  casing  waj.1,  the  evolution  of  the 
pressure  distribution  on  the  rotor  blade 
tip  airfoils  at  various  times  during  the 
passage  of  the  rotating  stall  cell  could 
be  deduced. 

Bohn  (1977),  Gallua  et  al .  (1977)  and 
Broichhausen  (1981)  used  high  response 
pressure  transducers  distributed  along  the 
rotor  and  stator  casing  wall  of  an  axial- 
flow  supersonic  compressor  stage  to  study 
the  unsteady  upstream  influence  of  the 
stator  on  the  rotor  blade  tip  flow. 
During  low-speed  operation  with  subsonic 
axial  flow  velocity  in  the  gap  bewtween 
rotor  and  st.ator,  the  rotor  flow  pattern 
is  influenced  by  the  axial  retroaction  of 
the  stator.  The  downstream  interaction 
Detween  rotor  and  stator  along  the  casing 
wall  was  investigated,  too,  to  determine 
the  influence  of  the  relative  rotor  posi¬ 
tion  on  the  wall  pressure  distribution  at 
the  entrance  of  the  stator.  It  was  re¬ 
markable  that  the  maximum  amplitude  of  the 
static  pressure  fluctuation  due  to  rotor 
blade  passing  amounted  to  65  percent  of 
the  amplitude  of  the  mean  static 
pressure. 

Figs.  10a  and  10b,  taken  from 
Larguier  (1980),  show  results  from  high 
response  wall  pressure  measurements  which 
were  performed  on  a  model  of  a  supersonic 
compressor  at  ONERA.  The  casing  wall  of 
the  rotor  section  was  equipped  with  12 
piezoelectric  ceramic  pressure  transducers 
to  produce  pressure  diagrams  as  a  function 
of  time.  Fig.  10b  presents  the  isobar  map 
developed  from  pressure  recordings  includ¬ 
ing  the  drawing  of  shock  waves  as  detected 
by  schlieren  photographs. 


Fig.  10a.  Transducer  arrangement  and 
relative  position  of  rotor  at 
time  of  measurement  triggering. 
Examples  of  recordings. 

(from  Larguier  1900) 
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Fig.  10b.  Chart  of  isobars  along  the 
casing  wall  (mbar).  Comparison 
with  shock  waves  observed  by 
schlieren  photography  (shaded 
zones).  (from  Larguier  1980) 


ROTOR  FLOW  FIELD  AND  ROTOR  WAKE  STUDIES 
WITH  THE  AID  OF  ROTATING  PROBES 


This  category  of  measurements  is  re¬ 
stricted  to  moderate  rotor  speeds  because 
of  the  enormous  centrifugal  forces  acting 
on  sensors,  probes,  and  probe  holders,  on 
the  one  hand,  and  the  increasing  inter¬ 
action  with  and  disturbance  of  the  flow 
field  to  be  measured,  on  the  other. 
Hence,  this  technique  has  predominantly 
been  applied  to  low  speed  test  rigs  and 
isolated  rotors.  Nevertheless,  most  of 
the  knowledge  about  the  complicated  phe¬ 
nomena  in  rotor  blade  passages  as  well  as 
in  the  rotor  wake  flow  measured  in  the 
rotating  frame  of  reference  has  been 
gathered  with  the  aid  of  this  technique. 

U.  Lakshminarayana  (1980)  presented 
an  extensive  roview  of  the  various  probe 
designs  in  his  keynote  paper  contributed 
>  the  Symposium  on  "Measurement.  Methods 
ii  Rotating  Components  of  Turbomachinory " 
at  the  1980  Joint  Fluids  Engineering  and 
Gas  Turbine  Conference  in  New  Orleans. 
Various  rotating  probe  traverse  mechan¬ 
isms,  probe  typos  and  sensors  developed  in 
research  laboratories  all  over  the  world 
are  described  in  this  review  paper.  It 
includes  a  detailed  survey  of  the  transfer 
of  pressure  data  from  a  rotating  t.o  a 


stationary  system  by  means  of  pressure 
transfer  devices,  such  as  scani valves  or 
rotating  transducers  converting  the  pres¬ 
sure  into  an  electrical  signal  in  the 
rotor  frame  of  reference.  References  to 
the  most  widely  used  methods  for  the 
transfer  of  electrical  data  from  rotating 
transducers  such  as  pressure  transducer, 
hot.  wire,  strain  gauge,  and  thermocouple 
via  mercury  slipring  unit,  or  telemetry 
system  are  listed.  The  reader  also  finds 
a  comprehensive  survey  of  the  various 
types  and  essentials  of  hot  wire  and  pres¬ 
sure  probe  measuring  techniques  for  the 
experimental  analysis  of  rotor  passage  and 
exit.  flow. 


In  the  following  paragraphs,  examples 
of  the  rotating  probe  measuring  technique 
and  some  selected  results  taken  from  the 
literature  will  be  cited. 

Very  detailed  information  on  an  axial 
flow  research  compressor  facility  designed 
for  flow  measurment.  in  rotor  passages  has 
been  presented  by  B.  Lakshminarayana 
(1980).  In  this  facility,  Sitaram  et  al . 
(1981)  used  conventional  probes,  such  as 
five-hole,  disc,  and  spherical  pitot- 
static  probes  to  determine  the  three- 
dimensional  flow  field  in  a  rotor 
passage . 


Because  of  the  extraordinary  diffi¬ 
culties  to  traverse  such  types  of  probes 
in  a  rotating  passage,  in  particular  at 
high  circumferential  speeds,  and  due  to 
the  blockage  effect  of  such  probes  in  case 
of  a  comparatively  small  passage  area, 
most  of  the  measurements  with  rotating 
probes  concentrated  on  the  investigation 
of  the  relative  flow  field  downstream  of 
the  rotor  blade  trailing  edge.  Many  mid¬ 
span  and  fullspan  measurements  of  this 
kind  have  contributed  to  the  analysis  of 
the  complicated  flow  field  aft  of  a  rotor 
showing  considerable  radial  flow  effects. 
Circumferential  and  radial  probe  travers¬ 
ing  as  well  as  measurements  at  various 
axial  stations  enable  one  to  study  secon¬ 
dary  flow  and  mixing  effects  as  well  as 
the  tip  clearance  influence.  Maps  of  the 
rotor  exit  flow  vectors  and  relative  total 
pressure  contours  can  be  obtained  for  an 
axial  measuring  station,  and  from  their 
changes  at  various  downstream  stations  the 
decay  of  the  wakes  and  the  overall  down¬ 
stream  behavior  of  the  relative  flow  field 
can  be  determined.  Such  a  detailed  exper¬ 
imental  analysis  is  recognized  to  be  a 
powerful  tool  for  improved  designs  and  ad¬ 
vanced  computational  methods  for  flow  pre¬ 
diction.  As  an  example  of  excellent  work 
with  this  technique,  there  are  t.o-  be 
mentioned  the  investigations  of  an  axial 
compressor  rotor  in  a  large  scale  rotating 
rig  by  R.  P.  Dring  et  al .  (1979,  1981). 
Fig.  11  demonstrates  the  radial- 
circumferential  distribution  of  the  rela¬ 
tive  total  pressure  coefficient  measured 
by  a  rotating  five-hole  probe  at  a  down¬ 
stream  distance  of  10  percent  of  the  mid- 
span  axial  chord.  The  rotor  exit,  flow 
vectors  corresponding  to  Fig.  11  are  shown 
in  Fig.  12.  Such  results  of  measurements 
are  suitable  to  test,  the  quality  of  compu¬ 
tational  prediction  methods.  These  inves¬ 
tigations  also  included  the  measurement  of 
the  rotor  wake  deformation  with  varying 
flow  rate  coefficient. 
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protxie  shape,  asymmetry  of  wake  velocity 
profiles  with  decreasing  flow  rate  coef- 
ficient,  symmetric  and  asymmetric  wake 
radial  velocity  profiles.  These  studies 
will  contribute  to  an  improved  analytical 
modelling  of  the  wake  influence,  e.g.,  on 
the  unsteady  aerodynamic  blade  load  of  the 
downstream  blade  row.  Among  others, 
Fleeter  et.  al .  (1978,  1980),  Callus 
(1975),  Gallus  et  al .  (1980),  Xspas  et  al . 
(1980)  investigated  the  unsteady  aerody¬ 
namic  response  of  compressor  stators 
generated  by  rotor  wakes.  Gallus  et.  al 
(1982)  included  the  decay  of  rotor  wakes 
due  to  increasing  axial  gaps  as  well  as 
the  influence  of  various  rotor-stator 
blade  number  ratios  into  their  experimen¬ 
tal  program. 


Figs.  13  and  14  demonstrate  wake  flow 
measurements  by  a  rotating  pneumatic 
three-hole  probe,  Gallus  (1979),  Wallman 
(1980). 


Total  pressure  contours, 
30*  aft,  (Cx/Um)  =  0.85 
(from  Bring  et  al .  1981) 
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Fig.  12.  Relative  flow  speed  contours 
and  secondary  flow  vectors  rela¬ 
tive  to  core  flow,  $  »  0.85 
(from  Dring  et  al.  1981) 


Wake  deformation  and  wake  transport 
are  well-known  to  directly  Influence  the 
unsteady  static  pressure  distirbut.ion  in 
the  downstream  blade  row.  Therefore,  the 
flow  in  the  airfoil  wake  has  been  a  favor¬ 
ite  subject  of  numerous  experimental 
attempts  to  describe  the  wake  bohovior 
downstream  of  rotor  and  stator  blades. 
Investigations  conducted  by  Thompkins  and 
Kor rebrock  (1075),  Reynolds  and 
Lakshminarayana  (1980),  Reynolds  et  al. 
(1970),  Ravindranath  and  Lakshminarayana 
(  1070),  Raj  and  Lake.;  minarayana  (1076), 
Hirsch  and  Kool  (1077),  Kool  ot.  al. 
(1078),  Gallus  (1975),  < alius  (1070)  hove 
revealed  romarkoblo  features  of  the  rotor 
wake  flow,  such  as  largo  radial  velocities 
in  the  wakes,  local  regions  of  Largo  radi¬ 
al  flows  near  endwalls,  similarity  of  wake 


Fig.  13. 


Rotating  three-hole  pneumatic 
probe  traversed  during  rotation 
behind  the  rotor  trailing  edge 
as  indicated  in  Fig.  4.  Tho 
photo  includes  a  view  of  tho 
high  response  prossure  trans¬ 
ducers  at  midspan. 

(fronv  Gallus  1979) 


Knauf  and  Gallus  (1904)  measured  the 
unstoady  aerodynamic  response  of  vibrating 
stator  vanos  to  upstream  rotor  wakes  at 
mldapan. 
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Fig.  14.  Wake  flow  measurements  with 
rotating  probe  shown  in  Fig.  13. 
The  upper  part  demonstrates  the 
influence  of  rotor  speed,  the 
bottom  part  depicts  the  wake 
shape  deformation  due  to  de¬ 
creasing  flow  coefficient  from 
0.73  to  0.63 
(from  Gallus  1979). 

Unsteady  flow  effects  in  the  rotating 
frame  of  roferonco  can,  for  instance,  bo 
detected  by  use  of  high  response  pressure 
transducers  or  hot  wires  on  a  rotating 
probe.  Fig.  15,  taken  from  Callus  et  al. 
(1980)  and  Wallman  (1900)  shows  a  photo  of 
a  compressor  rotor  additionally  provided 
with  a  Kiel  type  probe  integrated  semicon¬ 
ductor  transducer  that,  can  be  traversed  to 
de.ect  the  wake  transport,  from  inlet,  guide 
vanes  through  the  rotor  blade  passage,  and 
periodic  rotor  blade  flow  separation, 
respectively;  see  also  Fig.  4. 
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Fig.  15.  Photo  of  the  instrumentation  for 
on-rotor  measurements  in  a  high 
speed  axial  compressor  stage 
(from  Callus  at  al.  1980) 


Ravindranath  and  Lakshminarayana 
(1979)  applied  rotating  t.ri-axial  hot  wire 
probes  to  investigate  the  structure  and 
decay  characteristics  of  turbulence  behind 
a  compressor  rotor.  Matsuuchi  and  Adachi 
(1983)  presented  measurements  of  the 
three-dimensional  unsteady  flow  inside  a 
rotor  blade  passage  of  an  axial  flow  fan. 
These  measurements  were  made  with  a  single 
hot  wire  probe  rotating  with  the  rotor. 


MEASUREMENT  OF  THE  ROTOR  FLOW  BY  HIGH 
RESPONSE  STATIONARY  PROBES 


This  field  of  measurement  problems  is 
mainly  covered  by  two  techniques t 


-  stationary  hot  wire  technique,  and 

-  stationary  high  response  pressure 
probes . 


There  are  two  methods  available  to 
apply  the  stationary  hot  wire  technique  to 
flow  measurements  at  the  rotor  exit  or  in¬ 
let.  The  first  method  uses  a  three  sensor 
wire  whereas  the  second  utilises  a  single 
sensor  which  is  rotated  about  its  own 
axis.  To  separate  the  periodic  and  random 
components  from  the  measured  signal,  a 
periodic  sampling  and  averaging  technique 
is  employed  in  both  cases. 
Lakshminarayana  (1981)  presented  a  de¬ 
tailed  introduction  to  these  techniques. 
The  stationary  hot  wire  technique  has  been 
used  widely  for  the  study  of  isolated 
rotor  wake  flows  and  the  fluctuating  flow 
fields  in  the  gaps  between  the  blade  rows, 
respectively.  Because  of  the  smallness  of 
the  sensors  compared  with  the  high  re¬ 
sponse  pressure  probes,  the  hot  wire  tech¬ 
nique  is  favoured  for  flow  field  measure¬ 
ments  in  stator  vane  passages.  For 
example,  Fig.  16,  taken  from  Gallus  and 
Hoenen  (1983),  gives  a  view  of  the  local 
fluctuation  of  the  rotor  exit  flow  angle 
in  a  stator  midspacing  position  of  the 
probe  at  three  various  spanwise  locations, 
plotted  versus  time  of  one  blade  passing 
period.  The  operating  point  corresponds 
to  unthrottled  flow  at  about  37  percent  of 
the  design  speed  of  the  axial  flow  com¬ 
pressor  stage.  Fig.  17  demonstrates 
already  large  local  fluctuations  of  the 
radial  flow  angle  for  the  same  operating 
point,  showing  maximum  amplitude  at  mid¬ 
span.  These  measurements  were  performed 
with  the  aid  of  a  three-sensor  hot  wire 
probe  that  was  also  used  to  determine  the 
spanwise  distribution  of  the  degree  of 
turbulence  in  the  planes  1,  2,  and  3  in 
Fig.  18.  This  figure  also  includes  the 
data  measured  by  a  one-sensor  probe  that 
cannot  include  the  radial  component  which 
is  of  considerable  influence  in  the  rotor 
exit  flow. 

The  following  examples  demonstrate 
the  use  of  high  response  pressure  trans¬ 
ducers  in  stationary  probes,  such  as  the 
data  in  Fig.  19  obtained  from  a  stationary 
Kiel  type  probe  provided  with  a  semi¬ 
conductor  transducer  for  time-dependent, 
spanwise  total  pressure  measurements  of 
the  rotor  exit  flow,  Wallmann  (1980), 
Gallus  and  Hoenen  (1983). 
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Fig.  16.  Time-dependent,  rotor  exit  flow 
angle  measured  at  three  differ¬ 
ent  spanwise  locations  in  a  mid¬ 
spacing  position  of  the  three¬ 
sensor  hot  wire  probe  (plane  2*) 
(from  Gallus  and  Hoenen  1983) 


Fig.  18.  Spanwise  distributions  of  turbu¬ 
lence  in  the  st.at.ionB  1,  2,  and 
3  of  an  axial-flow  compressor 
stage,  measured  by  one-sensor 
and  three-sensor  probes 
(from  Gallus  and  Hoenen  1983). 
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Time-dependent  rotor  exit  flow 
angle  measured  at  three  differ¬ 
ent  spanwise  locations  and  plot¬ 
ted  versus  time  of  one  rotor 
blade  passing  period. 

The  three-sensor  hot  wire  probe 
was  positioned  in  the  center  of 
the  spacing  between  two  stator 
vane*. 

(fror  callus  and  Hoenen  1983) 


Fig.  19.  Spanwise  time-dependent,  total 
pressure  distribution  downst.rsam 
of  the  compressor  rotor  shown  in 
Fig.  13,  at  a  rotor  spssd  of 
6500  rpm  snd  a  flow  cosfflcisnt. 
of  0.0 

(from  oallus  and  Hoanan  (1983). 


Shreeve  and  Neuhoff  (1984)  reported 
on  the  development  of  a  Dual  Probe  Digital 
Sampling  (DPDS)  technique.  Two  probes  of 
different  design  are  mounted  circumferen¬ 
tially  separated  in  the  case  wall  14  per¬ 
cent  of  tip  chord  downstream  of  the  trail¬ 
ing  edge  of  a  supersonic  compressor  rotor. 
These  probes  can  be  translated  radially 
and  also  rotated  around  their  tips.  Both 
probes  are  provided  with  Kulite  trans¬ 
ducers  in  the  probe  tips.  Due  to  the 
different  probe  geometry  the  dependence  of 
the  outputs  of  the  two  probes  on  Mach 
number,  pitch  and  yaw  angle  is  quite  dif¬ 
ferent..  While  the  Type  A  probe  is  a  good 
indicator  of  the  Mach  number,  and  indepen¬ 
dent  of  pitch  angle,  the  Type  B  probe  is 
suitable  to  measure  the  pitch  angle.  The 
probe  outputs  are  sampled  at  the  ■  same 
point  in  the  rotor  frame  of  reference,  at 
delayed  times,  with  the  probes  set  to  nine 
angles  with  respect  to  their  axes.  One 
sample  of  each  probe  is  taken  per  rotor 
revolution,  thus  yielding  a  sample  rate 
equivalent  to  the  rotor  speed.  A  proce¬ 
dure  analogous  to  the  calibration  pro¬ 
cedure  used  for  multi-sensor  probes  is 
applied  to  the  dual  probe  system  to  derive 
Mach  number  and  flow  angles  from  the  two 
arrays  of  nine  measurements.  Neuhoff  et 
al.  (1986)  demonstrated  the  capability  of 
this  technique  to  resolve  the  radial  as 
well  as  tangential  and  axial  velocity  com¬ 
ponents  of  the  flow  field  in  a  high  speed 
compressor  rotor  including  the  wake 
regions . 


Kerreb-ock  et  al.  (1980)  describe  a 
spherical  probe  having  five  surfaco 
mounted  silicon  pressure  sensors  as  shown 
in  Fig.  20.  From  the  five  pressure  sig¬ 
nals  of  this  probe  the  stagnation  and  the 
static  pressures,  Mach  number  and  flow 
angles  in  two  planes  could  be  determined. 
All  diaphragms  are  well  upstream  of  the 
separation  point  on  the  sphere,  so  that 
Reynolds  number  effects  are  weak.  The 
authors  present,  details  of  the  calibration 
of  the  probe  due  to  steady-etate  tests. 
The  well-known  problems  with  respect  to 
thermal  drift  of  the  semi-conductor  trans¬ 
ducers  could  be  overcome  by  compensation 
methods.  This  miniature  high  frequency  re¬ 
sponse  probe  proved  its  reliability  in  the 
MIT  Dlowdown  Compressor  Facility. 


OPTICAL  METHODS  FOR  ROTOR  FLOW 
INVESTIGATIONS 


These  methods  play  a  very  important 
role  in  the  investigation  of  rotor  flows. 
Some  of  them  can  also  be  used  at  high¬ 
speed  operation  in  the  trans-and  super¬ 
sonic  flow  regime  where  flow  field  mea¬ 
surements  by  rotating  probes  become  rather 
problematic  due  to  strong  aerodynamic 
interactions  with  the  flow,  on  the  one 
hand,  and  due  to  mechanical  difficulties 
with  sensors,  probes,  and  probe  holders, 
on  the  other. 

A  very  comprehensive  survey  of  nonin- 
truslve  optical  measuring  techniques 
appropriate  for  t.urbomachine  application 
was  presented  by  Weyer  (1980).  His  review 
paper  briefly  Includes  the  description  of 
the  physical  principles  of  the  various 
techniques. 


Fig.  20.  Miniature  high  frequency  sphere 
probe  with  five  semi-conductor 
pressure  transducers 
(from  Ker rebrock  et  al.  1980) 


This  section  will  only  select  and 
describe  some  representative  applications 
of  the  various  optical  techniques  used  for 
unsteady  flow  investigations  in  rotors  and 
rotating  rigs. 


FLOW  VISUALIZATION 

Flow  visualisation  is  one  of  the  most 
instructive  methods  for  the  understanding 
of  complicated  fluid  dynamic  problems.  In 
particular,  it  offers  the  observation  of 
unsteady  flow  effects  in  the  whole  flow 
field  at  one  eight.  For  instance,  part¬ 
icle  injection  such  as  smoke  or  dye  allowe 
the  study  of  flow  separation  or  vortex 
shedding  phenomena.  However,  these  trac¬ 
ing  techniques  are  restri-ted  to  low 
velocity  flows  with  low  turbulence  level. 
Increasing  turbulence  and  flow  velocity 
leads  to  an  outwash  of  the  tracee  due  to 
diffusion  of  the  particles  into  the  sur¬ 
rounding  flow. 

Surface  painting  techniques  are  in 
use  to  locate  boundary-layer  transition 
and  separation.  Dring  and  Joslyn  (1981) 
report  on  the  flow  visualisaton  of  surface 
streamlines  on  rotating  turbine  blades  in 
a  large  scale  test.  rig.  They  utilised  the 
ammonia-oralid  technique  developed  by 
Ruden  (1944)  and  by  Johnston  (1964).  It 
consists  of  attaching  a  piece  of  oxalid 
paper  onto  the  airfoil  surface  immediately 
downstream  of  a  pressure  tap  location. 
When  ammonia  ie  slowly  discharged  from  the 
tap,  it  reacts  with  the  paper  leaving  a 
dark  straakline  indicating  the  blade 
surfaae  flow  direction. 
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SCHLIEREN  AND  SHADOWGRAPH  TECHNIQUES 

These  techniques  are  well-known  from 
windt.unnel  investigations  of  linear  cas¬ 
cades.  During  the  last  two  decades 
attempts  have  been  made  to  extend  their 
application  to  steady  and  unsteady  flow 
measurements  in  t.rans-and  supersonic  com¬ 
pressor  rotors  and  stages.  Buskies  (1969) 
succeeded  in  developing  a  Schlieren- 
technical  method  for  the  flow  analysis  in 
a  stationary  annular  supersonic  compressor 
cascade.  Parallel  light  from  a  light, 
source  passed  a  cylindrical  lens  system  in 
front  of  a  casing  window  and  was  directed 
normal  to  the  polished  hub  surface  and  re¬ 
flected  back  the  same  way.  Thus,  the 
light  passes  the  flow  passage  in  both 
directions  integrating  three-dimensional 
effects  of  the  flow  field  along  the  blade 
height.  However,  in  case  of  large  hub- 
t.o-tip  ratios  these  three-dimensional 
effects  are  rather  small. 

This  technique  has  been  extended  at 
ONERA  by  Fabri  (1971),  Fertin  (1974), 
LeBot  and  Larguier  (1976)  and  at  the 


Technical  University  of  Aachen  to  the 
steady  and  unsteady  flow  measurements  in 
supersonic  axial-flow  compressor  stages. 
It  has  proved  useful  in  many  respects, 
such  as  the  experimental  analysis  of  the 
structure,  periodicity  and  stability  of 
shock  waves  in  supersonic  rotors  and 
stators,  rotor-stat.or  interaction, 

shock/boundary-layer  interaction  and 
shock-oscillations  (Dett.mering  (1969), 
Gallus  et.  al.  (1977),  Broichhausen  and 
Gallus  (1981).  The  schlierenoptical  mea¬ 
suring  system  1b  shown  in  Fig.  21.  A 
flash  lamp  is  used  as  a  light  source  and 
operated  by  a  stroboscope.  The  latter  is 
triggered  from  a  rotor  blade  in  order  to 
provide  a  steady  view  of  the  unsteady 
rotor  and  stator  flow  at  a  certain  rotor- 
stator  position.  PhaBe  shifting  of  the 
stroboscopic  flash  enables  one  to  obtain 
stationary  pictures  of  all  the  instan¬ 
taneous  flow  events  within  a  blade  passing 
period  of  the  rotor  blade.  Slow  motion 
observation  of  the  unsteady  flow  can  be 
achieved  by  detuning  the  Btroboscope  fre¬ 
quency  and  recording  with  the  aid  of  a 
video-camera. 


Stef  Ion  A- A 


B  *  Diaphragm 
F  »  Window 
K  x  Condenser 
KA  x  Camera 
L  x  Lens 
La  x  Rotor 
L  e  *  Stator 
M  x  Projection  Screen 
N  *  Hub 
S  x  Mirror 
Z  =  Cylindrical 
Optical  System 
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rig.  21*  SdhLUrm  optical  ay  a  tarn  for  flow  viaualiaation  in  auparaonic 
compressor  stages  {from  Gallus  1975), 


This  technique  has  been  used  to  in¬ 
vestigate  the  structure  of  the  rotor  bow 
waves  in  comparison  with  a  theoretical 
analysis  (Gallus  et  al .  (1977), 
Liroichhausen  and  Gallus  (1981)).  Fig.  22 
demonstrates  the  blade-row  interaction  of 
the  rotor  on  the  stator  at  two  different 
rotor  pos it  ions, Gal lus  et  al .  ( 1977b) . 


Fig.  22.  Schlieren  visualization  of  the 
rotor-stator  flow  interaction  in 
a  supersonic  compressor  stage 
(from  Gallus  et.  al .  1977) 

This  Schlleren-opt.ical  investigation 
of  the  unsteady  flow  in  various  supersonic 
axial-flow  compressor  stages  up  to  a 
static  pressure  ratio  of  3.2  has  been  aug¬ 
mented  by  measuring  techniques,  such  as 
use  of  high  response  pressure  transducers 
on  the  side-walls  and  stator  blade  sur¬ 
faces  as  well  as  Kiel-type  and  wedge-typo 
probes  provided  with  semi-conductor 
transducers . 


GAS  FLUORESCENCE  TECHNIQUE 

This  tochniciue  has  been  developed  at. 
MIT  by  Epstein  (1977)  and  Epstein  et.  al. 
(1979)  to  determine  the  instantaneous 
intrablade  static  density.  The  gas  fluo¬ 
rescence  technique  is  particularly  well 
suited  to  studying  shock  structures  in 
transonic  compressors.  One  individual 
measurement  yields  density  data  from  a 
complete  blade-t.o-blade  flow  area,  and 
allows  an  accurate  determination  of  shock 
position  and  strength.  Epstein  and 
Kerrebrock  (1979)  presented  a  detailed 
analysis  of  the  passage  as  well  as  the  bow 
shock  strengths  obtained  for  a  compressor 
rotor  with  tip  Mach  number  of  1.2  and  a 
stagnation  pressure  ratio  near  1.6  using 
this  technique.  Thompkins  and  Epstein 
(1976)au  well  as  llaymann-Haber  and 
Thompkins  (1980)  compared  the  experimental 
results  with  computational  solutions. 


Hantman  et  al.  (1973),  Wuerker  et  al. 
(1973).  One  of  the  holographic  techniques 
developed  in  this  program  is  illustrated 
in  Fig.  23,  taken  from  Hantman  et  al . 
(1973).  It  shows  the  optical  flow  path  of 
the  object  beam  entering  through  a  small 
window  in  the  casing  of  the  transonic  fan 
rig.  The  diffuse  light  is  reflected  from 
the  stationary  hub  surface  just,  ahead  of 
the  rotor  inlet,  towards  the  blade  tip 
section  and  passes  through  a  further  win¬ 
dow  in  the  casing  onto  the  holographic 
plate.  The  reference  beam  was  contained 
in  an  associated  holocamera.  The  test 
rotor  was  a  highly  loaded  fan  with  a  de¬ 
sign  tip  speed  of  about.  550  m/s  and  a 
pressure  ratio  up  to  2.3.  To  obtain  the 
holograms  the  laser  is  pulsed  twice  at  a 
time  interval  between  5  and  10  micro¬ 
seconds.  During  this  interval  of  time  the 
density  field  within  the  blade  passage 
moves  by  5  to  10  percent  of  the  blade 
spacing.  Due  to  the  double  exposure  a 
differential  inter ferogram  of  the  density 
variation  is  obtained  which  is  made  vis¬ 
ible  by  reconstruction  of  the  hologram. 


Fig.  23.  Optical  paths  of  reflected  light. 

holography  in  a  transonic  fan 
rig  (from  Hantman  et  al .  1973) 


The  advantages  of  holographic  inter¬ 
ferometry  for  turbomachinery  application 
can  be  seen,  first,  of  all,  in  obtaining 
three-dimensional  flow  data  by  a  single 
measurement.  Decreased  optical  precision 
of  the  test  section  windows  and  other 
optical  components  does  not.  affect  the 
measuring  accuracy.  On  the  other  hand, 
the  difficulties  of  this  technique  in  its 
application  to  turbomachinery  become  ob¬ 
vious  in  the  rather  limited  accessibility 
t.o  the  flow  field  and  in  the  extensive 
quantitative  analysis  of  the  measurements. 
The  latter  can  also  be  affected  by  machine 
vibrations . 


HOLOGRAPHIC  INTERFEROMETRY 

In  the  early  70' s,  NASA  initiated 
activities  to  apply  pulsed  laser  holo¬ 
graphic  interferometry  to  the  analysis  of 
shock  patterns  in  axial-flow  transonic 
compressor  rotors,  Denser  at.  al  (1974), 


LASER  VELOCIMETRY 

This  measuring  technique  has  been  de¬ 
veloped  t.o  a  very  high  standard,  and  it.e 
successful  use  in  turbomachinery  has 
already  been  proved  in  various  applica¬ 
tions.  Detailed  information  about,  these 
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developments  can  bo  found  in  two  extensive 
review  papers  by  W.  McNally  (1976)  and  P. 
Runstadler  (1976).  More  recent  surveys  of 
the  state-of-the-art  of  laser  velocimet.ry 
were  presented  by  several  authors  at.  the 
1900  Joint.  Fluids  Engineering  and  Gas 
Turbine  Conference  in  New  Orleans. 


Various  publications  confirm  the  in¬ 
creasing  success  of  the  laser  velocimet.ry 

for  measurements  on  rotors.  _ In  1972, 

Wisler  and  Mossoy  (1977)  reported  on  mea¬ 
surements  within  a  compressor  rotor  pas¬ 
sage  using  the  Laser  Doppler  Velocimeter . 
In  1976,  Wisler  (1976),  presented  a  paper 
on  the  application  of  this  technique  on 
shock  wave  and  flow  velocity  measurements 
in  a  high  speed  fan  rotor. 


Schodl  (1977a,  1977b,  1980)  described 
the  development,  of  the  Laser-Two-Focus 
Velocimetry  at.  DFVLR.  Eckhardt.  (1976) 
presented  the  results  of  the  first,  de¬ 
tailed  flow  field  measurements  with  this 
technique  within  a  high-speed  centrifugal 
compressor  impeller.  L2F-measurements  in 
a  transonic  axial-flow  compressor  were 
published  by  Weyer  and  Dunker  (1977). 


Laser  velocimet.ry  has  turned  out  t.o 
become  the  main  tool  for  flow  field  re¬ 
search  in  high-speed  rotors.  Neverthe¬ 
less,  there  are  still  some  problems  asso¬ 
ciated  with  accessibility  difficulties  in 
high-speed  turbomachines,  background  noise 
in  narrow  blade  passages  and  near  walls, 
flow  seeding,  and  time  and  expense  re¬ 
quired  to  make  the  measurements. 
Recently,  good  progress  has  been  achieved 
t.o  overcome  or  reduce  some  of  these 
problems.  Various  authors  presented  ex¬ 
cellent  contributions  to  the  current,  deve¬ 
lopments  at  the  1980  Joint  Fluids 
Engineering  and  Gas  Turbine  Conference  in 
New  Orleans. 


Powell  et  al.  (1980)  present  results 
that,  demonstrate  the  anemometer's  capa¬ 
bility  in  flow  mapping  within  a  transonic 
axial-flow  compressor  rotor.  Typically,  a 
velocity  profile,  derived  from  30000  mea¬ 
surements  along  1000  sequential  circumfer¬ 
ential  positions  covering  20  blade  pas¬ 
sages,  can  be  obtained  in  30  seconds.  To 
allow  flow  measurements  near  the  rotor  hub 
and  the  casing  window  fluorescent  seed 
particles  are  used.  Figs.  24  and  25 
illustrate  the  optical  layout  aa_well  as  a 
block  diagram  of  the  anemometer. 


Schodl  (1980)  reports  on  further  suc¬ 
cessful  work  to  Improve  the  signal- 
to-noise  ratio  and  to  shorten  the  measur¬ 
ing  time  by  multi-window  operation  and 
simplification  of  mean  value  calculation 
and  error  estimation.  As  an  example  of 
the  improvements  achieved  by  using  the  ad¬ 
vanced  automated  L2F-t.echnique,  he  com¬ 
pares  the  measuring  time  for  the  test  case 
shown  in  Fig.  26.  Due  to  the  automated 
measuring  procedure  the  time  needed  for 
the  same  number  of  data  could  be  reduced 
by  a  factor  of  12.  Due  to  the  improved 
optics  the  minimum  distance  of  approaching 
a  wall  could  be  reduced  to  about  0.5  ntn. 


Fig.  24.  Optical  layout  of  laser  anemo¬ 
meter  (from  Schodl  1977) 


Fig.  25.  Block  diagram  of  complete  Laser 
anemometer  (from  schodl  1977) 
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Fig.  2i> .  Linos  of  constant  relative  Mach 
number  through  the  blade  passage 
at  09%  blade  height.  (100%  speed) 
(from  Schodl  1980) 


At  the  same  symposium,  Strazisar  and 
Powell  (1980)  reported  on  laser  anemometer 
measurements  in  a  transonic  axial-flow 
compressor  rotor.  The  flow  phenomena  in¬ 
vestigated  include  flow  variations  from 
passage  to  passage,  the  three- 
dimensionality  of  the  rotor  shock  system, 
as  shown  in  Fig.  27,  three-dimensional 
flows  in  the  blade  wake,  and  the  develop¬ 
ment  of  the  outer  endwall  boundary  layer. 


Fig.  27.  Throo-dlmensional  structure  of 
ths  rotor  shock  system,  100  por- 
cent  spetd 

(from  Strazisar  #t  al .  1980) 


Comparative  experimental  and  computa¬ 
tional  studies,  such  as  those  by  Dunker  et 
al.  (1977)  and  McDonald  et  al  (1980),  show 
the  increasing  quality  of  this  experiment¬ 
al  tool  to  support,  the  development  and  im¬ 
provement.  of  computational  methods  that, 
are  capable  to  achieve  a  satisfactory 
approach  to  the  prediction  of  the  complex 
real  flow  field  in  turbomachines . 

Recent.  L2F-measurement.s  in  high-speed 
turbine  rotors  have  shown  that  the  experi¬ 
mental  analysis  of  the  exceedingly  compli¬ 
cated  unsteady  secondary  flow  in  such  a 
rotor  blade  passage  has  become  feasible. 
Binder  (1985),  Binder  et.  al .  (1985)  inves¬ 
tigated  the  effect,  of  wakeo  on  the  un¬ 
steady  turbine  rotor  flow,  and  turbulence 
production  due  to  secondary  vort.ex  cutting 
within  the  rotor  blade  channel. 

Forster  and  Mach  (1985)  succeeded  in 
calculating  the  individual  particle  paths 
from  these  measurements  and  traced  th^ 
progress  of  fluid  filaments  through  the 
rotor  passage.  They  could  show  that  the 
boundaries  between  wake  and  core  flow  seg¬ 
ments  in  the  front  part  of  the  rotor  agree 
closely  with  the  distribution  of  turbulent 
energy,  whereas  three-dimensional  effects 
play  a  major  role  towards  the  rear  part, 
as  can  be  seen  from  Fig.  28.  The  unsteady 
flow  through  the  rotor  was  calculated  from 
the  measured  data  and  demonstrated  in  a 
color  film. 


Fig.  28.  Comparison  of  convect.ice  defor¬ 
mation  of  fluid  filaments  with 
instantaneous  distribution  of 
turbulent  kinetic  energy 

c.TJ(mV«2) 

(from  Foerst.er  and  Mach  1985) 


The  few  selected  examples  presented 
in  this  section  confirm  the  great  progress 
of  lassr  velocimet.ry  in  turbomachinery 
application,  especially  for  rotor  flow 
analysis. 


IMS 


SUMMARY 

Tina  chapter  intended  to  give  a  re¬ 
view  of  the  wide  variety  of  fluid  and 
structural  measurements  on  rotors  which 
aro  available  at.  the  present,  t.ime. 
Methods  of  flow  visualization  in  the  com¬ 
plex  flow  passages  have  always  been  impor¬ 
tant  for  the  understanding  of  the  flow 
characteristics  and  for  the  development  of 
design  criteria.  The  evolution  from  smoke 
flow  and  similar  met.hqds  to  those  involv¬ 
ing  Schlieren  and  laser  holography  repre¬ 
sents  a  range  from  rather  simple  to  very 
sophisticated  quantitative  measurement, 
techniques.  A  number  of  methods  to  obtain 
dynamic  pressure  and  flow  conditions  on 
rotors  are  now  rather  commonly  applied. 
Obviously,  detailed  structural  dynamic 
analysis  and  unsteady  flow  ana-lysis 
methods  are  now  becoming  available  to  be 
applied  in  conjunction  with  the  measure¬ 
ments  to  analyze  and  improve  given 


designs.  Results  from  the  measurements 
can  be  taken  as  inputs  to  analysis  methods 
or  for  the  purpose  of  verifying  their 
accuracy.  To  predict  the  occurrence  of 
flutter,  it.  is  necessary  to  know  from 
either  computational  or  experimental  anal¬ 
ysis  the  unsteady  aerodynamic  forces  and 
the  structural  motion.  For  resonant 
vibration,  the  magnitude  of  the  driving 
force  has  to  be  determined,  too.  These 
requirements  include  advances  in  the 
three-dimensional  viscous  flow  analysis  by 
computational  and  experimental  approaches. 
As  was  pointed  out  in  the  discussion  of 
the  experimental  methods  utilized  for  un¬ 
steady  high  speed  rotor  flow  measurements, 
continued  improvement  of  the  nonintrusive 
measurement  techniques  will  be  necessary. 
Unsteady  flow  measurement  techniques 
should  also  be  extended  to  high  temper¬ 
ature  regions.  Data  handling  systems 
should  be  improved. 
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